
Enceladus:
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Modelling convection with phase
change: toward ice shell–ocean

evolution on Enceladus
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Interaction of ice crust and subsurface ocean

ice
rootmelting meltingice

water (ocean)

dynamic topography
geoid

viscous relaxation

heat flux variations ∆q
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Formulation
Geometry

γ
ωs,vs, pth,s, . . .

ωl,vl, pth,l, . . .

nγ

γf
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Formulation
Governing equations

Conservation laws in local form:
.
ρ = −ρ divv in ωl ∪ ωs

ρ
.
v = divT+ b in ωl ∪ ωs

T = −pth
I+ S

ρ
.
e = −divq +T : D in ωl ∪ ωs

Interface conditions:

Jρ(w − v)K · nγ = 0 on γ
Jρv((w − v) · nγ)K + JTnγK = 0 on γ

Jρ
(
1/2|v|2 + e

)
(w − v) + vT− qK · nγ = 0 on γ
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Conductive problem
Enthalpy method

ρ
.
h = −divq +

.
pth + S : D in ωl ∪ ωs

heff(θ)
def
=

{
h0 + c s(θ − θm) , θ < θm ,

h0 + Lm + c l(θ − θm) , θ ≥ θm ,

θ∗

Lm

heff(θ∗)

k eff(θ∗)k eff(θ∗)

k
(1)
ε (θ∗)

−ε ε

θ∗

c eff(θ∗)c eff(θ∗)

c
(1)
ε (θ∗)

−ε ε
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Conductive problem
Enthalpy method

ρ c eff ∂θ

∂t
= div (k eff∇θ) in ωl ∪ ωs
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Conductive problem
Enthalpy method

ρ c(1)
ε

∂θ

∂t
= div (k(1)

ε ∇θ) in ω

heff(θ)
def
=

{
h0 + c s(θ − θm) , θ < θm ,

h0 + Lm + c l(θ − θm) , θ ≥ θm ,

θ∗

Lm

heff(θ∗)

k eff(θ∗)

k eff(θ∗)

k
(1)
ε (θ∗)

−ε ε
θ∗

c eff(θ∗)

c eff(θ∗)

c
(1)
ε (θ∗)

−ε ε
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Conductive problem
Radially symmetric Stefan problem

rs(t)

θ = θm

ωl

ωs

General solution (for d spatial dimensions):

θ l
d(t, r) = C l

1,dΓ

(
1− d

2
,
r2

4αlt

)
+ C l

2,d , r ∈ (0, s(t)) ,

θ s
d(t, r) = Cs

1,dΓ

(
1− d

2
,
r2

4αst

)
+ Cs

2,d , r ∈ (s(t),+∞) ,

s(t) = 2λd
√
t , t ∈ (0,+∞)
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Conductive problem
Radially symmetric Stefan problem

(a) 2dmesh (mshr) (b) 3dmesh (gmsh)
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Conductive problem
Results

r1 s(t0) s(t1) s(tmax) r2

θm

4
3
3

K analytical

EHC

TTM

t0
t1=t0+0.5·τ
tmax

Figure: Temperature distribution 1d
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Conductive problem
Results

t0 tmax

r 1
r 2

s(
t)

analytical

EHC

TTM

Figure: Position of the melting front
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Conductive problem
Results

t0 tmax

0
8
.3

0

ν σ
(t

)
[1

0
−

7
m
·s
−

1
] analytical

EHC

TTM

Figure: Velocity of the melting front
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Conductive problem
Results

Table: A sequence of the error norms for the 1d implementation of EHC
and TTM methods at t=tmax, for gradually increasing resolution.
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Conductive problem
Results

024

ε [K]

10−4

10−3

10−2

10−1

100 es

e2θ

0 20 40 60

Cε [−]
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Conductive problem
Results

Benchmark code available at zenodo.org

∆
x [m]

10−1

10−2

10−4

Cε≈1

∆t [s]
102

104 105
CCFL≈1

e2 θ

10−3

10−2

10−1

1
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Convective problem
Kowalewski benchmark1

1Kowalewski, T. A. a Rebow, M. (1999). Freezing of Water in a Differentially
Heated Cubic Cavity. International Journal of Computational Fluid Dynamics
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Convective problem
Kowalewski benchmark1

(a) Natural convection (b) Convection with phase
change

1Kowalewski, T. A. a Rebow, M. (1999). Freezing of Water in a Differentially
Heated Cubic Cavity. International Journal of Computational Fluid Dynamics
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Convective problem
Kowalewski benchmark1

