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Motivation:

— accretion of terrestrial-type planets from the solar nebula
(~ 4.6 billion years ago during about 100 My)

— differentiation of a silicate mantle and a metallic core (next ~ 1Gy).

Mechanisms to be considered:
— continuum mechanics of viscoelastic fluids (+ inertial effects)
— self-gravitation
— thermodynamics (heat production during accretion and differentiation)
— transition from a dilute dust to a dense viscoelastic terrestrial-type planet
— open systems (incomming volume, mass, momenum, energy)

— two-component continuum (lighter silicates + heavier metals)
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Finite-strain kinematics
Eulerian mechanics of solids and fluids
Further extensions

The Solar system in our times about 4,6 Gy after the beginning of its formation:

Kuiper Belt

a S

Uranus

- ‘ SOURCE:
2 KIPEDIA

Solar System
/ JoHANN E. BoODE's law:
the orbit of n*"-planet:
radius = 0.4 + 0.3x2" AU

Inner Orbit of
of Oort Clous Sedna

T. Roubitek (KG MFF UK, Praha, 2.10.2023) Selfgravitating viscoelastic continua towards early planets



A schematic illustration of beginning of planetary system formation:
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An illustration of the core-mantle formation (a 2D numerical test):
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Content of the talk:

© Finite-strain kinematics

© Eulerian mechanics of solids and fluids
@ Kelvin-Voigt materials in Eulerian description
@ Viscoelastic fluids
@ Selfgravitation

e Further extensions
@ Thermodynamics
@ Open thermodynamical system
@ Multicomponent model
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Finite-strain kinematics

Finite-strain kinematics
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Finite-strain kinematics

Deformation y : Q — R9 as a mapping from a reference configuration Q c R
into a physical space RY.
Notation: X € Q the “Lagrangian” space variable in the reference configuration.
x € £2 C RY the “Eulerian” physical-space variable.
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Finite-strain kinematics

Deformation y : Q — R9 as a mapping from a reference configuration Q c R
into a physical space RY.
Notation: X € Q the “Lagrangian” space variable in the reference configuration.
x € £2 C RY the “Eulerian” physical-space variable.

The basic geometrical object is the (referential) deformation gradient F = Vyy.
with deformations x = y(t, X) evolving in time (sometimes called motion)
the (referential) velocity v = Z.y.
the inverse of a motion &(t) : x — y~1(t, x), called
the return (or reference) mapping.
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Finite-strain kinematics

Deformation y : Q — R9 as a mapping from a reference configuration Q c R
into a physical space RY.
Notation: X € Q the “Lagrangian” space variable in the reference configuration.
x € £2 C RY the “Eulerian” physical-space variable.

The basic geometrical object is the (referential) deformation gradient F = Vyy.
with deformations x = y(t, X) evolving in time (sometimes called motion)
the (referential) velocity v = Z.y.
the inverse of a motion &(t) : x — y~1(t, x), called
the return (or reference) mapping.

Then we consider the actual (i.e. Eulerian) deformation gradient F = Fo &
and the actual velocity v = vo €.

The return mapping £ satisfies the transport equation

£=0.

Notation:
()= % + v-V for the convective time derivative
(with a short=hand' notation:=V := V4).
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Finite-strain kinematics

The velocity gradient Vv = V, vV, X = FF 1,
(the chain-rule calculus and F~! = (Vyx)~! = V, X).

The transport-and-evolution equation for the deformation gradient as
F = (Vv)F.
the evolution-and-transport equation for the Jacobian J = det F as
J=CofF:F = JF"T:F = JLFF! = JI.Vv= Jdivv,

where I denotes the unit matrix.
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Finite-strain kinematics

The velocity gradient Vv = V, vV, X = FF 1,
(the chain-rule calculus and F~! = (Vyx)~! = V, X).

The transport-and-evolution equation for the deformation gradient as
F = (Vv)F.
the evolution-and-transport equation for the Jacobian J = det F as
J=CofF:F = JF"T:F = JLFF! = JI.Vv= Jdivv,
where I denotes the unit matrix.

A distortion A = V¢ = F~1 and together with its determinant det A =1/J
satisfy the transport-and-evolution equations

A=_A(Vv) and detA = —(detA)divv.
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Finite-strain kinematics

The velocity gradient Vv = V, vV, X = FF 1,
(the chain-rule calculus and F~! = (Vyx)~! = V, X).

The transport-and-evolution equation for the deformation gradient as
F = (Vv)F.
the evolution-and-transport equation for the Jacobian J = det F as
J=CofF:F = JF"T:F = JLFF! = JI.Vv= Jdivv,
where I denotes the unit matrix.

A distortion A = V¢ = F~1 and together with its determinant det A =1/J
satisfy the transport-and-evolution equations

A=_A(Vv) and detA = —(detA)divv.

0 1
equivalently adetA + div(vdet A) =0, i.e. 7 is transported as an extensive variable
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Finite-strain kinematics

Reconstruction of an underlying deformation y:

Is & bijective?

T. Roubitek (KG MFF UK, Praha, 2.10.2023) Selfgravitating viscoelastic continua towards early planets



Finite-strain kinematics

Reconstruction of an underlying deformation y:

Is € bijective? Not automatically!
Local non-interpenetrability det F > 0 and
fixing of (invertible) boundary conditions on y

= global injectivity of £(t), i.e. y(t) = &7 1(t) exists.
= F =Vy.

J.M. BaLL: Global invertibility of Sobolev functions and the interpenetration
of matter. Proc. R. Soc. Edinb., Sect.A, 88:315-328, 1981.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Kelvin-Voigt materials in Eulerian description
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Referrential mass density: o, = 0,(X), actual mass density: o = o(t, x),

_ 00
det F°

. . 0 .
The continuity equation: a—f +div(ov) =0, 0|0 = 04 = 0

Momentum equation: ov = div($1+S,) + f (e.g. gravitational f(x) = Q(X)g)

or equivalently % + div(ovev) = div(5;+8:) + f.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Referrential mass density: o, = 0,(X), actual mass density: o = o(t, x),

_ 00
det F°

0
The continuity equation: a—f +div(ov) =0, 0|0 = 04 = 0
Momentum equation: ov = div($1+S,) + f (e.g. gravitational f(x) = Q(X)g)

or equivalently % + div(ovev) = div(5;+8:) + f.

