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Abstract: The Jovian and Saturnian systems are home to intriguing satellites
from volcanically active lo to icy moons with subsurface oceans, such as Ence-
ladus, Titan, Europa, and Ganymede. Since the late 60s, our understanding of
these moons has immensely improved by data from the missions like Voyager,
Galileo, Cassini-Huygens, and Juno. These missions have revealed that these
moons exhibit complex internal dynamics and surface features, with some of the
icy moons showing potential to sustain a habitable environment. A key tool
for probing their internal structure is modeling tidal response. However, ex-
isting models often rely on solid-body tide theory (neglecting ocean dynamics),
two-dimensional tidal flow models, or simplified three-dimensional incompressible
frameworks. This thesis introduces a novel time-domain approach that couples
solid deformation with oceanic flow in a compressible, multilayered planetary
body. Our results highlight the limitations of 2D shallow-water models, which
are only valid for thin oceans. By applying our model to Enceladus and lo, we
demonstrate how tidal dynamics are shaped by ocean thickness, viscosity, and the
coupling between solid and liquid layers. In the case of Io, we show that a thin
viscous magma ocean can significantly enhance the tidal response. However, the
observed Love number from Juno suggests that such an ocean is unlikely to exist
near the surface, though a deep magma layer remains a possibility. Looking ahead
to ESA’s Juice mission, which will explore Ganymede with unprecedented pre-
cision, our work underscores the need to incorporate the full complexity of tidal
dynamics. Our results show that including compressibility in the tidal response
can shift the ice shell thickness estimates by 20-30 km. Although the dynamics
of the ocean may have a modest effect, their influence can be detectable by the
Juice/3GM experiment, offering additional constraints on Ganymede’s internal
structure.
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Introduction

The mysteries of the outer Solar System have been continuously revealed since
the close-up observations by the Voyager missions, followed by the Galileo and
Cassini-Huygens missions. The formation of gas giants beyond the snow line is
closely linked to the simultaneous development of icy satellites of varying sizes and
masses (Figure . Observations of Voyager 1 and 2 led to groundbreaking dis-
coveries about both Jovian and Saturnian systems during their flybys in the late
1970s and the 1980s. These observations revealed the diversity and complexity of
the moons of the gas giants. Their diameter ranges from hundreds of kilometers
to thousands of kilometers, and they exhibit complex tectonic features indicat-
ing either current or past geological activity. These observations include, among

Figure 1: Artistic representation of the Galilean moons. Jupiter on the
left, and top to bottom: Io, Europa, Ganymede, and Callisto (Image credit:
NASA/JPL/DLR).

many more, the intense volcanic activity on Io (Figure [2a])(Matson et al., [1981)),
the complex surface features of Europa and Ganymede (Pappalardo et al., 1998}
Squyres et al, 1983)), the dense atmosphere covering Titan (Lunine et al., 1989),
and a bright surface of Enceladus (Kargel and Pozio| [1996)). The exploration of
the Jovian system is followed by the Galileo mission (1996-2003). Within its life-
time, the Galileo mission helped map the hot spots and volcanoes of Io (McEwen,
et al [1998; |Keszthelyi et al., 2001), detected the chaos terrains, faulting, and
an induced magnetic field on Europa, supporting the subsurface ocean hypoth-
esis (Khurana et al., |1998)). For Ganymede, the mission discovered its intrinsic
magnetic field (Kivelson et all [1996) and provided observations that indicated
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the presence of a subsurface ocean through magnetic and gravity data (Kivelson
et al.; 2002)). As the Galileo mission was coming to an end, the Cassini-Huygens
(2004-2017) mission was set on a journey to the Saturnian system. During its or-
bit around Saturn, its observations mapped lakes and rivers of methane on Titan
(Stofan et al. 2007). One of the major outcomes of the Cassini mission was the
prediction of the potential Love number of Titan, which suggested the possible
existence of a subsurface ocean (less et al., 2012). As for the tiny moon of Saturn,
Enceladus, the Cassini mission provided direct evidence of a liquid layer beneath
the south polar region by analyzing the burst of material coming out of its tiger
stripes (Porco et al., [2006). Going back to the Jovian system, flybys of the Juno
mission (2016-present) provided additional images of Ganymede (Ravine et al.|
2022) and constraints on its gravitational moments (Gomez Casajus et al., [2022]).
More importantly, the latest flybys of Io led to estimations of the tidal potential
Love numbers and imposed significant constraints on Io’s interiors (Park et al.,
2024a). All these, and many more, observations revealed crucial information on
the Jovian and Saturnian systems. While our understanding of these systems has
been considerably improved, the discoveries by the space missions have brought
many more questions yet to be answered.

