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 ABSTRACT. An alternative algorithm to the usual birth-and-death procedure for simulating
 spatial point processes is introduced. The algorithm is used in a discussion of unconditional versus

 conditional likelihood inference for parametric models of spatial point processes.

 Key words: conditional maximum likelihood, Gibbsian point processes, Markov chain Monte
 Carlo, Metropolis-Hastings algorithms, spatial birth-and-death processes, Strauss process,
 unconditional maximum likelihood

 1. Introduction

 Statistical inference for spatial point processes has usually been performed conditional on n,

 the number of points in the pattern, see e.g. Ripley (1977, 1981, 1988), Diggle (1983), and

 Baddeley & M0ller (1989). This is mainly for computational convenience, though it is usually

 not clear whether n is (approximately) ancillary. For example, to perform likelihood

 inference for parametric models of Gibbsian point processes one may approximate the

 normalizing constant (which typically cannot be determined explicitly) by Monte Carlo

 methods (Ogata & Tanemura, 1981, 1989; Penttinen, 1984; Ripley, 1988; Geyer & Thomp-

 son, 1992). A different approach used the Robbins-Munro algorithm (Younes, 1988;

 Moyeed & Baddeley, 1991). Hence efficient simulation procedures are needed, but the only

 well-known algorithm for the unconditional case seems to be based on running a spatial

 birth-and-death process which converges towards the Gibbsian point process (Preston, 1977;

 Ripley, 1977; Lotwick & Silverman, 1981; M0ller, 1989). In contrast it is much simpler to use

 other algorithms for the case where n is fixed (Metropolis et al., 1953; Ripley, 1979).

 In this paper we suggest an alternative simulation procedure for the unconditional case

 using the Metropolis-Hastings algorithm (Metropolis et al., 1953; Hastings, 1970), which is

 simpler than the spatial birth-and-death technique and which can be used for Markov chain

 Monte Carlo methods. Section 2 contains a few preliminaries, while our algorithm is

 described in section 3. Convergence of the algorithm is established in section 4. Further, in

 section 5 we discuss the convergence of our algorithm in practice when simulating a Strauss

 process, and the algorithm is used in a comparative study of the unconditional and

 conditional maximum likelihood estimators for the interaction parameter of the Strauss

 process. Finally, section 6 contains some concluding remarks.

 2. Preliminaries

 This section contains a few preliminaries on general finite point processes. We adapt notation

 in Baddeley & M0ller (1989).

 Let (S, X, A) be a measure space with 0 < A(S) < oo and where X contains all singletons.

 Let (Q+ , Y, A) denote the corresponding exponential space (see e.g. Carter & Prenter, 1972).
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 360 C. J. Geyer and J. Moller Scand J Statist 21

 Informally, Q = U n?= O Qn where

 .n = {xXI * Xn I} cS}

 is the set of all point configurations of n (not necessarily distinct) points included in S;

 especially, lo = {0} where 0 denotes the empty point configuration. Moreover, F is a natural

 v-field and y is the Poisson process with intensity measure i on S: for F E F we have that

 11(F) = exp (-)(S))Il(0e F) + i{ {l({xl xn} e F)A(dx,) ..(An)

 (2.1)

 where 1( ) denotes indicator function. Now, a measurable mapping from a probability space

 into (Q, F) is called a finite point process on S. We shall only consider point processes with

 a distribution it on (Q, F) which is absolutely continuous with respect to P.
 For a usual finite point process, S is a bounded Borel set of R d equipped with the Borel

 a -field X and Lebesgue measure A restricted to S, in which case P, is just the usual
 homogeneous Poisson process with intensity 1 restricted to S. However, the algorithm

 presented in section 3 applies for general finite point processes. Thus for instance, marked

 point processes (see e.g. Baddeley & Mller, 1989) can be simulated as well. In fact also

 lattice processes can be included as explained in example 3 below.

 3. A Metropolis-Hastings algorithm for spatial point processes

 Let the situation be as in section 2 and suppose we want to simulate realizations of a point

 process with distribution 7t. Its density f = dir/d1 with respect to the Poisson process is

 assumed to be hereditary, that is

 f(x) > 0 =f(y) > 0 if y c x. (3.1)

 Here y c x means that y is a subconfiguration of x. Except in rare cases it is impossible to

 make direct simulations, so alternatively one may run a homogeneous Markov chain which

 converges towards 7t.

