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Abstract

We demonstrate that the variability of the peak ground acceleration (PGA) generated by
earthquakes can be simply related to the variability of stress drop (Δτ), rupture velocity (Vr) and their
correlation. By compiling recent observations of variability of Δτ and Vr, we show that the hypothesis of
independence between Δτ and Vr leads to an overestimation of the PGA variability. We suggest that Δτ and Vr
must be anticorrelated so as to match recent observations of PGA variability.

1. Introduction
Earthquake source studies reveal that stress drop (Δτ) and rupture velocity (Vr) of earthquakes can vary signiﬁcantly from one event to the other [e.g., Allmann and Shearer, 2009; Heaton, 1990]. Deﬁning the natural
randomness of the source process, which is the variability in repeated ruptures of a given magnitude on
the same fault, is a key issue in seismic hazard assessment because it is needed for proper estimation of
the variability in ground motion predictions [Anderson and Brune, 1999]. The main question is what fraction
of the observed dispersion actually arises from the source process.
Recently, Cotton et al. [2013] have pointed out that the large scatter of stress drop values obtained in analyses
of earthquake spectra may essentially reﬂect uncertainties in corner frequency (fc) estimates and lead to
strongly overestimated variability of ground motion. But another explanation lies in the assumed relationship
between corner frequency and stress drop, which is commonly based on a simple Brune’s [1970] source
model. This model assumes that fc scales with the inverse of the rupture dimension and that the rupture velocity is constant. For a given seismic moment, it implies that fc ∝ Δτ 1/3. Kaneko and Shearer [2015] have shown
that considering various rupture velocities values in a Brune [1970] like source model can explain most of the
stress drop scattering. A probably more realistic assumption that fc scales with the inverse of the rupture
duration [e.g., Kanamori and Rivera, 2004], which gives
f c ∝V r Δτ 1=3
Assuming that the displacement spectrum follows a f
1970], McGuire and Hanks [1980] obtained that

2

(1)

decay beyond the corner frequency [e.g., Brune,

aRMS ∝ f c5=2

(2)

Using the theory of random vibration, Hanks and McGuire [1981] showed that PGA and aRMS are linked by the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
following relationship: PGA ∝ aRMS 2lnð2f max =f c Þ . Following the approximation proposed by Boore [1983],
the scaling of PGA with fc is then given by
PGA ∝f 2:4
c
0:8
Thus, from equation (1), we obtain that PGA∝ V 2:4
. Since PGA follows a lognormal distribution [e.g.,
r Δτ
Bommer et al., 2004], we consider the logarithm values:

lnð PGAÞ ¼ 2:4lnðV r Þ þ 0:8lnðΔτ Þ þ c
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(3)

where c is constant. It is clear from equation (3) that for a given seismic moment, the PGA variability depends
on the variability of Vr and Δτ and their correlation. The standard deviation of ln(PGA) is given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
σ lnð PGAÞ ¼ 5:76σ lnðVrÞ 2 þ 0:64σ lnðΔτÞ 2 þ 3:84σ lnðVrÞ  σ lnðΔτÞ  CORRln
(4)
where CORRln is the coefﬁcient of correlation between ln(Vr) and ln(Δτ).
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a

Table 1. Stress Drop Variability Inferred From Various Recent Studies

Reference
Shaw [2013]
Manighetti et al. [2007]
Mai and Beroza [2000]
Causse et al. [2014]
b

Baltay et al. [2013]

Inferred
Stress Drop
Variability σ ln(Δτ)

Data Type

Data Set

Estimated Parameter

Deﬁnition of
Inferred
Stress Drop

Surface slip-length observations
Surface slip-length observations
and ﬁnite-source models
Finite-source rupture models

37 strike-slip events (M > 6)
~250 continental earthquakes
(M > ~6)
31 source models of 18 events
(5.5 < M < 8)
31 source models of 21
crustal events (5.8 < M < 7.6)
59 events from two earthquake
sequences (3 < M < 7)

Dmean/L
Dmax/L

Δτ M
Δτ M

0.7
0.9

Dmean/Leff.