Tidal forces play a foundational role in understanding the thermal and orbital
evolution, geological processes, and potential habitability of planetary bodies.
They arise from the gravitational interactions between a satellite and its central
body. In the simplest scenario, where the satellite has a circular orbit and is in
a 1:1 spin-orbit resonance, tidal forces remain relatively constant. However, the
actual dynamics are often more complex, where, for example, moons in the Jo-
vian and Saturnian systems have eccentric orbits, resulting in time-varying tidal
forces that continually deform these bodies. In addition to the eccentricity tides,
the complexity of the gravitational interactions is increased by the moons’ mu-
tual interactions. The eccentricities of the three Galilean moons — Io, Europa,
and Ganymede — (Figure [I) have evolved through mutual and Jupiter’s gravi-
tational interactions (Hussmann and Spohn| 2004). As they have reached the
Laplace resonance, their orbital periods are close to the ratio of 1:2:4, and their
eccentricities can be maintained over long periods of time. The tidal forces on Io
are the primary driver for its intense volcanic activity (Peale et al., [1979), with
heat output reaching up to 100 TW (Veeder et al., |1994). While Io has been a
highly dissipative and volcanically active moon, its interactions with Europa have
led to eccentricity variations (Hussmann and Spohn| 2004). As a consequence of
these complex tidal interactions and the eccentricity variations, the ice shell of
Europa has been changing its thickness and exhibits geological processes such as
faulting (Howell and Pappalardo, [2019) and subduction-like processes (Kihoulou
et al., 2025). Although the tidal forces acting on Ganymede weaken as its distance
from Jupiter grows, their role in understanding Ganymede’s interior remains sig-
nificant. European Space Agency’s (ESA) Juice mission (JUpiter ICy moons
Explorer) will be orbiting Ganymede in the 2030s, and measure its gravitational
perturbations with high accuracy (Cappuccio et al., 2020). Gravitational per-
turbations due to periodic tidal deformation of Ganymede will bring important
new constraints on its internal structure.

As we move further into the Saturnian system, we encounter a similar pic-
ture. The eccentric orbit of Enceladus, maintained by a 2:1 orbital resonance
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with Dione, leads to tidal heating and geological activity. Tides are potentially
responsible for cryovolcanism, water-rich plumes at its south polar region, and
heating in its porous core (Porco et al., [2006; Spencer et al., [2006; Choblet et al.,
2017). Moving on to the largest moon of Saturn, the big tidal response of Titan
suggested the presence of a subsurface ocean decoupling its ice shell from its inte-
rior (Durante et al., 2019)). Later on, the tidal response is reported to be smaller
than the original estimate (Goossens et al.,|2024), but with a much larger dissipa-
tion (Downey and Nimmo, 2025). Understanding the tidal response is crucial in
assessing the internal structure and dynamics of the planetary bodies, and as we
uncover increasing complexity in Solar System objects, the need for sophisticated
modeling approaches grows accordingly.

(a) A volcanic explosion on Io captured (b) Infrared view of Io captured by the
by Voyager 1. Juno mission.

Figure 2: lo: from Voyager 1 to Juno. (Image credit: NASA/JPL-
Caltech/SwRI/ASI/INAF/JIRAM)