 A general construction considered by Hastings (1970) can be described as follows in the
 present situation: the transition probabilities are given by

 Q(F I x) = A(y x)P(dy I x), x eQ, FeY, x F, (3.2)
 y E- F

 and

 Q({x} I x) =P({x} |x) + f [I -A(y |x)]P(dy |x),

 where P is a Markov kernel and 0 ? A(t ) 1. We call P the proposal kernel and A the
 acceptance probability. We require that these are chosen so that the Markov chain is time
 reversible with respect to 7t, that is

 { Q(Fn |x)f(x)p(dx) = { Q(Gm I x)f(x)yi(dx)
 6 ni Fn

 or equivalently by (3.2),

 K L A(y I x)f(x)P(dy x)y(dx) = I I A(y I x)f(x)P(dy I x)p(dx) (3.3)
 B na o Fn di Fn Ju Gna
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 for all Fn e En, Gm fe FM m > n > 0, where En denotes F restricted to Q,n. In turn this
 implies that 7t is invariant: for any Fe E,

 T Q(F I x)f(x)4(dx) = ir(F).

 Observe that if QO and Q1 are two transition kernels which both satisfy (3.3), then

 QP(Fx) =(1 -p)QO(FJx) +pQ1(Ffx), 0<p 1, (3.4)
 also defines a transition kernel which satisfies (3.3). The algorithm we propose is a mixture

 like (3.4) and generalizes the method of Norman & Filinov (1969), see also Allen & Tildesley

 (1987, sect. 4.6). There are three different types of transitions: either a point is displaced or

 removed or a new point is added as described below. Here QO controls displacements and Q,
 controls deletion and addition of points.

 Specifically, let x = {x, Xn} with f(x) > 0. Then QO( I x) is defined through the
 proposal kernel

 rlnr
 P ) E 1 [(x\ {xi }) U J{yi } F] (dyi) /i(S) if n > 1,

 Po(F Ix) = nj.I=
 L1[0eF] if n=0,

 and the acceptance probability

 AO(y I x) = min {1, f(y) /f(x) },

 so QO( Ix) is concentrated on Hn= =Q nqH with H = {f> 01. This is nothing but the
 procedure in Metropolis et al. (1953), and QO is easily seen to satisfy (3.3). In fact any other
 kernel which satisfies (3.3) and is concentrated on Hn could be used as well in the following;
 examples of such algorithms can be found in Ripley (1979) and M0ller (1993).

 Next, the proposal kernel of Q1 ( I x) is constructed so that it is concentrated on
 Hn l uHn u Hn+ 1 (or Ho u HI if n = 0): with probability q(x) we generate a new point 4
 from some density b(x, 4) with respect to A(d4), and with probability 1 - q(x) we either delete

 a random point q E x which is selected with some probability d(x\q, q) or if n = 0 we do
 nothing. It is assumed that

 d(x, 4) > 0 whenever x u E- H, (3.5)

 and for all x E H, Fn+ I E JZn 1 n > O with

 Jf (x u 4)A(d4) > O
 xuE c Fn1 + 0

 we require that

 ,FU4EFn+1 b(x, ,)A(d,) >0. (3.6)

 Denoting the acceptance probability by Al, then for Fm C rm we have Qi (F, x) = 0 if
 m -nI > 1, while

 Q, (Fn, + I|x) = q(x) J b(x, 8,)A I (x u |x)A(d4), n >, O,
 xu 4 E Fn + I

 Q1 (Fn I x) = 1 [x E Fn] {q(x) Jb(x, 4)[1 A I (x4 I x)]A(d4)

 + (Bd e-aq(x)) E d(xo\o, ft)[he-A an vno lftic x)]}, n > O,9

 g Board of the Foudation of the Scaninavian Journal o Saitcs 194
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 where S IEx ... is set to 1 when n = 0, and

 Q1 (Fn -1 |x=1q(x)) E I [x \q c Fn-1 n(\lr1A r |x , n1.

