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Abstract: The ’tiger stripes’ on Saturn’s icy moon Enceladus are a topic of grow-
ing interest. The formation of these four parallel fractures enhances our un-
derstanding of the structural dynamics of Enceladus’s surface and the moon’s
potential to harbor life. This study revolves around the formation of new frac-
tures assuming the existence of the first one. We approximate the ice crust by
a plate and use the Kirchhoff plate theory simplified to two dimensions, to ob-
tain a fourth-order ordinary differential equation modeling the deformation of the
plate. The solution of this equation is obtained by the method of variation of
parameters providing us with a function describing the plate’s response to differ-
ent surface load distributions. By investigating the solution profiles for both the
approximated point load and the more realistic distributed load and employing
the criterion for the maximal bending moment of the plate, we find that the max-
ima correspond to the positions of the new fracture. Our results indicate that
while simple load approximation quite accurately predicts new fracture positions
for a reasonable estimate of the elastic shell thickness, the more realistic load
model implies a thinner crust more consistent with observations. These findings
contribute to a better understanding of the dynamics of Enceladus’s surface and
spark a thought of how much closer we can get to the real situation.
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Introduction

One of the topics of ongoing scientific research is Saturn’s icy moon Enceladus.
This relatively young, 500km-diameter moon stands out not only because of its
potential for a habitable environment but also for its unique cryovolcanic activity
in the south polar region. This region consists of four parallel fractures called
the "tiger stripes’ that are the source of continuous geyser-like eruptions, ejecting
water vapor, ice particles, and organic compounds into space, suggesting the
presence of a subsurface ocean. Understanding the formation of these fractures
is essential for gaining insight into Enceladus’s geological processes.

Figure 1: Illustration of Enceladus’ plumes in the south polar region from
https://science.nasa.gov/saturn/moons/enceladus/

Our main interest follows the article Hemingway et al. [2020] where they
briefly explain how the first fracture developed and further focus on the position
of the new crack from which the next fracture forms. Considering the first tiger
stripe was formed due to secular cooling of the ice crust and tidal forces thinning
the crust in the south polar region we know that the tensile stresses have been
relieved and it became the only active plume ejecting the material from beneath.
The ejected material falling back on the moon’s
surface acts as a surface load bending the part Fistacure
of the ice crust where the material is dis-
tributed. There are several ways of interpret- /
ing this distribution and we will be looking |
at two specific ones. Firstly, we rederive the N e
approach from the above-mentioned paper by
computing the deflection of ice for a load cor-
responding to all the ejected material accumu-

Bending
stresses

Incipient secondary

lated in one point on the edge. Secondly, we Tactre
want to approach the situation on the moon © & W

more realistically, thus we consider the mate-
rial distributed over some distance creating a
ridge close to the edge of the fracture. The
main observation is how the distribution of the
load affects the position of the new crack. All Figure 2: Fracture formation
this is done in four chapters from the funda- from Hemingway et al.| [2020]
mentals of the classical plate theory to the ac-

tual comparison of the load’s effects.




Figure 3: The parallel fractures on the south pole, so-called ’tiger stripes’ from
https://science.nasa.gov/saturn/moons/enceladus/

In these four chapters, the thesis consists of, we cover the essence of Kirchhoff
plate theory which is used as an approximation of the ice crust by a semi-infinite
plate. The theory defines a plate as a structural element with planar dimensions
very large compared to the thickness, thus it can be simplified to two dimensions
that are of big use for us. We consider a 2D plate in the xz-plane for which the
displacement field and the strains are carefully computed. Further use of these
comes up in the variational principle of virtual displacement which is a very strong
tool for deriving the leading equation of our problem, the equation of mechanical
equilibrium, and the accompanying boundary conditions.

The second chapter purely focuses on solving the fourth-order ODE, derived in
the first chapter, by the variation of parameters. This method is chosen because
of the need to compute the most general form of the solution possible, as it
is further used for different cases of the right-hand side. The classical form of
the solution calls for a fundamental system and the homogeneous and particular
solution as combinations of the elements of the fundamental system.

Following chapter three, the derived form of the solution comes to use in its
full generality. We introduce two special cases of the right-hand side, known as the
point and distributed load of the deposition of particles on the moon’s surface. By
applying the failure criterion consisting of finding the maximum bending moment
of the plate, we aim to define the difference between the position of the new crack
for the two loads and the reason for that.

After defining the reason for the difference in the positions for different load
distributions, which is the inconsistency in the elastic shell thickness, we discuss
the effect of this parameter on the position of the new crack in the fourth chapter.



1. Theoretical foundation

In this chapter, we summarize the fundamentals of the classical Kirchhoff plate
theory, following closely the exposition from Reddy] [2006].

1.1 Classical Kirchhoff plate theory

The Kirchhoff theory is a classical plate theory that focuses on the deformation
of elastic plates. As it follows up the Euler-Bernoulli beam theory, only plates
with negligible thickness compared to the planar dimensions, are considered. The
fundamental assumptions of this theory are the following:

1. The transverse normals to the plate mid-surface remain straight after de-
formation.

2. The transverse normals are inextensible.

3. The transverse normals remain perpendicular to the middle surface after
deformation.

The assumptions have implications for the kinematics of Kirchhoff plates,
which we now discuss in more detail, which yield a specific form of strain tensor
in terms of displacement of the points on the mid-plane.