In the planetary applications, the tidal response is usually computed through
solid body tides, assuming that the effects of liquid reservoirs are negligible (e.g.,
Takeuchi and Saito|, [1972; [Tobie et al., |2005; Kamata et al., 2016)). Later, it
was shown that the dynamic flow in a subsurface ocean can produce dissipa-
tive waves and might have non-negligible effects in heating the planetary bod-
ies (Tyler, 2008). The tidal flow in a subsurface ocean was investigated thor-
oughly by using a two-dimensional shallow water equations (e.g., Matsuyamal,
2014; Matsuyama et al. 2018 Beuthe, 2016; Hay and Matsuyama, 2017, 2019a;
Rovira-Navarro et al., 2023). The 2D models were followed by more general
three-dimensional approaches that were able to show that the shallow water ap-
proximation cannot capture inertial waves, which can generate significant dissi-
pation in the ocean (Rovira-Navarro et al. 2019; Rekier et al. 2019). Although
these models were more sophisticated than the shallow water approximation,
they neglected the simultaneous coupling between the ocean and the solid layers.
Moreover, the models of the subsurface oceans have neglected the effect of the
tidal flow on the induced gravitational potential and the tidal deformation. This
effect could be particularly important in light of the upcoming missions of Juice
and Europa Clipper. In order to interpret the accurate measurements of these
missions (Hussmann et al., 2025; (Grasset et al., 2013; Pappalardo et al.| [2024),
we require models that can consider most of the constituents that can affect the
tidal response.



In this thesis, we investigate the tidal response of the moons of the Saturnian
and Jovian systems. We focus specifically on the response to the eccentricity
tides, study how the moons deform over their orbital period, and quantify how a
potential subsurface liquid layer affects this response.

This thesis is composed of six chapters. Chapter 1 provides a brief summary
of the quantitative and qualitative analysis of a planetary body’s tidal response.
It also gives a brief summary of the necessary tools to study the tidal response
and its connection with the planetary body’s internal structure. After establish-
ing a working theory framework, albeit not complete, we give an overview of how
the internal structure of a planetary body is determined by means of remote ob-
servations. We finalize this chapter by summarizing the two-dimensional shallow
water approximation that is commonly used to calculate the tidal response of a
subsurface ocean.

In Chapter 2, we derive the linearized three-dimensional equations, which are
used in the rest of the thesis. We present the numerical implementations of these
equations and three benchmarks that test Oceanus’s correctness.

Chapter 3 applies the developed method to Enceladus to evaluate the tidal
heating in its subsurface ocean. Specifically, the impact of the core deformation
on the tidal dissipation is investigated. Moreover, we provide a comparison of the
Laplace tidal equations and the three-dimensional approach.

Chapter 4 studies the tidal heating patterns of a hypothetical magma ocean
on lo. In this chapter, we study the connection between the tidal response of
a magma ocean and lo’s surface features, such as the distribution of volcanoes
and hot spots, and the heat flux from the volcanic eruptions. Additionally, we
present, for the first time, the influence of dynamical flow due to eccentricity tides
on the tidal Love numbers.

Chapter 5 extends the previous chapter by investigating the sensitivity of the
Love numbers to ocean thickness and depth and comparing them with Juno’s
recent measurements.

In Chapter 6, we apply Oceanus to investigate the effects of compressibility in
the tidal response of Ganymede. In addition, we also introduce the moon-moon
tidal potential and study its effects in the time domain.

The main results and their implications are given in the Conclusion. The de-
tails of the spherical harmonics for the numerical implementation are summarized
in the Appendix.



1. Tidal response of a planetary
body

The internal structure of a planetary body and its orbital elements are inherently
tied together. Over its long-term evolution, the internal structure of the plane-
tary body will evolve in response to tidal interactions. On shorter time scales,
during its tidal cycle, a planetary body responds to tides in accordance with its
internal structure. The planetary body deforms and dissipates energy depend-
ing on the internal structure and orbital characteristics. This response provides
constraints on the body’s internal structure and gives insight into its evolution.
In this chapter, we present the fundamental aspects of the tidal deformation and
the standard methods used to compute the tidal response. Furthermore, we in-
troduce a novel approach to compute the tidal response of a planetary body with
a compressible liquid layer.

