Modelling convection with phase
change: toward ice shell-ocean
evolution on Enceladus
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Interaction of ice crust and subsurface ocean

dynamic topography

égi heat flux variations Aq

water (ocean)
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Formulation

Conservation laws in local form:

p=—pdivv
pv=divT +b
T=—p"I+3

pé =—divg+T:D

Interface conditions:

[o(w = )] - n, = 0
[ov((w = v) -n)] + [Tn,] = 0
[[/)(1/2|v|2 +e)(w—v)+vI—q]-n,=0

@l Governing equations

inw Uw®

inw Uw®

inw Uw®

on -~y
on -y
on«y
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Formulation

@l Governing equations

Conservation laws in local form:

p=—pdivv
pv=divT +b
T=—p"I+$

pl.z: —divq+ph+8$:D
Interface conditions:;

lo(w —v)]-n, =0
[ov((w ) 1)) + [Tn,] = 0

inw!'Uw

inw Uw®

inw Uw®

on vy
on -~y
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Conductive p '
M Enthalpy method
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Conductive problem

ll Cnthalpy method

pg—iz =—divqg inw'Uw*
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Conductive problem

Wl Fnthalpy method

eff
pagt = —divqg inw'Uw®
€ h se_gm’ 0<‘9ma
hefi(g) 2 | o+ %0 = Om)
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Conductive problem

Wl Fnthalpy method

pceﬁ% =—divqg inw'Uw*
heﬂ(e)d:ef ho+¢*(0 — On) 0 < O,
ho + L +c'(0 —0y), 6> 64,
het(07) \
1 ceﬂ(g*)
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Conductive problem

Wl Fnthalpy method

pceﬁ@ = div (k*TV9) inwluw®

ot

heﬂ(e)d:ef ho+¢*(0 — On) 0 <6y,
ho + L +c'(0 —0y), 6> 64,

" A

—() A
* ceﬂ(g*)

k,eff(e*)
[0 —— —
:e* :e*
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Conductive problem

Wl Fnthalpy method

pcgl)% = div (kVV8) inw
ot
heff(e)d:ef ho + (60 — 0m) , 0 < b,
ho + Lm +c'(0 — 0m), 0> 6,
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Conductive problem
Rad lly symmetric Stefan problem

General solution (for d spatial dimensions):

d r?
(gcll(t,T') = CidI‘<1 = 5, M) + C;’d, re (O,S(t)) 5
< < d 7“2
Qd(tﬂ"):CLdF 2 4ast +Czda7“€( (t), +o0),
s(t) = 2MgVt, t € (0,400)
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ctive problem

A - Ol to e analytical
o E om t1=tp+0.5-7 . EHC
Q : tmax B TT™

O
r s(to) s(t1)  s(tmax) T2

Figure: Temperature distribution 1d
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Conductive problem

Y
Results

[a\l
S — analytical

ey
to tmax

Figure: Position of the melting front
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Figure: Velocity of the melting front
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Conductive problem

7
Results

Disc. parameters Method 55 eg® es
A,=1.0-10"%m, e=5.0-10""K | EHC | 2841072 | 3.84-10~° | 1.21-10~2
(A=2.4-10135) TTM | 2431073 | 4191073 | 1.27-1072
A,=1.0-10"3m, e=5.0.10'K | EHC | 7.81-10* | 8.28-10~% | 1.59.10~3
(A=2.4-10%25s) TTM | 7.41-10~* | 8.50-10~* | 1.24-1073
A,=1.010"*m, e=5.0-10"2K | EHC |4.44.107* | 452.10~* | 1.60-107
(A=2.4-10"15) TTM | 4.10-107* | 411-10™* | 4.01-107

Table: A sequence of the error norms for the 1d implementation of EHC
and TTM methods at t=tmax, fOr gradually increasing resolution.
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"Kowalewski, T. A. a Rebow, M. (1999). Freezing of Water in a Differentially
_International Journal of Computational Fluid Dynamics
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(a) Natural convection (b) Convection with phase

change

"Kowalewski, T. A. a Rebow, M. (1999). Freezing of vvater ina D\ﬁerem\al\y
Heated Cubic Cavity. International Journal of Comut




Convective problem

Kowalewski benchmark
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Convective problem

Modelling natural convection

Boussinesg approximation of thermal buyoancy:

divv =0 inw Uw®
pv = —Vp+div (2uD) + p(6)g inw Uw®
pch = div (kV0) inw!Uws

9/14



Convective problem

Modelling natural convection

Boussinesqg approximation with phase-change:

divv =0 inw
v = —Vp + div (Z,ueﬂlD) + p(0)g inw
pF o — iy (keﬁ” ve) inw
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Convective problem

Modelling natural convection

Boussinesg approximation with phase-change (mollified params):

divv =0 N
oD% = ~Vp + div (269D) + oM (0)e N
pMeh = div <k§1>v9> e
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Convective problem

Modelling natural convection

Boussinesg approximation with phase-change (mollified params):

divv =0 nw
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Convective problem

Modelling natural convection

Velocity correction in ice-phase (viscosity contrast):

Py = —Vp + div (2,LL£UD> +pM(0)g + inw
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Convective problem

Modelling natural convection

Velocity correction in ice-phase (Carman-Kozeny penalty):

D% = —Vp + div (2u0'D) + oD (O)g + 7X@V inw
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shell evolution
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shell evolution
vs. Two-phase approach
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lce shell evolution

One-phase vs. Two-phase approach

One-phase problem governing equations:

divv =0 inw®
p*v = —=Vp+div (2p°D) + p°g inw®
6 = div (K°V0) in w®

Boundary conditions:

v=0, 0= etop ON Ytop
v-nzO,Tn}Tzo, V6 -n=0 ON Yeft U Yright
Tn = _pbot(z)n7 9 = em on Ybot

Kinematic condition for the bottomn boundary:

oh Qin + £°VE
a: h%‘i‘l((psT—V)n) ON Ypot
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lce shell evolution

One-phase vs. Two-phase approach

Two-phase problem:

divv =0 inw
Py = —Vp + div (2;;&”]])) + pMg + 7M@) N w
pMeM§ = div (KSW@) nw

dei (00 0 .
KOO (0 )@+ () 0 )x=e)

Boundary conditions:

v=0, 0= Otop On Ytop
v-nzO,Tn}Tzo, VO-n=0 ON Veft U Yright
v-nzO,Tn}T =0, k°V0=qn ON Ybot
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Ice shell evolution

Implementation

Implementation of one-phase simulation:

m kinematic description - ALE method
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Ice shell evolution

Implementation

Implementation of one-phase simulation:

m kinematic description - ALE method
m bottom boundary kinematic equation - the Nitsche method
m velocity correction for water

12714
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Outlook

Next steps:

m one-phase ice shell evolution - (real) temperature dependent
viscosities for ice

Enceladus: Ice shell-ocean interact 14 /14




#M Outlook

Next steps:

m one-phase ice shell evolution - (real) temperature dependent
viscosities for ice

m two-phase simulation - melting probe problem
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Thank you for your attention!
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