(X, F) referential in J/m3=Pa,
3 options for the stored energy: ¢ = < (X, F) referential in J/kg,
©(x, F) actual in Pa.
P(&(x), F)F/detF,
Corresponding conservative Cauchy stress: §; = { o(x)pk(€&(x), F)F T,
Ok (x, F)F+¢(x, F)L

Dissipative Cauchy stress: S, = De(v) with a 4th-order positive-definite
viscous-moduli tensor D.

T. Roubitek (KG MFF UK, Praha, 2.10.2023) Selfgravitating viscoelastic continua towards early planets



Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Referrential mass density: o, = 0,(X), actual mass density: o = o(t, x),

_ 00
det F’

. : 0 .
The continuity equation: a—f +div(ov) =0, 0|0 = 04 = 0

Momentum equation: gv = div(51+52) +f (e.g. gravitational f(x) = g(x)g)
or equivalently % + div(gv@v) = diV(Sl—i—Sg) +f.

(X, F) referential in J/m3=Pa,
3 options for the stored energy: ¢ = ¢ ¢(X, F) referential in J/kg,
©(x, F) actual in Pa.
¢r(&(x), F)F/det F,
Corresponding conservative Cauchy stress: S; = { o(x)@k(€&(x), F)F T,
©r(x, F)F T+¢(x, F)L
©(&(x), F(x))/det F(x)
Overall stored energy: @(F) :/ o(x)p(&(x), F(x)) dx.
¢(x, F(x))
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The dissipative gradient extension of the Kelvin-Voigt system:
0= —(divv)o,
ov — div (51 +De(v) — divH(Vzv)) = og,

F =(Vv)F.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The dissipative gradient extension of the Kelvin-Voigt system:
0= —(divv)o,
ov — div (51 +De(v) — divH(Vzv)) = og,

F =(Vv)F.

Hyper-viscosity term with H(V?v) = v|V2v|P~2V2v .
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The dissipative gradient extension of the Kelvin-Voigt system:
0= —(divv)o,
ov — div (51 +De(v) — divH(Vzv)) = og,

F =(Vv)F.

Hyper-viscosity term with H(V?v) = v|V2v|P~2V2v .

Multipolar fluids: J. Neas & collaborators (1989-...) F.Bloom, A.Novotny,
K.R. Rajagopal, M. Riizitka, M. Silhavy
later also E. Fried and M.E. Gurtin (2005) as 2nd-gradient fluids.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The dissipative gradient extension of the Kelvin-Voigt system:
0= —(divv)o,
ov — div (51 +De(v) — divH(Vzv)) = og,

F = (Vv)F.

Hyper-viscosity term with H(V?2v) = v|V2v|P~2V32v .
Multipolar fluids: J. Neas & collaborators (1989-...) F.Bloom, A.Novotny,

K.R. Rajagopal, M. Riizitka, M. Silhavy
later also E. Fried and M.E. Gurtin (2005) as 2nd-gradient fluids.

= v is “nicely” regular (Lipschitz in space integrably in time)

= transport by v of F by F= (VV)F and also other transports (here p)
replicates regularity of initial conditions.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The dissipative gradient extension of the Kelvin-Voigt system:
0= —(divv)o,
ov — div (51 +De(v) — divH(Vzv)) = og,

F =(Vv)F.

Hyper-viscosity term with H(V?2v) = v|V2v|P~2V32v .
Multipolar fluids: J. Neas & collaborators (1989-...) F.Bloom, A.Novotny,

K.R. Rajagopal, M. Riizitka, M. Silhavy
later also E. Fried and M.E. Gurtin (2005) as 2nd-gradient fluids.

= v is “nicely” regular (Lipschitz in space integrably in time)

= transport by v of F by F= (VV)F and also other transports (here p)
replicates regularity of initial conditions.

Note: the normal dispersion of wave velocity in linear analog.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The energy dissipation balance (test by v and by @(F), + B.C. prescribed):

i) legl
dt 0 2 SN~ 2 2

Kinetic stored dissipation rate powevr off
e energy due to Stokes viscosity gravity field
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The energy dissipation balance (test by v and by @(F), + B.C. prescribed):

i) legl
dt 0 2 SN~ 2 2

Kinetic stored dissipation rate powevr off
e energy due to Stokes viscosity gravity field

Some notes about analysis
Extremely nonlinear = time discretization (Rothe) does not work.

A nonlinear test of F = (Vv)F by @(F) and possibly also
a nonlinear test of 9 = —(div v)o by |v[?/2
= Galerkin discretization does not work.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The energy dissipation balance (test by v and by @(F), + B.C. prescribed):

d (/9 g|v|2dx+¢(F)) +/n1D>e(v);e(v)+y|v2./|Pdx:/Q 0g-v

a S~~~ ~—~—
Kinoti stored dissipation rate power of
inetic energy due to Stokes viscosity gravity field

energy
Some notes about analysis
Extremely nonlinear = time discretization (Rothe) does not work.

A nonlinear test of F = (Vv)F by @(F) and possibly also
a nonlinear test of 9 = —(div v)o by |v[?/2
= Galerkin discretization does not work.

= a Galerkin “semidiscretization”:
the momentum equation (to be tested by v) discretized conformally
the linear transport-and-evolution equations F = (Vv)F, o= —(divv)p,
1 div v 1 div v 2
( ): 7 and <7): al ),oralso £E=0
0

det F/ ~  detF’ 0
kept continuous while proving their unique regular solutions for a given

v € LP(I; W2P(£2;RY)) C LY(I; Wh*°(2; RY)) for p > d.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

A particular case: viscoelastic fluids
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Fluids = shear elastic response vanishes
@ depends only on the isochoric part (det F)I of F and
completely ignores the deviatoric part F/det F.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Fluids = shear elastic response vanishes
@ depends only on the isochoric part (det F)I of F and
completely ignores the deviatoric part F/det F.

= @(F)= ¢(J) with J = det F and some ¢ : (0, +00) — (0, +00).
(For simplicity: a spatially homogeneous material.)
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Fluids = shear elastic response vanishes
@ depends only on the isochoric part (det F)I of F and
completely ignores the deviatoric part F/det F.

= @(F)= ¢(J) with J = det F and some ¢ : (0, +00) — (0, +00).
(For simplicity: a spatially homogeneous material.)

Liquids do not withstand (too much big) negative pressures (tension)

= ¢(-) is not coercive for J — +oo.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Fluids = shear elastic response vanishes
@ depends only on the isochoric part (det F)I of F and
completely ignores the deviatoric part F/det F.

= @(F)= ¢(J) with J = det F and some ¢ : (0, +00) — (0, +00).
(For simplicity: a spatially homogeneous material.)