1.1 Characteristics of the tidal response

The gravitational interactions between a primary body (tide-raising body) and
its satellite (tide-raised body) result in tidal deformation and dissipation in both
bodies. These interactions are given by a tidal potential that depends on the
distance between two bodies. In terms of the distance between the two bodies r4
and the angle between the point in the tide-raised body and the line connecting
the centers of the two bodies 1, the tidal force is given in terms of (Murray and
Dermott|, 2000))

Vi= GM, (r>2P2 (cost)) = GM, (:d)Z ; (3 cos? 1 — 1) : (1.1)

Td Td Td

where G is the universal gravitational constant, M, is the mass of the tide-raising
body, r is the radius of the tide-raised body, and P; is the degree 2 Legendre
function. We assume that the satellite is in 1:1 spin-orbit resonance, rotates
around the primary planet in an orbit with a small eccentricity e < 1, and has
negligible obliquity. The time-dependent tidal potential of such a satellite takes
the form (Kaula), [1964; Murray and Dermott}, 2000)

_GM,
==

3
Vi r?e |3sinwt sin? ¥ sin 2 + §coswt (3 sin® ¥ cos® p — 1)} ) (1.2)
where 9 is the co-latitude, ¢ is the longitude, w = 27 /T is the rotation rate
with T being the rotation period. As the satellite experiences the periodic tidal
force, it deforms and, depending on its structure, dissipates energy, which can be
calculated over a tidal cycle as follows

1 to+T .
hiige (1,9, ) = ) o :edt, (1.3)
0

where o and é are the stress and strain-rate tensors induced by the deformation,
respectively. The tidal response can be represented by the tidal potential Love
number computed at the surface (Love, 1912)

V, =k Vi, (1.4)
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where V, is the gravitational potential induced by the tidal deformation. Tra-
ditionally, the Love number, ky(w) = Re (l;:g(w)) + ilm (lz:g(w)) = |kyle ™), is
defined in the frequency domain, where the real and imaginary parts characterize
the instantaneous and dissipative response, respectively. The global dissipation
in a planetary body that undergoes a periodic tidal deformation can be written
as (e.g., Tobie et al., [2005)

21 -\ (WR,)”
Hiige =~ Im (k=) e (1.5)
where R, radius of the planetary body. The tidal Love number of an incompress-
ible, homogeneous body with density p, surface gravity g, radius Ry, and complex
rigidity i is (e.g., |Castillo-Rogez et al.| 2011)

. 3/2
kQ = — 19m -

(1.6)

The dissipation due to the tidal deformation is related to the phase lag of the
deformation

Im (%
tane = —(2), (1.7)
Re (k2)
and it characterizes the tidal dissipation with the tidal quality factor
Im (k
Q' =sine| = fw (o) (1.8)

|2
The tidal response of the planetary body, as established above, is a function of its
density, radius, and complex rigidity. While for a planetary interior, the density
and radius can be well constrained, the rigidity of the body can add complications
to the problem. The complex rigidity of the body is directly connected to the
rheology of the body; in other words, it determines how the body reacts when

stress is applied. In general form, the rheology can be written in terms of complex
compliance J

t
2e :/ Gl (t— 1) dt, (1.9)

where ¢¢ is the time derivative of the deviatoric part of the stress, and ¢ is time.
The complex rigidity is then defined in the frequency domain by the relation
w=1/ J, where J is the Fourier transform of J. For an incompressible elastic
body, the compliance function is given as J = 1/u, where p is the shear modulus.
By substituting this into the Equation [I.9] we obtain Hooke’s law. However,
as we move on to the planetary body applications, the material composing the
bodies usually responds to the stress in a more complicated way than an elastic
body. One of the commonly used rheologies is the Maxwell rheology, and it is
simply obtained from the compliance function as
/
=ttt (1.10)
H n

where 7 is the viscosity. In an analog model, it is described as an elastic spring
and a viscous damper connected in series. The elastic spring represents the in-
stantaneous elastic deformation, whereas the damper represents the viscous flow




that relaxes the stress over time. The Maxwell rheology is usually characterized
by the relaxation time 7 = n/u. While the Maxwell rheology has been widely used
in planetary applications to calculate the tidal heating (Hussmann and Spohn,
2004; | Tobie et al.| |2005; |Ojakangas and Stevenson, [1989), it is a poor approxima-
tion for the processes that are happening at the tidal frequencies (Castillo-Rogez
et al., 2011} Efroimsky, 2012)). It was shown that the Maxwell rheology under-
estimates the tidal dissipation (e.g., Tobie et al| 2025). More recently, it was
demonstrated that the Andrade rheology is more suitable for investigating the
tidal dissipation and deformation of the planetary bodies due to the fact that it
can capture the transient properties of ice and rocky materials (Efroimsky and
Lainey, 2007; Behounkova et al., 2015 Walterova and Béhounkova, 2017; Wal-
terova and Béhounkova, 2020)). The compliance function for Andrade rheology

is given as
1 t—t\" t—t
J:+H°‘_1< ) + : (1.11)