Δτ M

0.8

Spatial distribution of
stress drop (τ initial  τ ﬁnal)
aRMS stress drop

Δτ A

0.7

Δτ M

0.9

Finite-source rupture models
Earthquake spectra

a

The considered studies are based on the analysis of global earthquake databases, except the study of Baltay et al. [2013], using data of two earthquakes
sequences in Japan (2004 Chuetsu and 2008 Iwate-Miyagi events). Dmean and Dmax denote the average and the maximum slip, respectively. Leff. is the effective
rupture length, as proposed by Mai and Beroza [2000] to characterize the rupture length in ﬁnite-source rupture models. Δτ A and Δτ M refer to different deﬁnitions
of the stress drop, described in equations (5) and (6).
pﬃﬃﬃﬃ
b
Note that Baltay et al. [2013] use the relationship of Hanks [1979] to infer the aRMS stress drop, in which stress drop scales with f c .

This article aims to investigate the dependency between Δτ and Vr. Due to the limited number of independent direct estimates of Δτ and Vr, this question has remained open but is of fundamental interest not only
for understanding how earthquake rupture propagates but also for improving ground motion predictions.
We tackle this issue by bringing face to face recent observations of variability of Δτ, Vr, and the variability
of event term for PGA ground motion. We do this using the simple relationship proposed in equation (4).
The validity of this relationship is next checked in the case of heterogeneous ruptures, deploying ground
motion simulations performed from 1-D stochastic source models.

2. Observed Variability of Stress Drop, Rupture Velocity, and Ground Motion
2.1. Stress Drop
Observations suggest that stress drop is spatially variable [e.g., Bouchon, 1997] and hence should be
characterized by a distribution. It raises the questions of how to deﬁne the average stress drop and what
value of Δτ should be considered in equation (1). Noda et al. [2013] compared different stress drop measures
in 2-D stochastic source models with heterogeneous stress drop distributions. They showed that the average
of the local stress drop, deﬁned as

∫

Δτ A ¼ 1=S ðτ i  τ f ÞdS

(5)

S

where S is the surface of the rupture area and τ i  τ f is difference of stress level before and after the
rupture, is consistent with stress drop measure based on seismic moment (M0) and shape of rupture area,
given by [e.g., Kanamori and Anderson, 1975]
pﬃﬃﬃ
(6)
Δτ M ¼ CM0 =S3=2 ¼ CμD= S
where C depends on the rupture area shape, D is the average slip on surface S, and μ is the rigidity. Δτ M is
classically deduced by modeling earthquake spectra, but also from observations of surface ruptures and
ﬁnite-source rupture models. Δτ A can be derived from ﬁnite-source rupture models only, because it requires
the spatial distribution of stress drop.
Here we analyze the variability of stress drop (Δτ M or Δτ A) as reported in some recent studies from various
types of data (Table 1). The stress drop values are generally found to follow a lognormal distribution, and
so the variability is thus deﬁned as the standard deviation of the stress drop natural logarithm residuals
around the median, for a given seismic moment (σ ln(Δτ)). The values reported in Table 1 range from 0.7 to
0.9. The associated uncertainties are examined in section 5. Note that we have excluded studies based on
corner frequency estimates of earthquake spectra, which generally lead to large stress drop variability on
the order of σ ln(Δτ) ~ 1.5 [Cotton et al., 2013]. One reason may be that stress drop is then strongly sensitive
to uncertainties in the corner frequency estimates, because it scales with the cubed corner frequency.
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Table 2. Values of the Between-Event Variability of PGA Reported by Some
a
Recent Ground Motion Prediction Equations (GMPEs) for Crustal Events
Ground Motion Prediction Equation

Between-Event Variability of PGA

Campbell and Bozorgnia [2014] (M 6)
Campbell and Bozorgnia [2014] (M 7)
Boore et al. [2014] (M 6)
Boore et al. [2014] (M 7)
Chiou and Youngs [2014] (M 6)
Chiou and Youngs [2014] (M 7)
Abrahamson et al. [2014] (M 6)
Abrahamson et al. [2014] (M 7)
Akkar and Bommer [2010]

0.32
0.32
0.35
0.35
0.31
0.26
0.42
0.36
0.23

However, we have included the study
of Baltay et al. [2013], who obtained
σ ln(Δτ) = 0.9 using the relationship
of Hanks [1979] to infer the aRMS
stress drop, in which stress drop
scales with √fc.
2.2. Rupture Velocity