Liquids do not withstand (too much big) negative pressures (tension)

= ¢(-) is not coercive for J — +oo.

Gases do not withstand negative pressures (tension) at all and
= p=0 & p=0 for J— 4oc.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

1st option: a referential ¢ in J/m3:

The calculus det’(-) = Cof(-) and the algebra F~! = Cof F " /det F,
= the conservative part of the Cauchy stress then reduces to

/ T / T T
s, — o'(F)F _ ¢'(det F)det (F)F _ ¢/(det F) (CZZtFI_ZF

det F det F = ¢'(L.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

1st option: a referential ¢ in J/m3:
The calculus det’(-) = Cof(-) and the algebra F~! = Cof F " /det F,

= the conservative part of the Cauchy stress then reduces to

/ T / T T
s, — o'(F)F _ ¢'(det F)det (F)F _ ¢/(det F) (CZZtFI_ZF

det F det F = ¢'(L.

Replacing ¢ = —pdiv v with initial conditions g|;—g = pr and J|;— = 1:

= The “solid” 343 system reduces to the system of 3+1 equations:

V= pi(div(De(V) + Vp) +g with p=-¢'(J), e
R
J=Jdivv.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

1st option: a referential ¢ in J/m3:
The calculus det’(-) = Cof(-) and the algebra F~! = Cof F " /det F,

= the conservative part of the Cauchy stress then reduces to

/ T / T T
s, — o'(F)F _ ¢'(det F)det (F)F _ ¢/(det F) (CZZtFI_ZF

det F det F = ¢'(L.

Replacing ¢ = —pdiv v with initial conditions g|;—g = pr and J|;— = 1:

= The “solid” 343 system reduces to the system of 3+1 equations:

V= pi(div(De(V) + Vp) +g with p=—-¢'(J), e
R
J=Jdivv.

p=—¢'(J) = —d'(0,/0) an isentropic state equation.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

2nd option: a referential ¢ in J/kg:

The calculus det’(-) = Cof(-) and the algebra F~* = CofF " /det F,
= the conservative part of the Cauchy stress then reduces to

S; = 0¢/(F)F " = pd/(det F)det'(F)FT = o¢'(det F)(Cof F)FT = oJd'(J)I.
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Kelvin-Voigt materials in Eulerian description
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Selfgravitation

2nd option: a referential ¢ in J/kg:

The calculus det’(-) = Cof(-) and the algebra F~* = CofF " /det F,
= the conservative part of the Cauchy stress then reduces to

S; = 0¢/(F)F " = pd/(det F)det'(F)FT = o¢'(det F)(Cof F)FT = oJd'(J)I.

Replacing 9 = —podiv v with initial conditions g|;—o = px and J|;—o = 1:

= The “solid” 343 system reduces to the system of 3+1 equations:

v = pi(div(De(v) n vp) tg with p=—pud'(J), and
R
J=Jdivv.
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Kelvin-Voigt materials in Eulerian description
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Selfgravitation

2nd option: a referential ¢ in J/kg:

The calculus det’(-) = Cof(-) and the algebra F~* = CofF " /det F,
= the conservative part of the Cauchy stress then reduces to

S; = 0¢/(F)F " = pd/(det F)det'(F)FT = o¢'(det F)(Cof F)FT = oJd'(J)I.

Replacing 9 = —podiv v with initial conditions g|;—o = px and J|;—o = 1:

= The “solid” 343 system reduces to the system of 3+1 equations:

v = pi(div(n)e(v) n vp) tg with p=—pud'(J), and
R
J=Jdivv.

p=—0J¢'(J) = —0,9'(0./0) an isentropic state equation.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

3rd option: an actual ¢ in J/m?:
The conservative Cauchy stress:
S1 = ¢'(F)F "+ o(F)L = [¢(det F)] . F T+ ¢(det F)I
= ¢/(J)(Cot F)F T+ ¢(I)I = (¢'(J)J+0(J))I
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

3rd option: an actual ¢ in J/m?:

The conservative Cauchy stress:

S1 = ¢'(F)F "+ o(F)L = [¢(det F)] . F T+ ¢(det F)I
= ¢'(J)(Cof F)F '+ ¢(N)L = (¢'(J)J+o(I)1.

Using also the calculus (v - V)v =rot v x v + 3V|v|?, the system:
0= —odivv and .'/:Jdivv,

oV + grot vxv — div(]D)e(v) - (g|v|2+¢’(J)J+¢(J) )]I) = 08 .
—— 2

Lamb -
force “Bernoulli pressure”
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Selfgravitation

3rd option: an actual ¢ in J/m?:

The conservative Cauchy stress:

S1 = ¢'(F)F "+ o(F)L = [¢(det F)] . F T+ ¢(det F)I
= ¢'(J)(Cof F)F T+ ()L = (¢'(J)J+¢(J))1

Using also the calculus (v - V)v =rot v x v + 3V|v|?, the system:
0= —odivv and .'/:Jdivv,

oV + grot vxv — div(]D)e(v) - (g|v|2+¢’(J)J+¢(J) )]I) = 08 .
—— 2

Lamb -
force “Bernoulli pressure”

D ~ 0 and g ~ 0 and the flow is steady and makes rot v orthogonal to v,

= the Bernoulli principle is revealed:

gMZ + ¢'(J)J + ¢(J) ~ constant.

D. Bernoulli: Hydrodynamica, sive de viribus et motibus fluidorum commentarii. 1738.
DOI: 10:3931 fe-rara-3911:
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Gravitation (non-relativistic):

The Poisson equation: AV = Gp on R3
V gravitational potential,

G normalized gravitational constant = 471-6.674x 10~ m3kg—1s—2.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Gravitation (non-relativistic):

The Poisson equation: AV = Gp on R3
V gravitational potential,

G normalized gravitational constant = 471-6.674x 10~ m3kg—1s—2.
The usual “boundary” condition V(00) := lim x5 V(x) = 0.
= an integral formula involving the Green function of the A-operator as
Vi = -6 24X gz,
o |x—x]
= gravitational acceleration:
g(x)=—GVV(x)=G Q(X~)(X|_3x)d)?. (NEWTON'S law.)
J0 X—X

T. Roubitek (KG MFF UK, Praha, 2.10.2023) Selfgravitating viscoelastic continua towards early planets
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Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The overall isothermal system for selfgravitating fluids, i.e.
the compressible Navier-Stokes-Poisson system (1st option: ¢ referential in Pa):

9o + div(gv) =0,

mass-density continuity equation

ot densi inui -

aat(gv) + div(ovev — 5.(J; e(v))) +Vp=og (momentum equation)
with p=—u(J), &= G/ ‘xi Lo Jag,

g;{ = (divv)J —v-VJ. (kinematic “volume equation™)

T. Roubitek (KG MFF UK, Praha, 2.10.2023)
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The overall isothermal system for selfgravitating fluids, i.e.
the compressible Navier-Stokes-Poisson system (1st option: ¢ referential in Pa):

9o + div(gv) =0,

5 (mass-density continuity equation)

aat(gv) + div(ovev — 5.(J; e(v))) +Vp=og (momentum equation)
with p=—¢)(J), g8=G %X;.)di,

5 o 1x—

9 (divv)J —v-VJ. (kinematic “volume equation™)

+the impermeable friction-free boundary: v-n=0 and [0,(J,6; e(v))n] =0 on I’
where [-]; denotes the tangential component of a traction vector.