For a plate in the Cartesian coordinates the xy-plane for z = 0 is the mid-
plane, h is the thickness of the plate in the z direction, and (u, v, w) denotes the
displacement components of a material point originally at coordinates (x,y, z).

Assumptions [I] and [2] state that the transverse normals do not change along
the z-axis. This means that the strain component

_aw

=5 (1.1)
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must be zero. The third point gives us the condition for the shear strains. It

entails that
1 /0u Ow 1 /0v Ow
— JE— _ — = — -_— —_— — . ]--2
“uz 2(82+8$> 0 & 2(82+8y> 0 (1.2)

As w is independent of z these terms imply a displacement field for time-
dependent deformations in the following form

0
u(x7yazat) - uO('r7y7t) -z awo <I7y7t)
a

oy, 218) = ol 0.6) — 2 1) (1)
)

w(x, Y, z, t) = IUQ(J', Y, t)

where the terms ug, vy and wy represent displacements within the midplane
surface.



1.2 Reduction from time-dependent 3D to sta-
tionary 2D problem

In view of our application and the character of tiger stripes as long parallel
fractures, we can reduce the problem. Firstly, our approach will be purely time-
independent, i.e. we will be interested in the plate deformation for a given (time-
independent) load. Secondly, we consider a semi-infinite plate in the x-direction
and infinite in the y-direction with a small thickness h in the z-direction. Since
our goal is to find the position on the top of the plate where a new fracture occurs,
we simplify the problem to the coordinates x and z.

Let us denote the new displacement field Y that corresponds to the deforma-
tion with respect to the reference configuration, in the following form

(1.4)

Figure 1.1: Sketch of the problem geometry

1.3 Kirchhoff plate strains

To better understand the system, we must compute the strains (the relative
deformation with respect to the reference configuration) associated with the dis-
placement field. We are following the derivation done in which
starts with finding the displacement gradient F = Grady = I + GradU (¥ from
section and U = (u,0,w) is the displacement in the actual configuration)
and works towards the non-linear strain tensor. From the previous section where
we defined the displacement field, we get the following form of the displacement
gradient

ou ou
5 t1 0 52

F=| 0 1 0 (1.5)
gu 0 1



which gives us the right Cauchy-Green deformation tensor
ou\? w2 ou ow ou du Ju
(24)"+(22) +2% +1 0 o4 gy oudn
C=F'F = 0 1 0 (1.6)
dw ou Ou Ju ou\ 2
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and using E = 5 (C — ) we get our desired strain tensor

1
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As we can observe E is a symmetrical matrix and because of the reduction

of dimensions, we have only three independent components. Our situation cor-

responds to small deformations of order e, i.e. g—; and ‘g—g = O(e), but moderate

rotations. Thus the components representing the deformations of order €

ou\> (0u\® Oudu

ox) '\0z) " 0xdz
can be omitted due to the terms being negligible compared to the rest of the
displacement gradient. But due to the moderate rotations, the component

ow\”

ox
cannot be neglected compared to €. We introduce the small-strain-moderate-
rotation tensor
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Aiming for the strains to be written in terms of displacement components we
substitute in for v and w from Equation [1.4] and get the following expression

2 2
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The sole remaining strain component is €2 . which can be expressed as the
sum of two terms

el =ell 4 2kl (1.10)

Here, X0 denotes the so-called membrane strain, while €X' represents the
bending strain characterized by

ou 1 (Owy\” 0*w
KO0 _ 0 0 K1 _ 0
W=gea(am) H=G (111



1.4 Variational formulation -
principle of virtual displacements

Our main goal for this part is to derive the equations of motion for the bending
of the plate and get the expression for specifying the boundary conditions. We
will do so by employing the variational principle of virtual displacements in the
simplified form

0=20U+ V.

The equations consist of variations of two main quantities which are U as the
strain energy and V as the work done by the body against the external forces.

1.4.1 Virtual strain energy

For this section, we first introduce a quantity known as the Cauchy stress tensor
representing the forces within the body present during deformation (Martinec
[2019]). We denote it o.

The virtual strain energy variation 6U for our semi-infinite plate is given by

oo kb s b
oU = / / (04u0eh,) dzdx = / / (02 (050 4 2 6651 dda
0 J-3 0o J-n

where we first integrate through the thickness of the plate (in the z-direction)
and second through the whole midplane (the positive x-axis). Next, introducing
the stress resultants; force N,, and moment induced by this force M,,

h

Npo(z) = /2 Opadz,
(1.12)

M. (z) :/ Opp2dz

for easier further computations.