Figure: Temperature measurements

1Kowalewski, T. A. a Rebow, M. (1999). Freezing of Water in a Differentially
Heated Cubic Cavity. International Journal of Computational Fluid Dynamics
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Convective problem
Modelling natural convection

Boussinesq approximation of thermal buyoancy:

divv = 0 in ωl ∪ ωs

ρ
.
v = −∇p+ div (2µD) + ρ(θ)g in ωl ∪ ωs

ρ c
.
θ = div (k∇θ) in ωl ∪ ωs
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Convective problem
Modelling natural convection

Boussinesq approximation with phase-change:

divv = 0 in ω

ρeff .
v = −∇p+ div

(
2µeff

D

)
+ ρeff(θ)g in ω

ρeffceff
.
θ = div

(
keff∇θ

)
in ω
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Convective problem
Modelling natural convection

Boussinesq approximation with phase-change (mollified params):

divv = 0 in ω

ρ(1)
ε

.
v = −∇p+ div

(
2µ(1)

ε D

)
+ ρ(1)

ε (θ)g in ω

ρ(1)
ε c(1)

ε

.
θ = div

(
k(1)
ε ∇θ

)
in ω
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Convective problem
Modelling natural convection

Velocity correction in ice-phase (viscosity contrast):

divv= 0 in ω

ρ(1)
ε

.
v = −∇p+ div

(
2µ(1)

ε D

)
+ ρ(1)

ε (θ)g + τχ(1) ,s
ε (θ)v in ω

ρ(1)
ε c(1)

ε

.
θ= div

(
k(1)
ε ∇θ

)
in ω
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Convective problem
Modelling natural convection

Velocity correction in ice-phase (Carman-Kozeny penalty):

divv= 0 in ω

ρ(1)
ε

.
v = −∇p+ div

(
2µ(1)

ε D

)
+ ρ(1)

ε (θ)g + τχ(1) ,s
ε (θ)v in ω

ρ(1)
ε c(1)

ε
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θ= div
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Convective problem
Results
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Results
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Ice shell evolution
One-phase vs. Two-phase approach
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Ice shell evolution
One-phase vs. Two-phase approach

One-phase problem governing equations:

divv = 0 in ωs

ρs .v = −∇p+ div (2µs
D) + ρsg in ωs

ρscs
.
θ = div (ks∇θ) in ωs

Boundary conditions:

v = 0 , θ = θtop on γtop

v · n = 0 ,Tn
∣∣
τ

= 0 , ∇θ · n = 0 on γleft ∪ γright

Tn = −pbot(z)n , θ = θm on γbot

Kinematic condition for the bottom boundary:
∂h

∂t
=
√
h2
x + 1

((
qin + ks∇θ
ρsLm

− v

)
· n
)

on γbot
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Ice shell evolution
One-phase vs. Two-phase approach

Two-phase problem:

divv = 0 in ω

ρ(1)
ε

.
v = −∇p+ div

(
2µ(1)

ε D

)
+ ρ(1)

ε g + τχ(1) ,l
ε (θ)v in ω

ρ(1)
ε c(1)

ε

.
θ = div

(
K(1)
ε ∇θ

)
in ω

K(1)
ε (θ)

def
=

(
0 0
0 K l

)
χ(1) ,l
ε (θ) +

(
ks 0
0 ks

)
χ(1) ,s
ε (θ)

Boundary conditions:

v = 0 , θ = θtop on γtop

v · n = 0 ,Tn
∣∣
τ

= 0 , ∇θ · n = 0 on γleft ∪ γright

v · n = 0 ,Tn
∣∣
τ

= 0 , ks∇θ = qin on γbot
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Ice shell evolution
One-phase vs. Two-phase approach

H

−pbotn

H

pbot(z) = (ρsH − ρl(z −H))g
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Ice shell evolution
Implementation

Implementation of one-phase simulation:
kinematic description - ALE method
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Ice shell evolution
Implementation

Implementation of one-phase simulation:
kinematic description - ALE method
bottom boundary kinematic equation - the Nitsche method
velocity correction for water
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Ice shell evolution
Results
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Ice shell evolution
Results
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Outlook

Next steps:
one-phase ice shell evolution - (real) temperature dependent
viscosities for ice

g
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Outlook

Next steps:
one-phase ice shell evolution - (real) temperature dependent
viscosities for ice
two-phase simulation - melting probe problem

g
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Thank you for your attention!
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