: d
= Mass conservation: —/ odx =0.
dt /o

. . d
= Linear momentum conservation: a/ ovdx =0.
Q

T. Roubitek (KG MFF UK, Praha, 2.10.2023)
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Selfgravitation

The overall isothermal system for selfgravitating fluids, i.e.
the compressible Navier-Stokes-Poisson system (1st option: ¢ referential in Pa):

T + div(gv) =0, (mass-density continuity equation)

aat(gv) + div(ovev — 5.(J; e(v))) +Vp=og (momentum equation)
with p=—¢)(J), g= G/ = )~(7

. \X - |

9 (divv)J —v-VJ. (kinematic “volume equation™)

+the impermeable friction-free boundary: v-n=0 and [0,(J,6; e(v))n] =0 on I’
where [-]; denotes the tangential component of a traction vector.
= Mass conservation: —/ odx =0.

= Linear momentum conservation: —/ ovdx =0.

¢/ggdx_ G// AX)oXNX=X) ;457 symmetry
Ix XI3

T. Roubitek (KG MFF UK, Praha, 2.10.2023)
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Selfgravitation

Testing the momentum equation by v and using the calculus:

/Vp vdx_/¢(J)d1vvdx—/¢ )jdx /({d)(J./)}/—i—d).(j;j))de

= [ 1295+ D vdx_/ngt(qﬁg”)w(qﬁgﬂ).vﬁg”dmm
d [ é(J)) d J J
:&Q (J dx + lev dx—a qu(_/)dx—i-/F(b(J)E/g/dS

= the energy dissipation balance:

i 22 @ ? 4 ) _ .
dt/Q 2|V| T dx+/95e(Jve(V))-e(V) dx = /QQVVV dx.

X X NG disipation power of
kinetic stored r%te gravitation
energy energy
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Selfgravitation

Testing the momentum equation by v and using the calculus:

/Vp vdx_/¢(J)d1vvdx—/¢ dx—/ ({(Z)(J_/)},—f—(i).(j;))jdx

[T avvie= | () o ((P) v v

= i, U7 e [a(UPv)ax= g [ FPaxs [ e

and testing V = GA~1p by %V and using the calculus:

IVV]2 AV OV / o /
at Jp 26 & o G ot X7 dx oV dx

d d
/lev(gv)dx— d—/Qde /QV-Vde —/ngi-gdS—dt /Qngx,

= the energy dissipation balance:

i 22 @ ? 4 ) _ .
dt/Q 2|V| T dx+/95e(Jve(V))-e(V) dx = /QQVVV dx.

X X NG disipation power of
kinetic stored r%te gravitation
energy energy
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Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

Testing the momentum equation by v and using the calculus:

/Vp vdx_/ ¢(J)d1vvdx—/¢ dx—/ ({(Z)(JJ)},—F?(I;))jdx

[T avvie= | () o ((P) v v

= i, U7 e [a(UPv)ax= g [ FPaxs [ e

and testing V = GA~1p by %V and using the calculus:

IVV]2 AV OV / o /
at Jp 26 & o G ot X7 dx oV dx

d d
/lev(gv)dx— d—/Qde /QV-Vde —/ngi-gdS—dt /Qngx,

= the energy dissipation balance:

(2 i’ | S ) | tsetran o
g+ D ov

disipation
rate

kinetic stored + gravi- energy of ravi-
energy tational energy tational field
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Selfgravitation

Testing the momentum equation by v and using the calculus

/Vp vdx_/¢(J)d1vvdx—/¢ dx—/ ({M}, ¢(J)>jdx

I e
[T avvie= | () o ((P) v v
= i, U7 e [a(UPv)ax= g [ FPaxs [ e
and testing V = GA~1p by %V and using the calculus:

d d
/lev(gv)dx— d—/Qde /QV-Vde —/ngi-gdS—dt /Qngx,

= the energy dissipation balance:

d ) ¢(J) /negatlve |v\/‘2 ) ,
— = — + oV dx d 0e(J;
dt(/ ||+J+ +/ x+/Qe( e(v))

v 2G

e(v)dx =0.

kinetic

stored + gravi-
energy

. disipation
I energy of gravi- e
tational energy tational field

(KG MFF UK, Praha, 2.10.2023)

T. Roubitek
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Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The basic stability (a-priori estimates) of the model:
a certain resistivity for compression needed
to prevent a selfgravitational (nonrelativistic) collapse at finite time.

The gravitational energy to be estimated

1
2
/Q —oVdx < [lollz( IVl < C max g /9 ﬁdx-

to be handled by use of the stored energy ¢(J)/J by Holder inequality if
¢(+) grows to +oo faster than 1/J for J — 0+.
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Kelvin-Voigt materials in Eulerian description
Eulerian mechanics of solids and fluids Viscoelastic fluids

Selfgravitation

The basic stability (a-priori estimates) of the model:
a certain resistivity for compression needed
to prevent a selfgravitational (nonrelativistic) collapse at finite time.

The gravitational energy to be estimated

1
2
/Q —oVdx < [lollz( IVl < C max g /9 ﬁdx-

to be handled by use of the stored energy ¢(J)/J by Holder inequality if
¢(+) grows to +oo faster than 1/J for J — 0+.

= A-priori bounds (depending on a time horizon) for the kinetic, stored,
and gravitational-field energies, as well as for the total dissipation.
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Selfgravitation

The basic stability (a-priori estimates) of the model:
a certain resistivity for compression needed
to prevent a selfgravitational (nonrelativistic) collapse at finite time.

The gravitational energy to be estimated

1
2
/Q —oVdx < [lollz( IVl < C max g /9 ﬁdx-

to be handled by use of the stored energy ¢(J)/J by Holder inequality if
¢(+) grows to +oo faster than 1/J for J — 0+.