Rupture velocity values reported in
source studies mainly range between
0.65Vs and 0.85Vs [e.g., Heaton, 1990].
a
All GMPEs use the Next Generation Attenuation-West2 database,
Dynamic rupture simulations, howexcept Akkar and Bommer [2010], who use a European database.
ever, show that in-plane shear cracks
can propagate at supershear speeds,
that is, faster than Vs, up to Vp [e.g., Andrews, 1976]. This is supported by several observations [e.g.,
Bouchon et al., 2001; Yue et al., 2013], but only seven occurrences of supershear speed have been reported
so far. The speed range between VRaiyleigh ~ 0.9Vs and Vs is in principle “forbidden”, because the energy
consumed at crack tip would become negative. Bizzarri and Das [2012] showed that 3-D ruptures can actually
pass through this forbidden zone but only transiently.
2.3. Between-Event Variability of Ground Motion (PGA)
Ground motion prediction equations are commonly used in seismic hazard studies to predict a ground
motion indicator (e.g., PGA) from basic parameters such as magnitude, distance, and site category. They
are developed by means of regression techniques using databases of earthquake strong motion recordings.
The average residual for any one earthquake, known as the “between-event” residual, “reﬂects the inﬂuence
of factors such as stress drop and variation of slip in space and time that are not captured by the inclusion of
magnitude, style of faulting, and source depth” [Al-Atik et al., 2010]. In this framework, the variability of these
between-event residuals of ground motion represents the variability due to source effects, averaged over all
stations that record that event, and hence all represented azimuths. In most of the studies, the determined
between-event variability is not “single path” because the considered data set mixes earthquakes from different source areas and recorded at different sites. As such, the between-event variability represents an upper
bound of the ground motion variability due to source randomness. The values of the between-event variability of PGA recently reported for M ≥ 6 crustal events are between ~0.25 and ~0.4 (Table 2).

3. Inferred Joint Distributions of Rupture Velocity and Stress Drop
In this section we consider probability density functions of Δτ and Vr consistent with the above mentioned
source observations. Next we deduce the standard deviation of PGA assuming various levels of correlation
between Δτ and Vr by using the simple relationship of equation (4) and compare it with the observed
between-event variability of PGA.
Figure 1 displays the PGA variability computed from equation (4) as a function of σ ln(Δτ), assuming that Δτ
follows a lognormal distribution. Two types of distribution are considered for the rupture velocity. First, we
assume that the Vr values follow a uniform distribution in the range [0.65Vs–0.85Vs], with Vs = 3500 m/s
(continuous lines). In order to account for a potentially larger variability of Vr and not to exclude supershear
ruptures, we consider a second distribution in which 98% of the Vr values are uniformly distributed in the
range [0.65Vs–0.85Vs] and 2% are uniformly distributed in the range [Vs–Vp] (dashed lines). We assume that
Vp ~ 1.7Vs, that is, a Poisson ratio of ~0.25. These two distributions lead to σ ln(Vr) = 0.08 and σ ln(Vr) = 0.14,
respectively (details on the computation of σ ln(Vr) can be found in Text S1 in the supporting information).
In order to visualize the effect of the variability of Vr on the PGA variability, Figure 1 also shows σ ln(PGA) computed for a constant rupture velocity which corresponds to σ ln(PGA) = 0.8σ ln(Δτ).
Assuming σ ln(Δτ) = 0.7 (Table 1), Figure 1 indicates that when Vr and Δτ are independent (black lines,
regardless of the Vr distribution), the resultant σ ln(PGA), near 0.6, would be much larger than the reported
between-event variability (indicated in the grey horizontal bar). There are two main hypotheses that can
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explain this overestimation: either σ ln
(Δτ) is smaller than 0.7, or Δτ and Vr are
anticorrelated (CORRln < 0). Decreasing
σ ln(Δτ) up to ~0.5 results in σ ln(PGA) >
~0.45, which is still above the reported
PGA between event variability so that
the ﬁrst hypothesis alone does not
explain the low PGA variability. The second hypothesis may help to resolve this
inconsistency. We suggest that there is
a signiﬁcant level of anticorrelation
between Δτ and Vr (CORRln < 0.5).