The term for U can be rewritten in terms of the virtual displacement com-
ponents using the expressions for the strains from definitions in and their
variations:

85U0 8w0 8(5100

ez’ = Ox * or Or '’ (1.13)
2
)

gkt = _aa;j”. (1.14)

Plugging in those variations and the definitions of the stress resultants above
1.12] yields

. o0 85u0 811)0 8511]0 625w0
5U—/0 Nm< R >+Mm (— o )dx. (1.15)

1.4.2 Virtual work

For the virtual work V', we must consider several forces acting on the plate: the
inplane normal stress ,,, and the transverse shear stress 6,,. that both only act

7



on the edge (the boundary x = 0), the transverse load on the top ¢(z) and the
transverse reaction force of an elastic foundation F; (Reddy| [2006]). All these
force components give us the following integral

2

5V:—/Ooo(q(a:) —FS)(Swda:—/

2

(Grn0un(0, 2) + 6,.0w(0, 2))dz.  (1.16)

>

Recalling the kinematic assumption [I.4] we get

8521)0

5un(0, Z) = 6U0n(0) -z on (O) (1.17)

dw(0, z) = dw(0).

where the index n signifies the boundary portion of the plate and refers to the
outer unit normal to the surface, i.e. (—1,0) in our case.
From the following form of the equation

oo % N N 85w0 R
oV = —/0 (q(z) — kwo) dwg d$—/ (6 nnduon —ZUnnW +6p20wo)dz (1.18)

[Ny

we translate the stresses into the stress resultants

Non() = / R (1.19)
-2
N () = / ' Gpnadz. (1.20)
. 5
0, = / T (1.21)
2

that describe the situation on the boundary as they are directly connected to the
accompanying boundary variations of displacement.
Finally, the equation comes down to the following

a(st
on

0

=0
(1.22)
1.4.3 Equations of mechanical equilibrium

When we put together equations and we get the expression for the
principle of virtual displacements

oo 0dug Owy ddwy 9?5
= = Nyp—— + Npw | — M. | —
0=6U + 6V /0 ot + ”(ax><ax>+ ( 8x2>dx

= [ (ate) = ) s = (o, — 8100 5500 4 Q)

=0

(1.23)
from which we want to determine the equations of mechanical equilibrium for
each virtual displacement and the accompanying boundary conditions that arise



from further operations. All we know about the boundary conditions for now, is
that the plate needs to have a fixed edge at infinity.

Our aim now is to use the fundamental lemma of the calculus of variations
for the test functions chosen as the virtual displacements. We must first rid the
virtual displacement terms of the differentiation by integrating by parts as done
in Reddy| [2006] (page 103).

Integration by parts for the first term in [1.23;

o0 85UQ . 00 OoaNz:v
/0 New 520 = [Nyuduo] ¥ — /0 - dugda (1.24)

i

Integration by parts for the second term in [1.23

o0 8w085w0 8w0 > o 0 8w0
Ny 220 = | N, 2 ~ [T LN, B 1.
/0 e ox l O ‘57““010 /0 3x< e m)‘swod:” (1.25)

Double integration by parts for the third term in because of the second
partial derivative of variation dwy:

[e%s) 2 00 -
_ / v, 0wy B0wol / OMyy Do |
0 ox? A

oz |, or Oz
851110 > 8Mm * 0082M5m
__[M“ Bz L +[ Bz 5“}0]0 — ) g ouy
(1.26)

All the boundary terms at infinity vanish and the reason for that is the above-
mentioned fixed edge condition at infinity. It specifies the actual displacements,
thus the virtual displacements and their derivatives must be zero on that portion
of the "boundary”:

85100
ox

Next, we need to reconcile the stress resultants [1.19-[L.21] within the (z, 2)
coordinate system. It may be observed that the only coordinate not represented
in the (z, z) system is n which is the normal to the surface of the broken part of
the plate. Geometrically speaking, for the symmetrical semi-infinite problem, n
is in the negative x-direction so it corresponds to the vector n = (—1,0). That
being true, we get the following equalities for the stress resultants

dug =0,  dwy =0, =0, asx— oo. (1.27)

_Nnn(suOn = Nm:p(suo
~ Jdwy ~ Jdwy

on ox ( )

—Qnéwo = Qxéwo



Replacing the terms in [1.23| with those obtained by integration by parts and
the new stress resultants, we obtain the following expression

0=0U+0V
- [e%s) 8N$x o] 8 awo aQM:m:
B _/0 ox Ougdz +/0 <_(9:C (ch or ) o 2 - (Q(IL’) - kwo)> dwodx
A Qwy | OMay - N ddwy
(O v (s 0 e (i) )|
(1.29)

where we grouped up the coefficients of each virtual displacement. The boundary
terms in zero will further specify the boundary conditions for our problem.

From the integral terms we obtain the Euler-Lagrange equations of the system
by setting the coefficients of duy and dwy in (0, 00) to zero separately

aNx:p

bt =0 (1.30)
PM,, 0 dwg

dwy : 52 + 9 <Nm&r> — kwy = —q(z). (1.31)

An important observation arises from these equations. The equation tells
us that N,, is constant, i.e.

Nz(x) = Ny = const.
throughout the plate, reducing the second term in to

2
0 Wo
Tx Or2

Introducing the equation of mechanical equilibrium

0? Mo (x)
0x?

O?wo(z)

N:r:a:i
* 0x?

— pgwo(z) = —q(x) (1.32)

where the term k = pg comes from the buoyancy of the ocean under the ice
shell (p is the density of water, g is the gravitational acceleration), and ¢(z) is
the load applied on the top of the plate.