= A-priori bounds (depending on a time horizon) for the kinetic, stored,
and gravitational-field energies, as well as for the total dissipation.

Here the W?-regularity of the Poisson equation AV = Gp on 2 used, with

o(x) .~
Vl,. :GH/ — dxH < Cloll,- for r > 3.
|| HL(Q) _Q‘X—'| ) || ||L((2)

Math: B.DucoMmeT & E.FEREISL & S.NECGAsovA (at al.) 2004, 2010
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A schematic scenario of a convex nonsmooth ¢ with a blow-up at J = 0:

&

blow-up faster
than 1/.J for J — 0+

~—— compression J =

=]
S
—
L)

planetary
compression

transition due
to impacts

accretion disc
around the planet

J=o0/0

G MFF UK, Praha, 2.10.2023)
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transition due
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accretion disc
around the planet
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Eulerian mechanics of solids and fluids

Kelvin-Voigt materials in Eulerian description
Viscoelastic fluids
Selfgravitation

A schematic scenario of a convex nonsmooth ¢ with a blow-up at J = 0:

&

]
1 blow-up faster
than 1/.J for J — 0+

~—— compression

planetary
compression

transition due
to impacts

accretion disc
/ around the planet

J=o0/0

growing slower
than /p for p — oo -

transition due
to impacts

i

accretion disc

/ around the planet

4 |

Po r

A concept of viscosity in the accretion disc: a so-called dynamical
(Chandrasekhar) friction due to gravitational self-interaction
(SUBRAHMANYAN CHANDRASEKHAR — 1/2-Nobel’ Prize for Physics=1983)

Selfgravitating viscoelastic continua towards early planets

T. Roubitek

(KG MFF UK, Praha, 2.10.2023)
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Volumetric phase transitions during compression of silicate rocks:
1

@ 1 blow-up faster
than 1/.J for J — 0+
p
growing slower
ctraiel than \/p for p — oo - -
s ght PA
I\ segment
I
'
' !
1 |
I I
' ' 7=
0 ! : —+—— compression J=on/0 phase
| | ! . transition
=y H ! transition due
= I ! | planetary to impacts
= v ' compression
1 ] '
| T ! |
Il ! | phase ,
a \ ' transition I
I
) 1
PrT~ | . N accretion disc '
transition due around the planet
I Y
| to impacts / |
B ! I
Po 1 accretion disc Po  Pr P
1 around the planet
1
T

J =o0/0

) 1
At the pressure p,, the rock undergoes a phase transition with jump of mass density.
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Selfgravitation

Volumetric phase transitions during compression of silicate rocks:
1

@ 1 blow-up faster
than 1/.J for J — 0+
p
growing slower
. than \/p for p — oo -
straight P
1\ segment
'
' !
1 |
I I
' ' J=
0 ! : —+—— compression J=on/0 phase
| ' ! - transition
= | ! transition due
= I ! | planetary to impacts
= | v ' compression
1 ] '
| T ! |
Il ! | phase. . ,
N | ! transition '
I
) 1
PrT~ | . N accretion disc '
transition due around the planet
I Y
| to impacts / |
Po- —----7 - ‘ I
0 1 accretion disc Po  Pr P
1 around the planet
1
T

J=uo0/0

At the pressure })T, the rock undergoes a phase transition with jump of mass density.
In reality: the main transitions at p, = 14 GPa (in Earth at the depth 440 km) and
p, = 24 GPa (in Earth at the depth 670 km).
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PREM (The Preliminary Reference Earth Model)
A M.DzIEWONSKI & D.L.ANDERSON (in Phys. Earth & Planetary Interiors 1981)
T T 12

T T

(o9s/uy) K3rooran Teuoyssazduoy

Shear velocity (km/sec), density (g/cmz) or 0

1 1 1 1
200 400 €00 800

Depth (km)

In reality: the main transitions at p, = 14 GPa (in Earth at the depth 440km) and
pr = 24 GPa (in Earth at the depth 670 km).
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PREM (The Preliminary Reference Earth Model)
A.M.DzIEWONSKI & D.L.ANDERSON (in Phys. Earth & Planetary Interiors 1981

L] 1 Ll ¥ T 1
Ve CcMB

12 - o -
— 21e
E.I.JE ?\ﬂ@ r_ﬁ
o e p— Vi g
= 10 / D =
é‘ -
S g Solid ]
S v inner
== o WELC core ]
b g r/' Liquid )
£ / . ” outer
i r_@s‘}'M core
S 4 o
o
< Mantle
=

2
L 1 1 | 1 = 1 1
0 2000 4000 6000

200
400
870

Depth (km)
Another phase transition also in the metalic core (at the depth 5.160 km).
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Thermodynamics
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

Thermodynamics for the 1st fluidic variant, i.e. a referential free energy
¥ =(J,0) in Pa=J/m3:
0 = absolute temperature,
pressure p = —/,(J,0),
the referential entropy as —;(J, 0)
the actual entropy n = —;(J,0)/J,
the entropy equation

E—divj+h
0

in physical units Pa/K

with j = —k(J,0)VE (i.e. FOURIER's law)
and & =0,(J,0;e(v)):e(v),
where k = k(J,0) is the thermal conductivity coefficient in W/(m2K),

and & = £(J, 0, e(v)) is the heat production rate due to viscosity in W/m?3,
and h = power of heat sources

on
¢ + dlv(vn)
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

Thermodynamics for the 1st fluidic variant, i.e. a referential free energy
¥ =(J,0) in Pa=J/m3:
0 = absolute temperature,
pressure p = —/,(J,0),
the referential entropy as —;(J, 0)
the actual entropy n = —;(J,0)/J,
the entropy equation

E—divj+h
0

in physical units Pa/K

8— + dlv(vn)

T with j = —k(J,0)VE (i.e. FOURIER's law)

and ¢ =0,(J,0;e(v))e(v),
where k = k(J,0) is the thermal conductivity coefficient in W/(m2K),

and & = £(J, 0, e(v)) is the heat production rate due to viscosity in W/m?3,
and h = power of heat sources

= the heat-transfer equation

- 1
c(4,0)0 — div(k(J,0)V0) = &+ 0vp(J,0)divv  with c(J,0) = —GM 7

where ¢ = ¢(J, ) is the heat capacity.
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