% cn n

where o and ( are the Andrade parameters. In this particular rheology, the tidal
response also depends on the parameters o and (. Based on the experimental
data, the Andrade model is a better fit to study the tidal response because it
can capture some attenuation properties of the planetary materials (e.g., Bier-
son, 2024). While the Andrade models still failed to explain lower frequency
attenuation properties, the Sundberg-Cooper model was able to account for some
features (Sundberg and Cooper}, 2010)). Each rheology has its own advantages and,
in reality, the planetary bodies behave in different rheological regimes depending
on material shear modulus and viscosity throughout their internal structure.

Although we acknowledge that the Andrade model, in general, is better suited
for studying the tidal response, in this study, the most complicated rheology we
are using is the Maxwell model. The reason for this simplification is that we focus
on the tidal response of a dynamic subsurface ocean. Including the Andrade
rheology (or a more complicated rheology) with a tidal flow in one model is
computationally rather expensive; nevertheless, it is an issue to be addressed in
the future.

While the above set of equations well defines the tidal response of a body as a
whole, the reality is slightly different, and most of the outer Solar System moons
are differentiated into several layers. The modeling of the tidal response of such
bodies with multiple layers requires a little bit more sophisticated methods, which
calculate the tidal response based on the solution of the equations of motion. The
models that rely on the solid body tides are well established and widely used in
literature to compute the tidal response of a layered body (Takeuchi and Saito,
1972; Spadal, 2008; [Melini et al., 2022; |Kamata et al| 2016)).

As described above, the tidal response is characterized by a single Love number
ko, while in more complicated scenarios, this definition may be insufficient. For a
planetary body with lateral heterogeneities, the response of a planetary body can
vary with respect to degree and order (e.g., Béhounkova et al., 2017; Berne et al.,
2023; Rovira-Navarro et al., 2024, 2025). A similar effect has been observed
as it was shown that the moon-moon tides can excite the response at higher
frequencies, resulting in a dynamic response of the ocean (Hay and Matsuyamaj,
2019b; Hay et al., 2020, [2022). In this work, we will show that this effect can be
induced by eccentricity tides in the presence of a subsurface ocean (Chapters 4,
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5, and 6).

1.2 Internal structure of the moons of the outer
Solar System

Earth’s internal structure is well constrained through ground-based observations
and seismic measurements. However, in the outer Solar System, we lose the ad-
vantage of direct observations and have to rely on indirect evidence. Through
observations of telescopes and satellite measurements, we can have constraints on
the radius, mass, gravity, magnetic field, surface temperature, heat flow, surface
composition, and ongoing geological processes at the surface (Hussmann et al.,
2015)). Combinations of these characteristics of a planetary body give us a picture
of what the body’s interior looks like. At the first step, the interior models are
based on the observation of the body’s radius R and total mass M (or equiva-
lently, mean density), which can provide rough estimates of the mass fraction of
individual constituents. Before introducing any radial structure to the moons,
the internal structure of the outer Solar System moons can be modeled as two-
layer or three-layer bodies. For example, based on the mean value of the density
and the radius of the Saturnian and Jovian moons, we estimate the ice mass of
the icy moons. While the total mass and radius of the bodies are well known
and they can provide a first estimate of the body’s interior, there is still a great
ambiguity about the details of the structure. This ambiguity can be reduced by
investigating the gravitational moments, J, and Css, of the planetary body. The
coefficient J5 represents the polar flattening caused by the rotation, and the co-
efficient Cy, represents the equatorial bulge caused by the tides due to a primary
body. If the planetary body is assumed to be in a hydrostatic equilibrium, in
the first-order potential theory, these two coefficients completely determine its
moment of inertia about the rotational axis. In addition to the mass and radius,
the identity for the moment of inertia factor (Mol) (e.g., Hussmann et al., 2015)