However, we will be looking for solutions to this equation in terms of w which
is hidden in the definitions of N,, and M,,. The only variable that is connected
to the stress o,, in those definitions and containing w, is the strain 1.9, The
stress-strain relation, also known as Hooke’s law states the following

E

= 1— V25xx

(1.33)

O-JILL’

where E stands for Young’s modulus and v is the Poisson’s ratio. First, we
plug in the equation [1.9| into Hooke’s law

o E 8UO 8211}0 1 a71)0 ?
%“_1—ﬂ(8x_z&ﬂ+2<8x s
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and then the result into [1.12]

E 5 Oug 0%wy —1—; <8w0>2d2

T 12 —h 8x_28x2 ox
__Eh (0w 1 (0w
T 1—2\ 0z 2\ Ox
E 5 [ Oug Pwy 1 (0w 2
M) = 7 | (ax—zaxz tolar) )7
Eh3 82100
12(1 — v2) Ox?

No()

SR

The form of the stress resultants in terms of wy is finally plugged into and
h is replaced by the physical parameter T, representing the elastic shell thickness
of the plate. We arrive at the form

O*w ET, (0uy 1 (0w’ 0w
D 8:1:40 - (a; +5 <aa;0> ) ax20 + pguwo = q(x) (1.36)

Ngr=const.

where a new coefficient D emerges from the computation and is given by

ET3

D=-——""¢_
12(1 — 1?)

(1.37)

1.4.4 Boundary conditions

From the energy principles used earlier, it can be determined what the boundary
conditions for our problem are. As a consequence of [1.29-[1.31] we get

ox Ox or )| _,

(1.38)

that constitutes three conditions combining the primary (6u0,5w0,8g1:°) and the
associated secondary variables (coefficients) which can be fulfilled by an arbitrary

combination of the following boundary conditions

A~

Nyy — N, =0 or duy =0, (1.39)
M. A
Nm% + Mo Q,=0 or dwy=0, (1.40)
ox ox
85w0

ox

We can see that different situations may be described using these conditions.
From specified moments and forces acting at the boundary to specified actual
displacements that give us the virtual displacements equal to zero.
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1.5 Boundary value problem

All that is left to consider is the real situation on our plate. Given that our
study revolves around a symmetrical problem, where the plate undergoes the first
rupture at point z = 0, is slightly bent and load is applied from the top which
deforms the plate further, we can work on the interval z € [0, 00) and make an
even extension later. The goal is to set each of the terms in the expression [1.38
to zero so it satisfies the equation. This can be done either by restricting the
displacements or by the equilibrium of forces and moments depending on the
situation.

We consider a plate with a free end at x = 0 and clamped at oo, which
corresponds to a problem of the existing fracture where the moments are in
equilibrium with the applied surface force.

Firstly, let us assume that the prestress or any force acting within the midplane
also denoted as N, is zero on the free edge, and by the equation it has to
be zero within the whole plate,

N,. = 0. (1.42)

To satisfy the equation we need N, = N «z, thus we can get rid of the
first term in this equation completely as well as the second term in that
represents the N,, component.

The boundary conditions arising from the free edge imply that the moments of
all forces at the boundary must be in equilibrium, thus M,, = M +z, and since no
forces are acting (Qm = 0), then the following applies to the moments: M vox = 0.
To get these conditions in terms of wy we will again use the definition of M,,
from and Hooke’s law [[.33] We set the resulting terms to zero and get the
following

Pwo(z) 0 DBwo(x)
ox2 7 OB

On the other hand, the horizontally clamped edge of the plate implies re-
strictions on the virtual displacements while allowing for arbitrary assignment of
forces and moments. Consequently, under this condition, we seek the deflection
wo(x) and the slope of this function to approach zero as x tends to infinity. Again
we specify the boundary conditions in infinity in terms of wy, getting
Owy ()

ox

As we may notice the only direction in which changes are happening is the x
direction thus we denote wy(z) as w(x) from now on and we can rewrite all the
partial derivatives to total differentials and get a linear non-homogeneous fourth-
order ordinary differential equation (ODE). The final form of our boundary value
problem with a general right-hand side is the following

wo(x) = 0, =0asz — c0. (1.44)

Dd ;;i@ + pgw(z) = q(z) in (0, 00) (1.45)
d*w(x) dw(x) .

o 0, e 0 in0 (1.46)

w(z) =0, di;ia:) =0 in oc. (1.47)



2. Solution

In the previous chapter, we derived an equation that describes the bending of a
plate with respect to the load applied to it. Let us now find the general form of
the bending function w(z). The function is further specified using variation of
parameters and the boundary conditions to become the solution for the boundary
value problem obtained in section [L.5]

2.1 General solution

The objective of this section is to find the solution to the linear nonhomogeneous
fourth-order ODE on the domain (0,00). The general form of the solution

for a higher-order ODE with constant coefficients that we are looking for is
w(z) = wn(z) + wp(z) (2.1)

where wp(x) is the solution of the homogeneous equation and w,(x) is the
particular solution of [1.45]

First, we compute the fundamental system of the homogeneous equation

d*w
D@ + pgw =0 (2.2)

by solving the characteristic equation
P — (2.3)
Equation 2.3 has four complex roots

T s :l:l:l: )
,\Z.:ﬁ/%eT’Lk? :,4/% ﬁz for i =0,1,2,3

that can be rewritten into the real form and construct the following funda-

mental system

where

a= C/g' (2.5)