 Combining this with (2.1) and (3.3) it is straightforwardly seen that time reversibility holds

 if and only if

 [1 -q(xu ,)] d(x, C)Aj(x I xu )f(xu4)I[x eFn, xt4 E Gn, 1]1(dxj) . d. . xn)(d)

 = fq(x)b(x, 4)AI(x u x)f(x)l[x e F, x u4 e Gn +](dx)... (dxn)i(d)

 for all Fn Y ,n, Gn+ lEn+ l n > O, where {(dx) ... {(dxn) is substituted by l[x = 0] when
 n = 0. Consequently, using (3.1) the following detailed balance condition is seen to ensure

 time reversibility: for any x E Q and 4 E S,

 [ - q(x u d)] d(x, ,)A I (x I x u 4)f(x u 4) = q(x)b(x, ,)Al (x u | x)f(x) whenever x u E H.

 This is fulfilled if

 q(xu4) <1, d(x, ,) >0, q(x) >0, b(x, ,) >0 whenever x ud eH, (3.7)

 and

 A1(x I x ) Jmin {l, l/r(x, 4)} if x uEH, (3.8)
 Xt 0) } otherwise,

 and

 A, (x ud x) = min{ 'r(x' 4)l thfXi~H (3.9) 0 ~~~otherwise,(39
 where

 r(x, ) f(x u ) -q(x ) d(x, ' if xu eH.

 Then we need only to know the densityf up to a constant of proportionality. Moreover, (3.7)

 clearly implies (3.5) and (3.6).

 Of course (3.7) -(3.9) leave us with many possibilities for choosing the density b(x, ) and

 the probabilities q(x) and d(x, ). In the examples below we consider one of the simplest

 situations, namely when

 q()-1/2, b( , ) (S) d(x, ) if xeQn, (3.10)

 and hence

 f(x u ) ){(S)
 r(x, 4) =t( S) ( ) if xu eH~ n, (3.11)

 f(x) n+lI

 Choice of the mixing probability p is discussed in section 5.

 Example 1. For most applicationsf will be the density of a usual point process defined on
 a bounded Borel set S c Rd with Lebesgue measure A(S) > 0, cf. section 2. Then given that

 the current state of the Markov chain is x = {x1, . . . }, x } we generate the next proposal y

 gj Board of the Foundation of the Scandinavian Journal of Statistics 1994.
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 as follows. If n = 0 then the proposal either

 (a) remains in the empty point configuration, or

 (b) becomes a single uniformly distributed point in S.

 If n 'e 1 then the proposal is either obtained by

 (c) replacing a randomly picked point in x by a uniformly distributed point in S, or

 (d) deleting a randomly picked point in x, or

 (e) adding a new uniformly distributed point in S to x.

 Here (a) and (b) occur with probabilities 1 -p12 and p12, respectively, while (c), (d), (e)

 have probabilities 1 -p, p12, p/2, respectively. Finally, in any of the cases (a)-(e) the

 proposal is accepted with probability A(y I x) = min { 1, I(S)m - nf(y)n !/(f(x)m!) } if y c Qm,
 cf. (3.8)-(3. 11).

 A more rapid algorithm may be obtained by generating the uniform point yi in (c) within

 some "neighbourhood" D(xi) c S of the deleted point xi; e.g. D(xi) could be a square
 centred at xi as in Metropolis et al. (1953). Allen & Tildesley (1987, sect. 4.4) discuss how
 to adjust the side of the square during the simulation. D

 Example 2. A concrete case of the preceding example is the unconditional Strauss process

 (Strauss, 1975; Kelly & Ripley, 1976) on the unit square S = [0, 1]2. This is an exponential

 family having densities

 fto(x)= exp ( <t(x), 0 >) (3.12)
 c(0)

 with respect to the Poisson process with unit intensity on S, where 0 = (0k, 02) is the

 canonical parameter and t(x) = (n(x), s(x)) is the canonical statistic, n(x) being the number of

 points in x and s(x) being the number of unordered pairs of points {xi, xj } c x such that
 llxi-xj 11 < r, where r > 0 is a fixed constant not treated here as an unknown parameter, and
 where Kt(x), 0> denotes the inner product n(x)01 + S(X)02. In order that the process exist, it

 is necessary that 02 < 0. If 02 = 0we have a Poisson process pgo with intensity exp (01). If
 02 < 0, the process models repulsion between points. The limit 02 = - 0 gives a hard-core

 process, the same process that is obtained by conditioning P,u on the event that llxi-xj 11 > r
 for all distinct i and j. Simulated point patterns for different values of 02 can be seen in
 Baddeley & M0ller (1989). Simulated distributions of the canonical statistics and maximum

 likelihood estimates will be discussed in section 5. C1

 Example 3. Point processes as in example 1 can often be approximated by a lattice

 process, cf. Besag et al. (1982) and Jensen & M0ller (1991). Moreover, most Metropolis-