4. Validation in the Case of
1-D Heterogeneous Ruptures
The validity of equation (4) is checked in
the case of simple heterogeneous ruptures. We deploy a 1-D stochastic source
model in which the amplitude spectrum
of the ﬁnal slip follows a k2 asymptotic
decay beyond k = 1/L, where L is the
fault length [Bernard et al., 1996]. The
phases of the slip spectrum are randomly chosen. The rupture is supposed
to propagate unilaterally (as observed
for most earthquakes) [McGuire et al., 2002] and at a constant rupture velocity so that the generated ground
displacement spectra match the commonly observed ω2 Brune’s [1970] model.
Figure 1. Variability of PGA computed from equation (4) as a function of
the stress drop variability, considering various levels of correlation
between stress drop and rupture velocity (CORRln denotes the coefﬁcient
of correlation between ln(Vr) and ln(Δτ)). The rupture velocity is assumed
to be subshear, uniformly distributed in the range [0.65Vs–0.85Vs] (solid
line), or include 2% of supershear ruptures (dashed line). For comparison,
the gray line indicates the PGA variability assuming a constant rupture
velocity (σ ln(PGA) = 0.8σ ln(Δτ)). The gray horizontal bar represents the
range of observed between-event variability of PGA (Table 2).

We remind the reader that our study focuses on the variability of PGA and not its absolute value. In addition,
we analyze the dependence of the PGA variability on Δτ and Vr only so that path effects and directivity effects
are ﬁxed. Hence, we assume that the radiated source energy propagates in a homogeneous inﬁnite elastic
medium and at a ﬁxed azimuth. The far-ﬁeld ground acceleration can then be simply computed as [e.g.,
Aki and Richards, 2002]

üðt; r Þ ¼ γ M ðt  r=V b Þ
(7)
where γ is a constant depending on the radiation pattern of the considered body wave, the distance to the
·
source, the density, the wave velocity Vb, and M(t) is the moment rate function. Note that the far-ﬁeld
approximation is adequate because the observations of PGA between-event variability mainly arise from

Figure 2. (a) Example of static slip distribution generated from the 1-D stochastic source model, (b) resulting Fourier
acceleration spectrum, and (c) acceleration time history computed using equation (7). The example is for a rupture
length L = 30 km, Vr = 2600 m/s and a source receiver azimuth of 90°.
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Figure 3. (left) distribution of stress drop (σ ln(Δτ) = 0.5) and rupture velocity (uniform in the range [0.65Vs–0.85Vs] but
assuming 2% are supershear) for different levels of correlations (CORRln is the coefﬁcient of correlation between ln(Vr)
and ln(Δτ)). (right) Resulting distribution of PGA computed using the 1-D stochastic source model.

far-ﬁeld strong motion data. An example of generated slip distribution and resulting acceleration time history
and Fourier amplitude spectrum is presented in Figure 2. Note that the 1-D approximation (line source) does
not account for slip ﬂuctuations on a 2-D fault plane but correctly represents the average rupture velocity, the
average stress drop, and the far-ﬁeld predicted acceleration.
Figure 3 shows the distributions of Δτ and Vr (left) considering σ ln(Δτ) = 0.5 with CORRln = 0 (top) and
CORRln = 0.75 (bottom), and the distributions of PGA obtained from the 1-D stochastic source model (right).
The resulting values of σ ln(PGA) (0.48 for CORRln = 0 and 0.28 for CORRln = 0.75) match fairly well the assumed
σ ln(PGA) from Figure 1 and equation (4) (0.52 for CORRln = 0 and 0.27 for CORRln = 0.75), indicating that the
source features of unilateral 1-D heterogeneous ruptures are captured by equation (4).