Homogeneous solution wy(x) is a linear combination of the terms in the funda-
mental system with a; as real constants

x X z X
wy () = ajee cos | — ) + agea sin | —
e a

_z X _z i
+asze «cos|— | +age asin|—|.
a (e}

(2.6)
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Furthermore, we construct the particular solution w,(x). It is again a combination
of the terms in the fundamental system w;(z) but this time the coefficients C;(z)
are functions of the variable x, thus the form

wy(z) = ZC’Z(m)wz(x) for 1=1,2,3,4 (2.7)

which extends to

wy(z) = Cy(x)es cos (&) + Cy(w)ew sin (2)

) . (2.8)
+ Cs(z)ea cos ( ) + Cy(x)e” = sin () :
a Q@
The general solution then looks like
x i z e
w(zx) = ajee cos <> + ase sin ()
o o
_z i _z x
+ aze o cos () + ayse” o sin ()
@ @ (2.9)

+ Cy(z)ew cos (a> + Cy(z)ew sin (z)
+ Cy(z)e” = cos (a) + Cy(z)e” = sin (x) :

«

2.2 Particular solution for the general
right-hand side

Since we aim to compute the solution for the general ¢(z) we need to determine
the form of the coefficients C;(z) in [2.8] This is obtained by using the variation
of parameters and boundary Condltlons

2.2.1 Variation of parameters

We proceed by variation as done in éerny and Pokorny| [2016]. In short, we need
to find a four times differentiable solution that satisfies the boundary conditions
and [1.47 In this process, with every differentiation of wy,(z), we set the term
including the first derivatives of the parameters C!(z) to zero, e.g. for the first
derivative

0=C(z)e~ cos< )—l—C'( )e sin (z)

RPN (2.10)
+ Ch(z)e = cos < > + Cj(x)e o sin (a) .

After substituting for terms w(x) and w™®(z) into the equation we get
that all terms either satisfy the homogeneous equation or the method (variation
of parameters) sets them equal to zero. Except for the term with the highest
derivative of w;(x). We end up with a system of four algebraic equations for

Ci()
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0 3 e
W) wie) wi@) wi@)| |[Cha)| =] o0 (2.11)
Wa) wle) W) W) O] |

from which we can compute the derivatives of the parameters.
By solving the above system of algebraic equations we get the results given
by

Ci(x) = g; e (cos ( ) + sin <2)> q(x (2.12)

Cy(x) = 805;6 a (cos ( ) — sm( )) q(x (2.13)

Cy(x) = 5; ea (cos ( ) — sin < )) q(x (2.14)
; )

Ci(x) = 8139 ea (cos( ) + sm( > q(x (2.15)

The apparent way of computing the terms for C;(x) is integrating from 0 to
x as follows

Cile) = [ i) +c? (2.16)

where C? are integration constants that will be specified using the boundary
conditions. The first condition in [I.47] tells us that

lim wy () = 0. (2.17)

Two distinct cases need to be considered. The first case is for the parameters

Ci(z) where i = 1,2, associated with the growing exponential. The terms in w,(z)

only go to zero if the limit lim,_,,, C;(x)w; = 0 holds for ¢ = 1,2. This in partic-

ular implies that also lim, .., C;(z) = 0 must hold for i = 1,2. Consequently, we
get the form of the integration constants as

o0 = —/Ooo Cl(€)de for i=1,2, (2.18)

and substituting back into the integral we get
Ci(z) = —/ Cl(€)dE for i=1,2 (2.19)

where the integration constants C? specified the limits of integration.

The second case concerns the other two parameters C;(z) where i = 3,4. The
limit holds for all functions C;(z) that tend to infinity slower than e« so, in
general they need not be bounded. For i = 3,4 we again get the expression [2.16
where the C? will be specified in a bit.

Another important task is to check if the other boundary condition

lim dwo ()

=0
T—00 dx

15



holds for the found expressions for the parameters. We will use the expressions
for wy,(z) computed by the variation of

w,(v) = Cy(x)w () + ;C’l (x)wq (z) — ;C’l (x)wq(x)
+ Co(z)wa(x) + lC'Q(m)wg(x) + lC’g(x)wl(x)

‘f 01‘ (2.20)

+ C(z)ws(x) — an(I‘)'LU:;(LU) - aC’g(x)w4(x)

+ Ol (w)wa(z) — ;04(33)11)4(@ + ;04(3:)103(@.

We know from the previous paragraphs, that the products C;(z)w; as well as
Ci(x)w; for i,j € {1,2} or i,j € {3,4} go to zero as x tends to infinity and the
products C!(x)w;(x) are set to zero by variation of parameters.

We successfully found the expressions for the parameters C(z) and Cy(x) as

follows
O (z) = ;‘; /;O e % <cos (i) + sin (i)) g(€) de (2.21)
Colx) = —g‘; [“ et (cos (i) ~sin <i>) o(6) de (2.22)

Let us continue with the second case where the last task is to determine the
explicit form of the integration constants denoted C9 and C9 from

Cy(x) = ;; ( [t (cos (i) ~ sin (2)) o(€) dé + cg) (2.23)
Cy(z) = g‘; (/Oz es (cos (i) 4+ sin (i)) q(€) de + Cff) (2.24)

with the help of the conditions [I.46] The computation of the derivatives of
wy(z) from the variation now becomes useful again as we need to compute the
second and third derivatives at the point x = 0. As we know these expressions
are combinations of w/(z) and w!’(x) respectively with coefficients C;(x). The
values of w/(0) and w/"(0) are

i

2 2
2 2 2 2

wll//(o) = _57 U)g/<0) = 57 wg,(0> = Ea U)Z/(O) = 57 (226)
which simplifies the terms for w(x) and w'(x) to