 Hastings algorithms have been developed for lattice processes with a finite state space. It may

 therefore be illuminating to describe our algorithm for such cases. For ease of presentation

 we consider a binary state space Y = {O, I}' with 0 < N < oo a probability mass function

 p(z) > 0 for all z E Y, though more general state spaces can easily be included by extending

 the following to marked point processes.

 Clearly, any z = (z1, . . ., ZN) E f iS in one-to-one correspondence with an
 x = {xl, . . ., x, } of n distinct points in S = {1, . . ., N} so that Zk= l if and only if xi = k
 for some i. Letting i be the counting measure on S, then the density with respect to p is seen

 to be

 f(x) = n! exp {i(S) }p(z)

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1994.
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 if x = {xx, . . ., x} with xi = xj for all i #1j, and f(x) = 0 otherwise. Hence the acceptance
 probability becomes the usual Metropolis criterion, i.e. A(y x) = min {l, p(y)/p(x)}
 whenever the proposal y corresponds to some w E 2; if y contains multiple points then y is

 always rejected. The generation of the proposal can also be described by (a) -(e) as in
 example 1.

 For practical purposes this seems only to be a convenient algorithm when p(z) is naturally

 expressed in terms of the non-zero Zjs. One example of this is provided by the autologistic
 model introduced in Besag (1972).

 4. Convergence

 In this section we prove convergence of the Markov chain {X(k): k = 1, 2,. . .} generated by
 the Metropolis-Hastings algorithm introduced in section 3.

 Recall that (3.1) and (3.7)-(3.9) are assumed to hold. For technical reasons we assume

 also that

 Pi(H I x) = 1 and Ai( x) = 1 whenever x 0 H, i = 0, 1. (4.1)

 Assume for the moment that p > 0, which is the case of main interest in this paper. Then
 (3.1) and (3.5), (3.6) ensure that the Markov chain is it-irreducible, i.e. for any x E Q and
 F E Y with 7r(F) > 0 the k-step transition probability

 pk(F I x) = P(X(k) E F I X(1) = x)

 is strictly positive for some k >e 1. This follows by noting that (4.1) and (3.5) give that

 pk(0 I x) > O for some kI, and then combining (3.6) and (2.1) with Fubini's theorem to

 obtain that pk2(F I 0) > 0 for some k2. Further, modifying the proof of corol. 2 in Tierney
 (1994, sect. 3.1), it follows that the chain is positive Harris recurrent, that is

 P(X(k) E F for infinitely many k I X(1) = x) = 1

 for all x E Q and F E F with 7t(F) > 0. Hence, if the chain is aperiodic, we have that

 lim sup i(F) - FPk(F I x)v(dx) = 0 (4.2)
 k-.cco Fe JF

 for any initial distribution v by Orey's theorem (Nummelin, 1984, corol. 6.7), and for any

 measurable function g: Q--+ R such that ig is ir-integrable,

 K Is

 1K g(X(k)) {g _ | g(x)it(dx) as K -+ oo (4.3)

 almost surely by Birkhoff's ergodic theorem (Tierney, 1994, th. 3). For example, the chain
 becomes aperiodic when p < 1 or q(0) < 1 as this implies that pk(0 I 0) > 0 for all k > 0 and

 hence that pk(0 I X) > 0 for all x E Q and all sufficiently large k.
 Similar results hold for the special case p = 0, which might be relevant if we want to

 simulate the conditional distribution in of 7t given that there are n points. Assuming that

 7(Qn) > 0 it is easily seen as before that the Markov chain restricted to Q,, becomes
 aperiodic, itn -irreducible, and positive Harris recurrent, so that convergence results as (4.2),
 (4.3) hold (with it replaced by itn and with v concentrated on Qn).

 It is also important to establish a central limit theorem when it exists, that is

 /K(gK-itg) N(0,&O), as K-+ oo. (4.4)

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1994.