8

Mol =
T 3MR

/ORSp(r) rtdr, (1.12)

provides an extra equation to be solved along with the mass-balance equations.
The value of the Mol defines how the mass is distributed in a planetary body. The
lower values of the Mol indicate that the planetary body is differentiated and the
mass is concentrated towards the center, while the Mol of a homogeneous body
(i.e., p = const.) is 0.4. The values of the Mol of the selected icy moons and
Io are given in Table [[.1, With observations of the gravitational moments, one
can determine whether the body is in hydrostatic equilibrium. Specifically, a
close polar flyby can determine the coefficient J, and a close equatorial flyby can
determine Cy. If the body is in the equilibrium state, then we have the relation
between the gravitational moments as Jy = (10/3)Ca. For Jupiter’s moon lo,
the constraint J, = (10/3)Cy is well satisfied, and Io is most likely to be in
hydrostatic equilibrium (Anderson et al., |2001). Together with the mass, radius,
and Mol information, we can get a rough picture of a planetary body and its
layered structure. At the state of equilibrium, the pressure p and density p are
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Radius (km) Density (kgm™) Mass (x10* kg) Mol factor
Io 1821.6 3528 8.938 0.3778
Europa 1560.8 3013 4.805 0.3477
Ganymede 2631.2 1942 14.820 0.3115
Enceladus 252.1 1610 0.0108 0.3305
Titan 2574.7 1880 13.453 0.3414

Table 1.1: Radius, mean density, total mass, and Mol factor of selected icy moons
and lo. The values are taken from |Schubert et al.| (2004)) for Galilean moons, |less
et al.| (2010) for Titan, and |less et al.| (2014) for Enceladus.

related by

L (), (1.13)

2

j‘z =4rGp (r) — gr(?“)’ (1.14)
where ¢ is the gravitational acceleration. In the case of large icy satellites, such
as Ganymede and Titan, increasing pressure in the H,O layer allows for the
existence of ice-III, ice-V, and ice-VI (Figure ) Moreover, this increase in
pressure results in a lower melting temperature of ice and could generate suit-
able pressure-temperature conditions for the presence of liquid-water oceans (Fig-
ure ) Once the approximate structure of the layers has been determined,
further constraints follow from the temperature profile and heat transport mech-
anisms. In particular, the thickness of the outer ice shell for the icy moons of
the outer Solar System can be inferred based on the heat transport regime. The
small or mid-sized moons are potentially having a conductive ice shell, whereas
in larger satellites thermal convection can be the dominant process (Hussmann
et al., [2015)). In the following three sections, we briefly explain the internal struc-
ture of the moons that are subjects of this work: Enceladus, Io, and Ganymede.
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Figure 1.1: a) The favorable pressure and temperature conditions for an ocean to
be present. b) Phase diagram of water. Both figures are taken from [Hussmann
et al.| (2015).
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Enceladus

Enceladus, the tiny moon of Saturn, is one of the most complicated planetary
body in our Solar System. It was discovered by William Herschel in 1789, and
later observed by Voyager missions as it was the brightest of the moons of Sat-
urn (Kargel and Pozio, |1996). It was not until the Cassini mission collected
samples from its outbursting plumes at its south polar region (Porco et al., 2006}
Hansen et al., 2011) that Enceladus became the focus point for the scientists. The
analysis of the water ejecting from the geysers showed that Enceladus, beneath
its bright ice shell, contains the necessary ingredients for life to emerge.

The small size of Enceladus and its mass suggest that it is composed of almost
40% of ice material (Schubert et al. 2007). The Mol of Enceladus suggests that
it is differentiated into two layers: a low-density core and a hydrosphere (less
et al., [2014). While the observations of the plumes, the heat flux, and the anal-
ysis of the gravity suggested that Enceladus has a hydrosphere around 60 km,
the detailed structure of the hydrosphere remained puzzling. The observations
of its plumes suggested that the plumes were fed by at least a regional liquid
reservoir at the south pole (e.g., [Béhounkova et all) [2013). The reinterpreta-
tion of the Cassini data indicated the possible existence of a global subsurface
ocean (McKinnon| 2015)), and it was then followed from the large magnitude of
libration that the ice shell and core are decoupled (Thomas et al., 2016). The ini-
tial estimates showed that the ice shell thickness of Enceladus is around 20 km on
average (Thomas et al.,[2016; [Hoolst et al., 2016)), where the thickness varies from
a few kilometers to 30 km from the south polar region to the equator (Thomas
et al. [2016; Cadek et al., [2016; Beuthe et al., 2016; Cadek et al., 2019a)), and
the estimated ocean thickness is around ~ 38 km on average (Beuthe, [2016]).