" 2 2
wp(O) = @CZ(@‘) —o — @Cz;(fl}) —o (227)

. p P 2 P
U}p (0) = —501(1’) —o + 502((13) —o + 503(1‘) —0 + 504(!)3) o (228)
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As the conditions [1.46] say, these terms are set to zero so we can easily fig-
ure out the expressions for integration constants. In the first case we get that

Co(x)] = Cu(x)

=0

Tr=
pression for Cy(z) is an integral from 0 to oo and for Cy(z) we get an integral
from 0 to 0 which integrates to 0 leaving us only with the integration constant.
Thus the integration constant Cf attains the form

ch=- [T (cos (i) ~sin (i)) g(€)de. (2.29)

We will proceed with the same process for CY. For C(x) we get an integral

where after substituting in the zero, we get that the ex-

from 0 to oo, Cg(:c)‘ e equal to C9 which we know the expression for, leaving

us with 03(.77)‘ 70 where again the integral from 0 to 0 integrates to 0 with the

constant CY left. By substituting all this into the equation and setting it to
zero as the second condition in we get

0=— /OOO es <cos (i) 4 sin (i)) g(€)de
- [Tt <Cos (i) _sin (i)) g()de (2.30)
+ 00— /OOO e=s <cos (i) ~sin (Z)) g(€)de

and by expressing the CY separately we get the final form

Cy = /OOO e & <3 Ccos (i) — sin <i>> q(&)d¢. (2.31)

Verification of all terms C;(z) can be done by substituting them into the
system of equations where we get the corresponding right-hand side for each
derivative.

The final form of the particular solution satisfying all four boundary equations
is

w,(r) = Cy(v)ex cos (Z) + Cy(x)ew sin (x)

(0%

+ 03(@6_% cos (2) + C'4(I)e_§ sin (a:)

(0%

(2.32)

17



with the parameters

-5y 5 (= (o
Cy(z) = g‘; T i(eos< )—sm (i)) (2.34)
(o) s
()
Cu(z) = g‘; /Oxei <cos (i) +sin <i)> ¢(€) de
(g o

Let us note that we need to ensure integrability in the above expression. We
will not look for a precise characterization of ¢(z) but notice that a sufficient
condition that gives good mathematical meaning to all the above expressions is
the condition that the function ¢(x) has compact support on the interval (0, c0).

Last but not least one can verify that the homogeneous solution is trivial for
our boundary conditions since no force or momenta are acting on either edge. So
the final form of our bending function w(x) satisfying the boundary conditions
consists only of the particular solution w,(z) in the form 2.8 thus w(z) = w,(z)

with the constant functions C;(x) in [2.3342.36]

(2.36)
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3. Results

The objective of this chapter is to compare methods and results with those in
Hemingway et al.|[2020]. First, we look at the accuracy of two apparently different
failure criteria and confirm they are indeed identical. Second, we focus on how the
load distribution affects the position of the new crack from which the fracture
develops. We will be using the notation w(z) instead of w,(x) to denote the
bending function in the following chapters.

3.1 Failure criteria

There are two strategies on how to approach our problem. One focuses on finding
the point of the maximum stress on the plate’s surface where the crack occurs
and a new fracture develops. The second one focuses on the maximum bending
moment which is slightly unusual from the physics point of view. We aim to
compare these two approaches for a special case of the point load and show that
they yield the same position of the new crack.

3.1.1 Maximum stress

Starting from the physics point of view it is more natural to look at the maximum
stress on the plate’s surface and compare it with the critical extensional stress
for ice (0. = 1MPa, |Petrenko and Whitworth| [1999)]).

The expression for the stress function is obtained from the constitutional
relation by substituting in for the strain component ¢, [1.10| as follows

Ope(,2) = b (auO(m) +1 <8w0(x)> — 282w0(a:)) (3.1)

1—12 ox 2 ox 0x?

and we want to know when the following equation, corresponding to the maximal
extensional stress on the surface of the plate, holds

00 (x, g)
ox

Recalling the identity for N,, from we can observe that the first two
terms in equation [3.1] sum up to zero and thus [3.2]in our problem takes the form

= 0. (3.2)

Eh "
“aa—m 0 &

3.1.2 Maximum bending moment

In comparison to the first method, the maximum bending moment is easier to
solve as done in Hemingway et al. [2020], as it contains fever terms from the
beginning. By using the constitutive relation [I.33]and substituting for the strains
into M, in we again end up with an equation only linearly dependent on
the bending function

(3.4)



For the maximum bending moment, we need to solve

=0 (3.5)

that implies that the third derivative w” (x) needs to be zero. Thus we are solving
an equation

Duw"(z) = 0. (3.6)

3.1.3 Crack position for the point load

Comparing [3.3] and [3.6) we get the same condition for the third derivative to be
zero, thus we are solving the equation

w" (z,,) =0, (3.7)

where x,, is the new position of the crack.
Taking the expression for w(z) computed in section and substituting in
for the point load we get the expression [3.15]

e~ % cos 2. (3.8)

w" () = jge_w(ln (cos (?) — sin (?)) (3.9)

which can be simplified to

1 — tan (“””) —0. (3.10)
o
From this equation, we can easily determine the value of x,, that satisfies it:
™
m= a—. 3.11
x ay (3.11)

3.2 Load distribution

Load distribution on the plate’s surface is the way how we get closer to the real
situation. Starting from the simplest form of the load as done in Hemingway
et al.| [2020], getting to the more complicated approximation of the load function
out of our curiosity and potential for future studies.