This content downloaded from 195.113.28.134 on Tue, 27 Feb 2018 16:02:20 UTC
All use subject to http://about.jstor.org/terms
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 We establish it here only for the unconditional sampler described in example 1 of section 3

 with p > 0 and for the Strauss process (3.12) using prop. 5.21 in Nummelin (1984) to show

 that the sampler is geometrically ergodic and an observation of Chan & Geyer (1994) that

 geometric ergodicity implies exponentially fast a-mixing hence a central limit theorem for all

 functionals in L2 + 8(n) for any E > 0. Below we shall use the following bounds for the

 acceptance probability: A(y I x) ? min {1, n(x)/[132(S)]} if x = y u X, while A(y I x) < MS)/
 [n(x) + 1] if y =xu .

 In order to apply the proposition we need to characterize the "small sets" (Nummelin,

 1984, sect. 2.3). A set A is "small" if there is an a > 0, a probability measure v, and an integer

 k such that the k-step transition probability satisfies Pk(- I x) > av(-), for all x E A. The
 probability of losing a point in one iteration starting at x is bounded below by pn(x)/

 [21VA(S)], where ,B = exp (O I). Hence if A = {x: n(x) < a}, the probability of the chain being
 in the empty realization at step m > a is positive and bounded below independently of the

 starting point x for any x c A. Taking v to be the probability measure concentrated at the

 empty realization, we see that any set A of this form is small.

 Suppose that a > 13A(S) (but otherwise unspecified, to be chosen later) so that for x 0 A the
 probability of accepting a step down is 1 and the probability Q(x) of accepting a step up is

 less that JL.(S)/a. Let h(x) = 2"(X). Then for x ? A

 E[h(Xk+1) I Xk = x] = 2n(x)L( -p) +2 ( l - Q(x)) + 2n(x) + l P Q(x) + 2n(x) l

 4nX{l- 2 Qx 4 2 a}
 Prop. 5.21 in Nummelin requires that for some r > 1 the supremum over all x ? A of

 E[rh(Xk+ I) -h(Xk) I Xk = x] < 2n(x){l - + 2-} - 2n(x)

 { 4 2 a }
 =2n(x){r -1- rpfAS

 be strictly negative, which it will be if r is chosen so that r - 1 -r(p/4) < 0 (i.e. 1 < r < 1/

 (1 - (p/4))) and a is chosen large enough. The second condition in the proposition is

 obvious, because E[h(Xk+ +) I Xk = x] < 2n(x) + is bounded on A.
 As noted by Geyer & Chan (1994) this implies that the stationary chain is xt-mixing

 exponentially fast, hence by standard results for stationary processes the central limit

 theorem (4.4) holds for any g E L2+E(7r) with e > 0 and U2 given by

 oo

 tT =ZE VIk (4.5)
 k= =-oo

 where

 /k Y V-k = cov [g(XO), g(Xk)] (4.6)

 when XO has the invariant distribution. For a Harris chain, the asymptotics do not depend
 on the initial distribution (Geyer, 1992). Central limit theorems for vector functionals with

 2 + e moments follow immediately from the scalar case and the Cramer-Wold device.

 Similar results hold for samplers for the conditional Strauss process (take p = 0 so the

 sampler keeps the number of points constant). This case is much simpler. Since the density is

 bounded and bounded away from zero, so are the odds ratios in the Metropolis steps, and the

 Markov chain is uniformly ergodic and has a central limit theorem (Tierney, 1994, corol. 3).

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1994.
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 5. Empirical results and Monte Carlo maximum likelihood

 As a concrete example we use the unconditional Strauss process (3.12) with the following

 choices of parameters: 0, = log (100) 1-14.6, 02 =log (0.75) -_-0.288, r = 0.1 (the interaction
 radius), p = 0.1I (the fraction of steps that attempt to change the number of points). It turns

 out that our choice of p = 0.1I was not optimal. According to Allen & Tildesley (1 987, p. 128)

 the value p = 2/3 is commonly employed in simulations of molecular systems. However, our
 later investigations showed that p 1 is optimal and mixed about five times faster than if

 p = 0. 1. For example, the integrated autocorrelation time (i.e. the sample size needed to get

 the same accuracy as with independent sampling) for n(x) reduces from 10.11 to 1.41 and for

 s(x) from 7.55 to 1. 37 when p 0.1I and p = 1, respectively.