Thermodynamics for the 1st fluidic variant, i.e. a referential free energy
¥ =(J,0) in Pa=J/m3:
0 = absolute temperature,
pressure p = —/,(J,0),
the referential entropy as —;(J, 0)
the actual entropy n = —;(J,0)/J,
the entropy equation

E—divj+h
0

in physical units Pa/K

8— + dlv(vn)

5t with j = —k(J,0)VO (i.e. FOURIER'S law)

and ¢ = 5;(J,9; e(v)):e(v),
where k = r(J,0) is the thermal conductivity coefficient in W/(m?K),

and £ = £(J,0, e(v)) is the heat production rate due to viscosity in W/m?,
and h = power of heat sources

=- the heat-transfer equation in the “enthalpy” formulation

ow + div(vw—r(J,0)V0) = £+ h++)(J,0)div v,

T = w with 4(J, 0) = ¥(J, 6)—6(J) with ¢(J) = ¥(J, 0).
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

Thermodynamics for the 1st fluidic variant, i.e. a referential free energy
¥ =(J,0) in Pa=J/m3:
0 = absolute temperature,
pressure p = —/,(J,0),
the referential entropy as —;(J, 0)
the actual entropy n = —;(J,0)/J,
the entropy equation

E—divj+h
0

in physical units Pa/K

8— + dlv(vn)

5t with j = —k(J,0)VO (i.e. FOURIER'S law)

and ¢ = 5;(J,9; e(v)):e(v),
where k = r(J,0) is the thermal conductivity coefficient in W/(m?K),

and £ = £(J,0, e(v)) is the heat production rate due to viscosity in W/m?3,
and h = power of heat sources: radiogenic heat (232Th, 238U, 40K, 235K).

=- the heat-transfer equation in the “enthalpy” formulation

ow + div(vw—r(J,0)V0) = £+ h++)(J,0)div v,

T = w with 4(J, 0) = ¥(J, 6)—6(J) with ¢(J) = ¥(J, 0).
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

The overall compressible Navier-Stokes-Fourier-Poisson system:

do . . . os .
a—f—dlv(gv)_o7 a—(dlvv)J—v-VJ.
0
E(gv) +div(ovev — 0,(J,0; e(v))) + Vp = og
with p = —',(J,6), _c;/g("("_3 :
ow

-t div(wv — k(J,0)V0) = 0.(J,0; e(v)):e(v) +~(J,0)divv + h
¥(J,8)—0v,(J,0)
J .

with  w = w(J,0) :=
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

The overall compressible Navier-Stokes-Fourier-Poisson system:

do . . . os .
a—f—dlv(gv)_o7 a—(dlvv)J—v-VJ.
0
E(gv) +div(ovev — 0,(J,0; e(v))) + Vp = og

with p=—/)(J,0), g= G/ o)X ) (X _
ow

-t div(wv — k(J,0)V0) = 0.(J,0; e(v)):e(v) +~(J,0)divv + h
¥(J,8)—0v,(J,0)
J .

with  w = w(J,0) :=

Now, beside mass and momentum conservation, also the total-energy conservation:

2
d</ g|v|2+KJ)JrQVJrW(J,H)der/ |V2¥| >—0 if n-V6=0onI.
——

at\ J, 2 J o
kinetic stored + gravi- eng?gy energy of ravi-
energy tational energy tational field
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

The overall compressible Navier-Stokes-Fourier-Poisson system:

do . . . os .
a—f—dlv(gv)_o7 a—(dlvv)J—v-VJ.
0
E(gv) +div(ovev — 0,(J,0; e(v))) + Vp = og

with p=—/)(J,0), g= G/ o)X ) (X _
ow

-t div(wv — k(J,0)V0) = 0.(J,0; e(v)):e(v) +~(J,0)divv + h
¥(J,8)—0v,(J,0)
J .

with  w = w(J,0) :=

Now, beside mass and momentum conservation, also the total-energy conservation:

2
d</ g|v|2+KJ)JrQVJrW(J,H)der/ |V2¥| >—0 if n-V6=0onI.
——

at\ J, 2 J o
kinetic stored + gravi- eng?gy energy of ravi-
energy tational energy tational field

=—¢)(J,0) & o =00/J =  the state equation p = =9',(00/0,9).
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Thermodynamics

Open thermodynamical system
Further extensions Multicomponent model

Open thermodynamical system

‘f( Vexts Vexts hext
i
-

o, v, J, 0 =

G MFF UK, Praha, 2.10.2023)
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Thermodynamics
Open thermodynamical system

Further extensions Multicomponent model

The incoming (and possibly also outcoming) material in a “border zone":
Vext = Velocity of the incoming material,

Vext = volume of the incoming material (with the referential density o),
hext = heat energy (power) of the incoming material,
= Fext =

7 Vext = rate of incoming mass density .

T. Roubitek (KG MFF UK, Praha, 2.10.2023)
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Thermodynamics

Open thermodynamical system
Further extensions Multicomponent model

The incoming (and possibly also outcoming) material in a “border zone":
Vext = Velocity of the incoming material,

Vext = volume of the incoming material (with the referential density o),
hext = heat energy (power) of the incoming material,

0 . . .
= [om = 7 Vext = rate of incoming mass density .

An interpretation of vext: a morphogenic growth.
the standard Kroner-Lee-Liu multiplicative decomposition of F = F_F,
with F, the elastic distortion and the inelastic distortion F, = (1+s)/3I
s = a “volume deviation” due to a morphogenic growth.

Vext = the volume-deviation rate = $/(1+s5)

for a given v, = the volume-deviation ODE: s = v, (1+s)

T. Roubitek (KG MFF UK, Praha, 2.10.2023)
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

The extended compressible Navier-Stokes-Fourier-Poisson system:

0 .
a—f + le(QV) = Foxt ,

0
= (ov) + div(ovev — 5.(J,0; e(v ) + VP = FextVext + 08

ot E
with p= —0)(J,0), &= G/ s,
ow . .
5+ div(wv — k(J,0)V8) = 5.(J,0; e(v)):e(v) ++,(J,0) (div v—vext)
_ /

+ V(zjj 9) Vext + h + hext Wlth w = ’Y(‘L 0) JG’YO(J’ 0) ’
oJ
T = (divv—v )] —v-VJ.
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Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

The extended compressible Navier-Stokes-Fourier-Poisson system:

do | .. ) 00
a + le(QV) = Fext= 7Vext = 0= 73

0
= (ov) + div(ovev — 5.(J,0; e(v ) + VP = FextVext + 08

ot E
with p= —0)(J,0), &= G/ s,
ow . .
5+ div(wv — k(J,0)V8) = 5.(J,0; e(v)):e(v) ++,(J,0) (div v—vext)
_ /

+ V(zjj 9) Vext + h + hext Wlth w = ’Y(‘L 0) JG’YO(J’ 0) ’
oJ
T = (divv—v )] —v-VJ.
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The extended compressible Navier-Stokes-Fourier-Poisson system:
)
J 3
0]
a(gv) + div(gv@v — 5;(J 0; e(v ))) + VP = FoxtVext + 08
x —
with p=—0)(),0), &= G/ |3) %,

do | . 00
T + le(QV) = lext= 7Vext = 0=

%—V: + div(wv — K(J,0)V0) = 5.(J,0; e(v)):e(v) ++,(J,0) (div v—vext)
v(J, 0

_ /
a4 : )Vext + h + hext Wlth w = ’Y(‘L 0) 070(‘/’ 0) ’
J J
= (divv—v )] —v-VJ.