3.2.1 Point load

Starting with the simplest load distribution as in Hemingway et al.| [2020] where
the authors consider the mass accumulated all in one point on the plate’s broken
edge, thus the term point load. The main goal here is to use our approach of
finding the solution of the accompanying equation [1.45 and the same load and
physical parameters used in the article and compare the results.
Let us take the bending function and the special right-hand side
Vo

(@) = <o), (312

20



where V), takes on the amount of mass accumulated at the edge of the broken
plate and % is needed because we are only taking half of the mass fallen onto the
surface (symmetrical problem). We take V, = 3 x 10*Nm™" from Hemingway
et al.| [2020] and use the Dirac delta distribution as it best describes the situation
and also satisfies the compact support condition introduced in section [2.2.1

When plugging in the load into the equation [2.§] we have to compute the
expressions for C;j(x), i € {1,2,3,4} to get the exact expression for w(z). Upon
evaluating the integrals, we find that the Dirac delta distribution forces the terms
C1(z) and Cy(z) to vanish for z > 0, as we integrate these terms over the interval
from = to co which does not contain zero.

Similarly for Cy(z) where the Dirac delta distribution sets the whole integrand
in both terms to the point x = 0 making them both equal to 1 and we get

3 3
- Veah o Vpa

Cil®) = 16D ~ 16D =

(3.13)

The only remaining term is C'3(x) where the Dirac delta distribution sets both
integrands to the point x = 0 again and we are left with

_ Va? N 3V, Vol
16D 16D 4D -
We plug the results for Cj(z) back into w(r) = Y1, Ci(z)w;(z) and the

expression for the bending function is then reduced to

Cg(l’)

(3.14)

V,a? .
:g e o cosg (3.15)

w(z) =

which corresponds to the results derived in Turcotte and Schubert| [2002] for
the same type of problem. This equation for the bending function is used for
further computation of the position of the new crack.

As concluded in section [3.1.3] the position of the new crack, corresponding
to the point of the maximum bending moment (red point in figure for point
load, is at

T = a% — 33808.87m (3.16)

as may be seen in the following figure along with the profile of the function
w(x).
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Figure 3.1: Left: The bending moment for point load. Right: The bending
function for point load. In both figures, the red point signifies the position of the

new crack.

The result corresponds to Hemingway et al| [2020] for T, as defined below.

The computations are done for the physical parameters defined in section [1.4.3

of values in Table B.11

Parameter Symbol Value

Elastic Thickness T. ~ bkm

Young s Modulus for P 0CPa

ice

Poisson’s Ratio v 0.25

Gravitational 9

Acceleration g 0-113 ms

Water Density p 1020 kgm ~*
ET3

Flexural Rigidity

12(1 — 12

Table 3.1: Table of Physical Parameters

It is important to notice that in Hemingway et al. [2020] they in fact used

q(z) = 0 and considered the term

replacing our w”(0) = 0, see [1.46]
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3.2.2 Realistic distributed load

Hemingway et al.| [2020] assume, the approximation of the load on the plate’s
surface by point load gives results that are accurate enough for specific parame-
ters. However, as we consider a real object in space we should consider a more
realistic situation.

Our problem is defined as an existing fracture from which particles from the
ocean below the ice crust erupt. Around 90% of these particles fall ballistically
back on the surface creating a ridge close to the fracture. We use data from
Southworth et al.| [2019] characterizing a ballistic model of the deposition rate of
these particles. This dataset can be parametrized as a 1D function depending on
the shortest distance to the crack, see Figure [3.3]

Log,o of normalized deposition

0
80
60 -1
40

-2
20

-3

-4

-5

wﬁ
-6

Latitude [* ]
o

!
[
[=]

—40
—60
—80
0 50 100 150 200 250 300 350
Longitude [ *]

Figure 3.2: Decadic logarithm of normalized surface mass deposition rate as a
function of position on the surface of Enceladus for Cairo sulcus as the only
active source of plume ejecta (Southworth et al. [2019]) zoomed to the south-
polar region.

The 1D parametrization is a normalized power function of a fifth-degree poly-
nomial in the following form

qd(l.) = ¢ 1Oqu+Cx§+ng+Emg+Fzg (317>

with constants of values

B =045, C =343 x 1072,

3.18
D=-139%x10"% E=264x10"° F=-1.88x 107", (3.18)
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Figure 3.3: Left: Zoomed in . Right: Parameterization of this dataset by a
one-dimensional fit of the deposition function in terms of the shortest distance to
the sulcus. This parametrization is used in our semi-analytical half-plate model
but its computation is not part of this thesis (supplied by supervisor).

the factor gy = 27615.1 Nm ' that makes the total mass distributed on the surface
compatible with the mass for point load V,, = 3 x 10® Nm™!, and x4 as the angular
distance from the fracture (in degrees). We need a transformation between z,
and x as we are working with distances in meters, which is the following

180 x
Ty =

TET

where 75 = 252 x 103 m is the radius of Enceladus.