 The Markov chain appears to reach equilibrium starting from the empty state in less than

 2500 basic update steps, but for safety we used a "burn-in" of 40,000 basic update steps

 before collecting samples. The spacing between samples was 200 basic update steps, and 1000

 samples were collected. Altogether this makes 240,000 basic update steps, which took 95
 seconds on a workstation that does about 1.5 million floating point operations per second.

 The time series of the samples are shown in Fig. 1. Some autocorrelation is evident in the

 time series, but the autocorelation appears to be significant only out to lag 7 or 8. Geyer

 (1992) explains why this degree of autocorrelation can give more efficient estimation than

 using very wide sample spacing in an attempt to get almost uncorrelated samples. We did

 not, however, attempt to find the optimal sample spacing as described by Geyer (1992).

 Figure 2 shows the scatter plot of the canonical statistics n(x) and s(x).

 6 .~~~~~~~~~~~~~~~~~~~77

 C.~~~~~~~~~~~~~~~~ 7

 E

 CL

 E

 0 200 400 600 800 1000

 iteration

 Fig. 1. Time series for the canonical statistics n(x) and s(x) for an unconditional Strauss process on the

 unit square with canonical parameters 0, = log (100) and 02 = log (0.75) and interaction radius r = 0.1.
 The Metropolis algorithm had a warm-up of 200 iterations followed hy a run of 1000 iterations. Each
 iteration comprised 200 basic update steps.

This content downloaded from 195.113.28.134 on Tue, 27 Feb 2018 16:02:20 UTC
All use subject to http://about.jstor.org/terms



 Scand J Statist 21 Simulation procedures and likelihood inference 367

 0
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 number of points

 Fig. 2. Scatter plot for the canonical statistics n(x) and s(x) for an unconditional Strauss process of Fig.
 1. The ellipses are the 50% and 90% contours of the normal approximation. Multiple points in the plot
 are indicated by the variable size dots.

 Conditional and unconditional Monte Carlo maximum likelihood were done following

 Geyer & Thompson (1992) and Geyer (1993). Convergence of the algorithm and asymptotic

 normality of the Monte Carlo error are discussed by Geyer (1994). Details of the calculations

 will be explained after the results are discussed. Every tenth point in the sample shown in

 Figs. 1 and 2 was treated as an observation of the process and the MLE of 0 and CMLE of

 02 (maximizing the conditional likelihood given the number of points) were calculated giving

 the 100 maximum likelihood estimates shown in Fig. 3. The second component 02 of the
 MLE is plotted against the conditional MLE of 02 in Fig. 4. The differences between the two

 estimators in Fig. 4 appear to be no more than Monte Carlo error in the likelihood

 calculations. Whatever the exact differences are, these calculations do not show them.

 Both the MLE and CMLE were constrained to satisfy 02 , O by the simple expedient of
 setting O2 = O whenever the unconstrained MLE or CMLE was positive and (for the MLE)

 also setting 01 = log (n(x)), the correct MLE when the constraint is enforced (and the
 estimated distribution is a Poisson process). This gives the correct MLE because the log

 likelihood is concave and hence there is either a unique maximum in the interior of the

 parameter space or a unique maximum on the boundary.

 It might be surmised that for stronger repulsion (larger negative 02) there would be some

 difference between the MLE and CMLE, but further calculations did not reveal any. It

 appears that for the Strauss process the MLE and CMLE are approximately equivalent for

 the same reason that these estimators are equivalent in linear regression: both the uncondi-

 tional and the conditional models are exponential families and the conditional expectation of

 s(x) given n(x) is approximately a linear function of n(x) as indicated by the elliptical

 contours for t(x) = (n(x), s(x)), see Fig. 2. Hence, if &(u) and 2([) denote the MLE and

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1994.
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 Fig. 3. Scatter plot for the unconditional MLE for the unconditional Strauss process of Fig. 1. The
 square marks the true parameter value.