5. Discussion
Our study suggests that Δτ and Vr are not independent but anticorrelated. The inferred level of anticorrelation strongly depends on the value of σ ln(Δτ). If σ ln(Δτ) ~ 0.7 as reported by several recent analyses of sliplength surface observations and ﬁnite-source rupture models (see Table 1), it is likely that the coefﬁcient of
correlation between ln(Vr) and ln(Δτ), CORRln, is smaller than 0.75. If σ ln(Δτ) is smaller, for instance σ ln(Δτ)
~ 0.5, CORRln may be on the order of 0.5 to be consistent with observations of PGA between-event variability. The following questions remain: what part of the variability in Δτ actually arises from the natural
randomness of the source process, and what part is due to uncertainties?
Slip-length surface data have the advantage of being direct geological observations. Wells and Coppersmith
[1994] claim that uncertainty in surface rupture length in their database is less than 20%. Uncertainty in the
maximum slip (Dmax) or average slip (Dmean) may be larger due to the limited number of measurement points
along the rupture. In order to get an approximation of this uncertainty, we consider the surface slip proﬁle of
the 1940 Imperial Valley earthquake obtained by Rockwell and Klinger [2013] using high-resolution aerial
photography. This is one of the best sampled surface rupture that has been obtained so far, with ~630 measurements of displacement along a 15 km fault segment (Figure S1 in the supporting information). Taking
random subsamples of 35 points (as was approximately the case in former studies), we obtain that the standard deviation of the natural logarithm residuals is 0.12 for Dmax and 0.17 for Dmean. Measurement uncertainty in slip-length surface data seems thus to be negligible with respect to the reported variability of
Dmax/L or Dmean/L (~0.7). Nevertheless, Dmax/L and Dmean/L obtained at surface are not direct estimations
CAUSSE AND SONG
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of the stress drop as deﬁned in equation (6). First, observations at surface do not necessarily map the rupture
process at depth. Second, stress drop depends on the 2-D source geometry. Noda et al. [2013] have shown
that coefﬁcient C in equation (6) increases from 2.5 to 5.2 for rectangular ruptures with aspect ratios of 1
and 16, respectively. It is difﬁcult to determine whether the variability of Dmax/L and Dmean/L is smaller or
larger than the actual stress drop variability.
On the contrary to slip-length surface data, ﬁnite-source rupture models account for the 2-D source geometry
by providing the spatial slip distribution. Such source models are obtained by means of inversion techniques,
using strong motion, teleseismic, GPS, and/or interferometric synthetic aperture radar data. Several studies
have shown that the details of the slip distribution cannot be resolved due to large uncertainties in inversion
techniques [e.g., Mai et al., 2007]. Causse et al. [2014] ﬁnd that the uncertainty in average stress drop
associated with uncertainties in various ﬁnite-source rupture models remains, however, on the order of
0.15, which is also much smaller than the reported stress drop variability (~0.7).
Therefore, we claim that the reported variability of stress drop σ ln(Δτ) (Table 1) mainly reﬂects the natural
source randomness.
Our results imply that ruptures that propagate rapidly have preferentially low stress drop. This is consistent
with the observation that most of the observed supershear ruptures occurred on “mature” faults, which
are generally associated with low stress drop [Manighetti et al., 2007] and usually produce low PGA
[Bouchon and Karabulut, 2008]. Besides, evidence of ruptures with small stress drop propagating faster has
also been reported in the case of subshear ruptures by Tan and Helmberger [2010] from the 2003 Big Bear
sequence (3 < M < 5).
Finally, it is important to note our 1-D stochastic source model assumes a constant rupture velocity, whereas
PGA generated by real earthquakes may be affected by ﬂuctuations of the local rupture velocity. Besides, in
addition to the shape of the Fourier spectrum, which describes the correlation structures of source
parameters, the PGA variability may also be affected by the variability of the slip at a given location (e.g.
Lavallée and Archuleta [2005], Song and Dalguer [2013]).

6. Conclusion
The variability of PGA depends on the variability of Δτ and Vr and the correlation between the two. By considering the variability of Δτ and Vr consistent with several recent source studies, we have shown that the
hypothesis of independency between Δτ and Vr gives rise to an overestimation of the variability of PGA
between-event terms. This indicates that Δτ and Vr are likely anticorrelated. We found that the correlation
is signiﬁcant, with CORRln < ~  0.5. Further investigations of the probability density functions of Δτ, Vr,
and PGA may help to reﬁne the correlation estimate. Our study shows that joint probability distributions of
stress drop and rupture velocity should be considered in ground motion prediction. It also points out the
need of independent and robust estimates of stress drop and rupture velocity of earthquakes to properly
quantify the correlation and to understand the physical underlying processes.
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