We proceed as before by substituting the function |3.17] into the expressions
for C;(z) and computing the expression for the bending function w(x)
numerically using Wolfram Mathematica. As an output, we get the bending
function in the shape pictured in figure |3.4| which slightly differs from the one for
point load, see comparison in section [3.2.3]

wix)[m]

- x
100000 150000 200000

m]

Figure 3.4: Bending function for distributed load with the position of the new
crack as a red point

However, the question is whether the position of the new crack exhibits any
change for the same physical parameters, see Table [3.1]but different load distribu-

tion. We find the answer by computing the maximum bending moment pictured
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in Figure [3.5| for w(z) with the realistic load that leads us to the position of
the new crack at
= 40550.7m. (3.19)

We can see that the distributed load moved the new position of the crack
only about a sixth of the original distance further. But since we know that the
original position [3.16| corresponds to the real situation on the moon it raises
some suspicions about the other physical parameters. After having a quick look
at Table we can observe that the only parameter that is not a material or the
moon’s characteristic is the elastic thickness of the ice shell.

M()[Nm]
1.4x1012}
1.2x1012}
1.0x1012}
s.ox10Mf
6.0x10M}
40x10Mf

20x1011}

. P . . T
20000 40860 60000 80000 100000[ ]

Figure 3.5: Bending moment for distributed load with the position of the new
crack as a red point
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3.2.3 Conclusion

Coming to the conclusion of the effects of two different load distributions on the
surface of the moon on the position of the new crack. First of all, we compared
the same amount of mass .

/ qa(x)dx = Y%

0 2

but for different distributions. The distribution’s effect on the bending function
can be seen in Figure [3.6] Speaking in numbers, we calculated that the position
of the new crack for the distributed load moved further by approximately 19%
compared to the original position for the point load, wherein the amplitude of
the bending function, i.e. w(0), decreased by 18% for the distributed load.

w(x)[m]

e

[ M- L L T - n - . — x[m]
[ 50000 100000 150000 200000
-10[

—— Distributed load

Point load

Figure 3.6: Comparison of bending of the plate for point and distributed load

In the next figure, Figure [3.7, we can see that the change in amplitude is
much higher, approximately 32% of the original amplitude for the point load.
This means that we would need more of the particles accumulated on the surface
to reach the critical bending moment which is defined by the relation

2
Ocrit Te
6

from Hemingway et al.|[2020], where 0.+ = 1MPa is the tensile failure limit for
cold ice.

M, crit —

M(x)[Nm]
2.0x1012
15x1012 |
—— Distributed load
1.0x1012 Point load
5.0x10" |
\x[m]
50000 100000 150000 700000

Figure 3.7: Comparison of the bending moments for point and distributed load
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4. Discussion and conclusions

Although the more simple approximation of the load distribution on the surface
of Enceladus might give us neat results corresponding to the realistic position of
the new crack as well as easier computations, the realistic model shows us that
the real situation might be different in other aspects of the problem, such as the
estimate of the elastic shell thickness. Let us have a look at this question.

The goal is to find the dependence of the elastic shell thickness on the position
of the maximal bending moment which can be constrained from observations of
the known position of the crack. For point load, it can be computed analytically
by expressing the position x,, from [3.11]as a function of the elastic shell thickness
T, and inverting this relationship. We get the dependence by substituting for «
defined in and D in [1.37], where the T, is hidden

x w(4\i[ ET® \1 @1)
aj‘m = x— = — e — . .
4 4 \pg 12(1 — v?)

We end up with the expression
4

T. ~ zi (4.2)
which is plotted as the blue line in Figure 4.1}
Te[m]
12000
10000
8000 |
6000

4000F - = c oo e .

2000+ .

xm[m]

T TR R N T TN T TN [N T TN T T N N B TN T S T S T T I TN TN S N T TR N S |
10000 20000 30000 40000 50000 60000 70000
Figure 4.1: The relationship between the position of the new crack depending on

the elastic shell thickness. The blue line represents the point load and the red
points the distributed load.

For the distributed load, we computed each (red) point separately for T, from
1-10km. By plotting these points we can compare the change in the elastic shell
thickness for 35km as the fixed distance between the tiger stripes and get a
decrease in the thickness for the distributed load by 19%. This signifies that the
distributed load affects the ice crust’s thickness, and thus, it is worth working
with for future studies as it better represents the real situation (load-wise).

Taking the relationship between the shell thickness d and the elastic shell
thickness T as % ~ 0.59—0.68 from Hemingway et al.|[2020] we can calculate that
for the point load the actual thickness of the plate for 7. = 5km is d ~ 8.3km. In
comparison, the lower value of T, we got for the distributed load T, = 4 km would
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thus be more compatible with the independent estimates of the shell thickness
on the south polar region of Enceladus, reaching values of only a few kilometers
(Cadek et al|[2016]).

In conclusion, starting with an approximation of a relatively small moon in
diameter by an infinite plate and using the variational principle of virtual dis-
placements to derive the leading equation and the boundary conditions for a
complex problem, we arrive at results that not only describe the real situation
more closely but will be also useful for further research in the elastic and total
shell thickness of the ice crust of Enceladus. We further plan on doing our own
computations with the supplied data (Southworth et al. [2019]) and studying the
problem in 3D also considering the damage mechanics.
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