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Introduction

What is our aim?

electric conductivity of upper-mantle using Sq variations

recall:
Syntetická 3D inverze magnetického pole oceánských slapů

adjoint approach
source
region
data

3-D modelováńı EM indukce s ionosférickými zdroji: Slepiány a
lokálně-regionálńı p̌renosové funkce
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Introduction

Regional to local transfer functions

analysis within 5-day (3-day) segments

index Kp
rate of change dDst

dt

interpolate horizontal field using slepians (regional)

use Z component (local) to derive the transfer function (TF)

⇒ model of external field is not needed
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Forward modelling

Governing equations

Electro-magnetic induction (EMI) equation in the frequency
domain

∇× [ρ(r)∇× B(r ;ω)]− iωµ0B(r ;ω) = 0,

∇ · B(r ;ω) = 0,

with boundary conditions at the Earth’s surface

B0
jm(a;ω) = 0,

B+1
jm (a;ω) =

∫
Ω

gα(Ω) · S(+1)
jm (Ω)dΩ.
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Forward modelling

Slepians

horizontal poloidal SH vector functions (bandwidth limited)

gα(Ω) =

jsmax∑
j=1

j∑
m=−j

gαjms
(+1)
jm (Ω),

α = 1, . . . ,Ns ≤ jsmax(jsmax + 2)

orthogonal families of functions defined on a common domain
R ⊂ Ω ∫

R

gα(Ω) · gβ(Ω)dΩ = λαδαβ

optimally concentrated in the domain

λα =

∫
R

gα(Ω) · gα(Ω)dΩ∫
Ω

gα(Ω) · gα(Ω)dΩ
= max,
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Forward modelling

Slepians over Europe for j smax = 20
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Forward modelling

ElmgFD

weak formulation of the EMI equation

piecewise-linear 1-D finite elements in radial coordinate

complex vector spherical harmonic functions in angular
coordinates

parallelized using OpenMP
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Inverse modelling

Model space

log10
σ(m,m0; r)

σ0
=

M∑
β=1

mβξβ(r) +

M+M0∑
β=M+1

m0βξβ(r)

m ∈ RM and m0 ∈ RM0

ξβ(r), β = 1, 2, . . . ,M + M0 are piecewise constant functions,

ξβ(r) =

{
1 r ∈ Iβ
0 r /∈ Iβ

,

Iβ ∩ Iβ′ = ∅ for β 6= β′,

M+M0⋃
β=1

Iβ = G .
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Inverse modelling

Penalty function

Consider Np periods, Ns slepians and No observatories ⇒

m̃(λ) = arg min
m∈RM

[
χ2(m) + λR2(m)

]

χ2(m) =
1

2NpNsNo

Np∑
p=1

Ns∑
α=1

No∑
k=1

wp
kα

∣∣∣T p
kα − T p,obs

kα

∣∣∣2 ,
R2(m) =

1

a

∫
G

|∇h log10 σ(m; r)|2 dV .
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Inverse modelling

How to find m̃ numerically?

Limited-memory quasi-Newton minimization approach with the
Broyden-Fletcher-Goldfarb-Shanno formula (Press et al., 1992,
Section 10.7) used for gradual updates of the approximate inverse
of the Hessian

⇓

M-dimensional gradient Dmχ
2(m) is needed,

Dmχ
2(m) =

(
D1χ

2(m),D2χ
2(m), . . . ,DMχ

2(m)
)
,

where

Dβχ
2 =

∂χ2

∂mβ
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Inverse modelling

Adjoint approach

According to Šachl et al. (2022) and Maksimov and Veĺımský
(2017), we solve one forward and one adjoint problem for each
period ωp and each Slepian function gα(Ω).

Forward problem:

∇× [ρ(r)∇× Bα(r ;ωp)]− iωpµ0Bα(r ;ωp) = 0,

∇ · Bα(r ;ωp) = 0,

with BC at the Earth’s surface

B
(0)
jm,α(a;ωp) = 0,

B
(+1)
jm,α (a;ωp) =

∫
Ω

gα(Ω) · S(+1)
jm (Ω)dΩ.
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Inverse modelling

Adjoint approach

Adjoint problem:

∇×
[
ρ(r)∇× B̂α(r ;ωp)

]
+ iωpµ0B̂α(r ;ωp) = 0

or
∇×

[
ρ(r)∇× B̂α(r ;ωp)

]
− iωpµ0B̂α(r ;ωp) = 0

with BC at the Earth’s surface

B̂
(0)

jm,α(a;ωp) = 0,

B̂
(+1)

jm,α(a;ωp) =
2πi

N

∑
k

wp
kα

(
T

p
kα − T

p,obs
kα

)
Yjm(Ωk)
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Inverse modelling

Adjoint approach

Derivative of misfit with respect to mβ:

Dβχ
2(m) =

2

4π a3 µ0
Re

∫
G

Dβρ(m; r)I dV

 ,

where
Dβρ = −(ln 10)ρ(m; r)ζβ(r)

and

I =

Np∑
p=1

Ns∑
α=1

1

ωp
∇× Bα(m; r ;ωp) · ∇ × B̂α(m; r ;ωp).
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Synthetic tests

General idea

1 Forward modelling: conductivity model + EM forcing → TF
functions

2 Inverse modelling: TF functions → recovered conductivity
model
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Synthetic tests

Earth conductivity model

litosphere (upper aprox. 20 km)

oceans: 3-D σoc of Tyler et al. (2017),
〈σoc〉 = 3.31± 0.23 S/m
sediments: 3-D σsed of Everett et al. (2003) (Grayver (2021)?)

upper mantle: 1-D + 3-D WINTERC-e model

lower mantle: 1-D profile of Grayver et al. (2017)

core: σcore = 2× 105 S/m
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Synthetic tests

3-D conductivity model WINTERC-e

Original model (Martinec et al., 2021):

created using no EM data!

seismic waveform tomography, global satellite gravity, surface
elevation, heat flow data → WINTERC-G (Fullea et al., 2021)
WINTERC-G + conductivity measurements → WINTERC-e

upper-mantle model: 0-402 km

two end-members

Wd-emin: dry, no melt
Wd-emax: 140 ppm of water, melting
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Synthetic tests

Model Wd-emax
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Synthetic tests

ElmgFD configuration

spherical-harmonic truncation degree jmax = 60

total of 204 layers

3-D ocean: 141
1-D upper-mantle: 7
3-D upper-mantle: 13
1-D core and lower-mantle: 43

inverse problem

4◦ × 4◦ grid cells
13 layers
1521 model parameters
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Synthetic tests

Quality assessment

In each layer, we calculate Pearson’s correlation coefficient Cr ,

Cr (σ, σT , r)

=

∫
R

log10 [σ(r)/σ(r)] log10 [σT (r)/σT (r)] dΩ√{∫
R

log2
10 [σ(r)/σ(r)] dΩ

}{∫
R

log2
10 [σT (r)/σT (r)] dΩ

} ,



Figure: Depth profiles of correlation coefficients for T = 24 h using
jsmax = 20 and Ns = 20.



Figure: First slepian for jsmax = 30 and 60.



Figure: Second slepian for jsmax = 30 and 60.



Figure: Depth profiles of correlation coefficients for T = 24 h, effect of
slepian base.



Figure: Depth profiles of correlation coefficients for T = 24 h, effect of
resolution.



Figure: Depth profiles of correlation coefficients for differnt periods, effect
of 5% random perturbations.



Figure: Depth profiles of correlation coefficients for differnt periods, effect
of 10% random perturbations.



Figure: Depth profiles of correlation coefficients for differnt periods, effect
of 10% random perturbations.
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3-D inversion of real data

Inversion of real data

hourly data, 1997–2016

42 observatories

Figure: Available observatories.

4 periods (24 h, 12 h, 8 h, 6 h)



Figure: Effect of period on the real parts of TF.



Figure: Real and imaginary parts of T = 6 h transfer functions for all
slepians at the chosen observatories.



Figure: Real and imaginary parts of T = 6 h transfer functions for all
slepians at the chosen observatories.



Figure: Agreement and disagreement of TFs.



Figure: Available observatories.



Figure: Effect of uncorrected tidal signal?



Deep geomagnetic sounding by Sq variations: A 3-D inversion based on the regional-to-local transfer functions

3-D inversion of real data

Inversion of real data

32 observatories

4 periods

Ns = 3

Figure: Depth profiles of correlation
coefficients for T = 24 h, effect of the
number of slepians.
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3-D inversion of real data

Conductivity model P3DE
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3-D inversion of real data

Is P3DE better than Wd-emax?

Model Data misfit
1-D Wd-emax 0.643
3-D Wd-emax 0.626
P3DE 0.553



Figure: Real parts of T = 6 h KIV2 transfer functions for all slepians.



Figure: Available observatories.



Deep geomagnetic sounding by Sq variations: A 3-D inversion based on the regional-to-local transfer functions

3-D inversion of real data

Summary

synthetic data

recovered model is in a good agreement with the target model
even in the presence of noise
150-400 km ⇒ shorter periods outperform longer periods
joint inversion with more periods ⇒ conductivity is recovered
more accurately

real data

imaginary parts of TFs show higher disagreement
usage of high-latitiude data is precluded by the magnetospheric
signals
data processing needs “tuning”
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3-D inversion of real data

Outlook

correct data for TIMF

derive TFs using “high-quality” observatories?

restrict the inversion to a smaller region
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