0J
ot

The mass and the momentum balances:

d d
gdx 7/ Fot AX and — ov dx :/ Foxct Vext AX.
dt o dt /o, g e

(S —
total incoming total incoming
mass mass rate momentum momentum rate
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The calculus:

| Vpvdx :/ ¥)(J,0) div v dx
= / ¢’ (I)(div v—v) + Vexe®' (J) +7(J, 0) div v dx
/¢ J)J+vext¢( J) ++/(J,0) div vdx
/( ( )J+vextqb’(J)—i-%(J,H)divvdx
i
- [P+ o () “f)(
¢

- v
d () ¢(J), , ¢(J) ) .
&/Q dx + /de 20 ) e ((;s (J) - T) ++/(J,0) div v dx

div v—vey ) + Vo' (J) + 75(J, 0) div v dx

divv—y,

xt) F Vet (J) + 7(J, 6) div v dx

e
=& [Maxs [2) vnds+/m(wu)—@)+79(J,9)divvdx.
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The total-energy balance for the extended system:

d V|?
dt</ §|v|2 + %J) + w(J,0) + oV dx+/ % dx)
2 & ~— ~—— e R3 <

T heat gravita-
kinetic stored energy tional energy of
energy energy energy gravitational
field
Fext 2 ’(/}(J ’ 9) /
:/ ( 2 |Vext| + Vext J _wJ(J79)
2
rate of kinetic and free and pressure energy
incoming from the outer space
Fext 2
+ Fext v + hext - 2 | Vext ™ V‘ dx.
rate of energy power of T
of mass in heat comming fpower of friction 1
gravitational field from outer space  ©f incoming materia
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The basic stability of the model:

allow for v, = v (t, x,J): the most critical is the term
¥(J,0 o(J (AWN
vt (PO 5,0) = v (P 0, 00408505,

which is to be dominated by ¢(J)/J+ w(J,0) or by ¢(J)/J+ w(J,8)Inw(J,6
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The basic stability of the model:

oxt = Vexs (t, X, J): the most critical is the term

vt (PO 5,0) = v (P 0, 00408505,

which is to be dominated by ¢(J)/J+ w(J,0) or by ¢(J)/J+ w(J,8)Inw(J,6

allow for v,

An example:
1 .
¥(J,0) = max (O7 Ja 1) + c00(1—1n0) with some o > 1.
Then the pressure —¢/)(J,0) ~ J*=* is dominated by ¢(J)/J

(the energy-domination of the Kirchhoff stress, J.M. BaLr, 1984).

and 6v;(J,0)/J = cobInf/J multiplied by v, (J) can be dominated wlnw

(here w = co0/J and v, (J) ~ 1/(1+ max(0,Int)) needed).
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Multicomponent model

(metals vs silicates)
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A simple mixture model (without mass-fraction or volume-fraction constraints):

0; = mass density of the i-component,
;i = 1i(J,0) a referential free energy of the i-component,
0, the viscosity dissipation potential of the i-component,
0; = absolute temperature of the i-component,
v; velocity of the i-component,
J; Jacobian of the i-component,
ki heat-conductivity coefficient of the /-component,
fii = f;;(0i, 0j) viscous-friction coefficient between i- and j-component,
kij = kij(0i, 0j) heat-transfer coefficient between i- and j-component,
¢ij = ¢ij(Ji, Jj) the "mixing” energy between i- and j-component
to prevent co-existence of several compressed components in one spot, e.g.:

(J,'Jj)ia + OLJ,'JJ' —a—1 if J,'Jj <1,

i(Ji, Jj) = .
Gilh ) =r 0 if Jidi > 1

with some (presumably big) % (in physical unit Pa=J/m3) and some a > 0.
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A simple mixture model (without mass-fraction or volume-fraction constraints):

0; = mass density of the i-component,
;i = 1i(J,0) a referential free energy of the i-component,
0, the viscosity dissipation potential of the i-component,
0; = absolute temperature of the i-component,
v; velocity of the i-component,
J; Jacobian of the i-component,
ki heat-conductivity coefficient of the /-component,
fii = f;;(0i, 0j) viscous-friction coefficient between i- and j-component,
kij = kij(0i, 0j) heat-transfer coefficient between i- and j-component,
¢ij = ¢ij(Ji, Jj) the "mixing” energy between i- and j-component
to prevent co-existence of several compressed components in one spot, e.g.:

(J,'Jj)ia + OLJ,'JJ' —a—1 if J,'Jj <1,

i(Ji, Jj) = .
Gilh ) =r 0 if Jidi > 1

with some (presumably big) % (in physical unit Pa=J/m3) and some a > 0.

Vext,ir Vext,is Next,iv Fext,i the incomming i-component,
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The multicomponent extended compressible Navier-Stokes-Fourier-Poisson system:

doi | .. 8J; .
ot +div(ivi) = Fet.i ot (div Vi = Vexe,i)Ji — vi-VJ;
0
E(Q"V") - diV(giVi@"i — [0ie (i, 6i; e(Vi))) + Vp; n
= rext,ivext,i + 0i8 + Z f;j(vi_Vj)
~ =t
. s -
with p; = —[i];(4i, 0)—10ils(Ji. ), &= G/QHZ‘Q"(X) i
i=1
% -+ diV(WiVi — ki(Jis 9;)V9,-) = [0/]L(J;,0;; e(vi)):e(v;)
i(Ji, 0i
= ’Yi(Jh 0’) (le Vi_VextJ) + %) Vext,i aF h,‘ aF hext,i
3 fi , ; Yi(Ji, 0i)—0ililo (i, 07)
+; (k/j(9j—9i) + EJ‘V"_VJ'|2) with w; = - 0 _
fori=1,...,n.
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The multicomponent extended compressible Navier-Stokes-Fourier-Poisson system:

Doi 9J;

8t + diV(QiVi) = lext,i » 81- = (le v, — VEXt,i)Ji — VI‘VJ,'
0
E(Q"V") + div(0iviov: — [0:].(J:, 0i e(v))) + Vp; )
= rext,ivext,i + 0i8 + Z f;j(vi_Vj)
=,
. P -
with pj = —[yi](Ji, 0:) =93] (4, ), &= G/sz 0i(x) dx,
i=1
% -+ diV(WiVi — ki(Jis 9;)V9,-) = [0/]L(J;,0;; e(vi)):e(v;)
i(Ji, 0i
+ ’Yi(Jh 0’) (le Vi_VextJ) + %) Vext,i + hi + hext,i
3 fi 2 o Yi(Ji, 0:)—=6ilvilp(Ji, 0i)
+Z (k/j(9j—9i) + E‘V;’_Vj| ) with  w; = ; _

d n n
Mass conservation: — Fdx = r;dx.
3 > edx=3
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Momentum conservation if f;; = ;i
d . & n
g / > ovidx = / D FextiVexti X+ / 3" 65(Ji J)nds .
? j=1 254 ri4

total momentum incoming momentum rate incoming mixing energy rate
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I\/Iomentum conservation 15 = i
dt / ZQ’V’dX = /Z Fext,i ext:dx + /Z¢U J,,J ndS

total momentum incoming momentum rate incoming mixing energy rate

The total-energy balance:

#i(J;) n
dt(/gz< i[>+ 7 + w;(J4;, 0i) + 0iV +Z ¢ij(-/i,./j)>dx

/=1 mixing
kinetic, internal, and gravitational energy
energy of partlcular components

d [ IVVP,
hex i
+ dt Jps QG ) Z/ ( + \,t_’/

rate of energy power of
energy of f mass in heat comming
gravgeal‘filonal grav1tat10nal field from outer space
Fext,i 2 %(Jn@ ) Fext,i 2
aF ? Vext,f' arF Vext,i J +[wI]J(JH9 ) - 2 |v€Xt7i_vi| dx.
rate of kinetic and internal energy . power of friction of
coming from the outer space Incoming components
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The entropy imbalance, n; = —[4;]y(J, 6;):

—0; ,, 0= _, 100

0
the algebra k; 19 + ki—
i J

d n
3 [ omax—
t 2

1
SO ERIERT e o (H;VW [0:1L(J:, 0:; e(vi)):e(v;) + hi + hey s
=il

0;—0;1*> f;
+ Z ( i 16:=6;f | + ﬁ v,-—vj|2> dx = entropy production rate > 0.
7_] 1 I 1

T. Roubitek (KG MFF UK, Praha, 2.10.2023) Selfgravitating viscoelastic continua towards early planets



Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

Some references:

@ A.Mielke, T.Roubitek, U.Stefanelli: A model of gravitational differentiation of compressible
self-gravitating planets. (Preprints arXiv no.2305.06232 and WIAS Berlin no.3015) Cont.
Mech. Thermodyn., submitted.

@ T.Roubitek: Visco-elastodynamics at large strains Eulerian. Zeitschrift f. angew. Math.
Phys., 73 (2022), art.no.80.

@ T.Roubi¢ek: Quasistatic hypoplasticity at large strains Eulerian. J. Nonlin. Sci., 32 (2022),
Art.no.45.

@ T.Roubitek: Thermodynamics of viscoelastic solids, its Eulerian formulation, and existence
of weak solutions. (Preprint arXiv no.2203.06080), submitted.

@ T.Roubi¥ek: Interaction of finitely-strained viscoelastic multipolar solids and fluids by an
Eulerian approach. Preprint arXiv no.2205.10814. J. Math. Fluid Mech., in print.

@ T.Roubitek, U.Stefanelli: Modelling of planetary accretion and core-mantle structure
formation. In preparation.

T. Roubitek (KG MFF UK, Praha, 2.10.2023) Selfgravitating viscoelastic continua towards early planets



Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

Some references:

@ A.Mielke, T.Roubitek, U.Stefanelli: A model of gravitational differentiation of compressible
self-gravitating planets. (Preprints arXiv no.2305.06232 and WIAS Berlin no.3015) Cont.
Mech. Thermodyn., submitted.

@ T.Roubitek: Visco-elastodynamics at large strains Eulerian. Zeitschrift f. angew. Math.
Phys., 73 (2022), art.no.80.

@ T.Roubi¢ek: Quasistatic hypoplasticity at large strains Eulerian. J. Nonlin. Sci., 32 (2022),
Art.no.45.

@ T.Roubitek: Thermodynamics of viscoelastic solids, its Eulerian formulation, and existence
of weak solutions. (Preprint arXiv no.2203.06080), submitted.

@ T.Roubi¥ek: Interaction of finitely-strained viscoelastic multipolar solids and fluids by an
Eulerian approach. Preprint arXiv no.2205.10814. J. Math. Fluid Mech., in print.

@ T.Roubitek, U.Stefanelli: Modelling of planetary accretion and core-mantle structure
formation. In preparation.

T. Roubitek (KG MFF UK, Praha, 2.10.2023) Selfgravitating viscoelastic continua towards early planets



Thermodynamics
Open thermodynamical system
Further extensions Multicomponent model

Some references:

@ A.Mielke, T.Roubitek, U.Stefanelli: A model of gravitational differentiation of compressible
self-gravitating planets. (Preprints arXiv no.2305.06232 and WIAS Berlin no.3015) Cont.
Mech. Thermodyn., submitted.

@ T.Roubitek: Visco-elastodynamics at large strains Eulerian. Zeitschrift f. angew. Math.
Phys., 73 (2022), art.no.80.

@ T.Roubi¢ek: Quasistatic hypoplasticity at large strains Eulerian. J. Nonlin. Sci., 32 (2022),
Art.no.45.

@ T.Roubitek: Thermodynamics of viscoelastic solids, its Eulerian formulation, and existence
of weak solutions. (Preprint arXiv no.2203.06080), submitted.

@ T.Roubi¥ek: Interaction of finitely-strained viscoelastic multipolar solids and fluids by an
Eulerian approach. Preprint arXiv no.2205.10814. J. Math. Fluid Mech., in print.

@ T.Roubitek, U.Stefanelli: Modelling of planetary accretion and core-mantle structure
formation. In preparation.

Thanks a lot for your attention.
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