 CMLE, respectively, the likelihood equations become t(x) = E6rethe(x) and s(x) =

 E v(s(x) n(x)), and so assuming that E 2(s(x) k n(x)) a(02)n(x) ? b(02) is approximately

 linear in n(x) we find that a2(foua)n(x) + b(for)) _ a2(t(h))n(x) + b(arnn) which is easily seen to
 imply that j^()_ ^C

 The maximum likelihood estimates were calculated using the mixture method of Geyer

 (1993). Samples were collected from seven different Strauss processes with the sample sizes

 and parameter values given in Table 1. The samples were then collectively considered a single

 sample from the mixture distribution with density fm1ix= E1p1f0,X where the p3 are non-
 negative and sum to one. This density is not known exactly since the normalizing constants

 c(Qj) which appear in the formula (3.12) for the density are unknown. They can, however, be

 accurately estimated from the samples by reverse logistic regression (Geyer, 1993). The log

 Table 1. Parameter values for the mixture sam-

 ple used in calculating the Monte Carlo log
 likelihood

 Sample size 01 02

 1000 4.61 -0.288

 300 4.58 -0.578

 300 5.03 -0.289

 300 4.20 0.000

 300 5.15 -0.479

 300 5.15 -0.859

 300 4.04 -0.052

 g Board of the Foundation of the Scandinavian Journal of Statistics 1994.

This content downloaded from 195.113.28.134 on Tue, 27 Feb 2018 16:02:20 UTC
All use subject to http://about.jstor.org/terms



 Scand J Statist 21 Simulation procedures and likelihood inference 369

 0

 -0

 0

 *0~~~~~

 unconditional MLE

 Fig. 4. Scatter plot for the conditional and unconditional MLEs of 02 for the unconditional Strauss
 process of Fig. 1. The line is the locus of points where the two estimators agree.

 likelihood for an observation x (discarding some terms not containing 0) is then approxi-

 mated by

 =m(0) <t(x), 0 > - log ( E t(Yj >) (5.1)

 where Yl, . . .y, Y are the point configurations of the mixture sample. Maximizing lm gives the
 unconditional Monte Carlo MLE. The conditional likelihood is given by

 lm(02 1 n(x))= s(x)02 - log (E e (y))) (5.2)

 the summation now being over the point configurations yi in the sample satisfying the

 conditioning n(yi) = n(x). Maximizing lm( I n(x)) gives the Monte Carlo CMLE.
 The Monte Carlo approximation of the score in the unconditional case is

 m

 Z [t(x) - t(yi)] exp (<t(yj), 0>)/fmjx(yj)
 1= (5.3)

 m

 E exp (< t(yj), 0 >) /fmix (yj)
 j = I

 Since the denominator of (5.3) converges to a constant almost surely, there will be a central

 limit theorem for the Monte Carlo approximation of the score if the functional

 go(y) = [t(x) - t(y)] exp (Q(y) (5.4)
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 has 2 + c moments with respect to (3.12), cf. section 4. Here we verify this if one of the

 components of the mixture is Poisson (02 = 0), which was true for the mixture we used (see

 Table 1). Having 2 + E moments is ensured if

 | tk(X) - tk(y)] exp (<t(y), 0l Eci exp (<t(y), O >)
 L (ci exp (Kt(y), fi >)

 is integrable with respect to the Poisson process for k = 1, 2, where

 t() = (tl (), t2()) = (n( ), s( )), the i/j index the components of the mixture, and the cj are
 normalizing constants. Let J be the index such that '/' 2 = 0. Then

 [[tk(x) -tk(y)] exp (Kt(y), 0>) 2+6 Z c exp (Kt(y), V>)

 Zc1~~~~~~~ exxpKt(yy),frj>>

 [[ tk(X) - tk(y)] exp (Kt(y), O) Yc x Qy,0>

 = CJ ECj[t(X) - tk(Y)] exp {Kt(y), (2<+ e)(t -j) + >) >}-
 J~~~~~~~~~~

 Hence (5.4) always has 2 + E moments, because (2 + ?)(02 - IJ, 2) + Vj 2 is non-positive. In
 practice the cj are not constants but estimated. However, the asymptotics are the same when
 the consistent estimator of the cj given by reverse logistic regression is plugged in (Geyer,
 1993, ths. 3 and 4).

 Geyer (1994, th. 7) gives a central limit theorem for /K(JK - a), the deviation of the
 Monte Carlo MLE 0K from the exact MLE a. Here the assumptions are easily verified
 because of the exponential family structure and since there is a central limit theorem for
 (5.3). At least this gives a central limit theorem when fmix is considered to be known. But

 then Geyer (1993, ths. 3 and 4) shows that the central limit theorem holds as the normalizing

 constants in fmix are consistently estimated by reverse logistic regression.
 Similarly, in the conditional case, we obtain central limit theorems for the Monte Carlo

 approximation of the conditional score as well as the deviation of the Monte Carlo CMLE
 from the exact CMLE.

 The point of the mixture estimation is to get information about the tails of the distribution

 of the canonical statistic, which is best done by sampling not only from the true distribution
 but also from other distributions in the family that put mass at various points in the tails of
 the true distribution. This makes Monte Carlo maximum likelihood a stable estimation

 procedure with approximately the same Monte Carlo error over a wide range of observed
 values of the canonical statistic. Thus, from one approximate log likelihood (5.1) we can get

 estimates for 100 different observations that span the probable values of the canonical

 statistic. The scatter plot of these MLEs (Fig. 2) approximates the sampling distribution of
 the MLE.

 6. Discussion

 As mentioned in section 1, the well-known algorithm for point processes is a spatial
 birth-and-death process. This is a time-homogeneous jump process, and simple conditions
 for existence, convergence, and geometrically fast convergence can be found in Preston
 (1977) and M0ller (1989). However, central limit theorems as well as Monte Carlo methods

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1994.

This content downloaded from 195.113.28.134 on Tue, 27 Feb 2018 16:02:20 UTC
All use subject to http://about.jstor.org/terms



 Scand J Statist 21 Simulation procedures and likelihood inference 371

 and their practical aspects are yet not much explored for spatial birth-and-death processes.
 In contrast, our Metropolis-Hastings algorithm is much easier to analyse as demonstrated

 in sections 4 and 5. It involves fewer calculations and is also easier to program, but whether
 it runs faster depends of course on the implementation.

 In section 5 we established a central limit theorem for the deviation of the Monte

 Carlo approximation from the exact MLE (or CMLE). This central limit theorem, call it

 the CLT for the Monte Carlo error, is determined by the properties of the Metropolis-
 Hastings algorithm and is unrelated to the central limit theorem for the exact MLE

 as the size of the window containing the point process is increased, call that the CLT for
 the exact MLE. For most point processes, it is not known whether there is a central

 limit theorem for the MLE in the latter sense; results seem to be available only for
 processes which are very close to the Poisson process (Jensen, 1991, 1993). For example, in
 order to apply th. 1 in Jensen (1991) the Strauss process (3.12) should satisfy the condition
 that

 r exp (Il + 01 )(I 1-exp (02)) < 1,

 which for 01 log (100) and r = 0.1 implies that exp (02) > 0.96, which is practically the
 Poisson case with no repulsion.

 The simulation reported in section 5 does not depend on the existence of a CLT for the

 exact MLE. Given enough simulated observations to get an accurate enough approximation
 to the log likelihood, the sampling distribution of the MLE for a fixed window can be

 determined by arbitrary accuracy. The situation changes, however, if our simulation becomes
 a parametric bootstrap. If given one observation x of a point process, we assume a Strauss
 model and estimate the Monte Carlo MLE J(x) and then simulate realizations x x*..,
 from the process with parameters 6(x) and determine the MLE &(x*) for each (using perhaps
 the same Monte Carlo approximation to the log likelihood), the 0(x*) are a parametric
 bootstrap approximation to the sampling distribution of the MLE. But lacking a CLT for

 the exact MLE, we cannot give a justification for the bootstrap of the usual sort, i.e. that it
 gives the same asymptotics. Though the parametric bootstrap seems reasonable, we have no
 theory to support it.

 As mentioned previously, we have made no attempt to find optimal parameters for the
 simulations, being content with what past experience with other problems has shown to be
 reasonable. Finding an optimal design for the simulations would be a very complicated
 problem. Each MLE calculation has a different Monte Carlo error, since it involves the
 Hessian of the Monte Carlo log likelihood at 6 and the central limit theorem for the score
 at 6, and both of these vary with 6. Moreover, the mixture reweighting method involves a
 choice of sampling distributions making up the mixture. The accuracy of the Monte Carlo
 approximation to the log likelihood depends on the choice of the mixture in a complicated
 manner for which there is as yet no theory.

 Despite the lack of optimality criteria, the Metropolis-Hastings algorithm is a useful
 method for simulating spatial point processes, and Monte Carlo maximum likelihood is a
 useful method for estimating the parameters of the processes and investigating the statistical
 properties of the estimators.
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