The estimated core density is
around 2500 kg m™3, indicating the
core is unconsolidated (Roberts, [2015]).
Based on the gravity, topographic, and
libration data, the estimated core size
is between 180 and 195 km (Cadek
et al., 2016} [Beuthe et al., 2016} [Hem-
ingway and Mittal, |2019). |Choblet
et al| (2017) further estimated the
porosity of the core to be between 20%
and 30%. A core with such high poros-
ity can generate sufficient tidal heat- Figure 1.2: Artist representation of
ing (Rovira-Navarro et al), [2022), and the internal structure of Enceladus
play a crucial role in maintaining a lig- (NASA/JPL-Caltech).
uid subsurface ocean.

A recent study by [Park et al.
(2024b)) has reanalyzed the data acquired by the Cassini spacecraft. Based on
this analysis, they estimated a thicker ice shell, 27-33 km on average, a thinner
ocean, 21-26 km, and core density in the range of 2270-2330 kg/m3.
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Io

o, the innermost moon of the Galilean system, is known for its intense volcan-
ism. Prior to the confirmation of the volcanic activity, |Peale et al. (1979) has
predicted that the volcanism on Io is the result of the tidal heating. The Laplace
resonance between lo, Europa, and Ganymede (in a 4:2:1 ratio) maintains lo’s or-
bital eccentricity at approximately e ~ 0.004, causing it to undergo periodic tidal
deformation with a period of 1.77 days. The average endogenous heat production
of To is estimated to be 100 TW (Lainey et al., 2009; Spencer et al., [2000). As a
result of the intense heating, Io is the host to more than 400 volcanoes, some of
which are erupting at any given time (e.g., Radebaugh et al., 2001} Schenk et al.,
2001]).

The initial suggested models consider an increasing density towards the center
of the moon based on the Mol factor (= 0.3776 |Anderson et al., [2001). These
models depicted lo as a three-layer body with a liquid core, solid mantle, and a
lithosphere. The core radius can vary between 650 and 950 km, corresponding
to the composition of dense Fe-rich and lighter Fe-S, respectively (Breuer et al.|
2022)). The presence of tall mountains and volcanoes indicates the presence of
a cold elastic lithosphere that is capable of supporting these features (O’Reilly
and Davies|, [1981)). On the other hand, the structure of Io’s mantle remained
uncertain. While the high tidal dissipation would lead to large melt fractions in
Io’s interior, the distribution of the melt within the mantle was unclear. The
surface geological features suggested the potential existence of a magma ocean
beneath its lithosphere (Keszthelyi, 1999)), while some argued that the extraction
of the melt would lead to cooling of the mantle and prevent the magma ocean
from being formed (e.g., Moore|, |2001)). The magma ocean hypothesis was later
supported by |[Khurana et al. (2011]), who investigated the magnetic data acquired
from the Galileo spacecraft and inferred the presence of a potential conductive
layer. Such a conductive layer was interpreted as the magma ocean 50 km beneath
the surface. However, there were studies that argued that the data could be
interpreted as interactions between the Jovian magnetosphere and Io’s plasma
environment (e.g., Roth et al.| 2017, Blocker et al., [2018]).

A recent study showed that a steady state solid with high melt fractions
would rapidly separate into two layers, forming a thin magma ocean (~ 1 km)
in the upper mantle (Miyazaki and Stevenson, 2022). The tidal heating patterns
of a magma ocean concentrate at lower latitudes, and depending on the ocean
thickness and viscosity (Tyler et al., 2015; Matsuyama et al., 2022)). Compared to
the solid body tides, which concentrate the tidal heating at the poles, the magma
ocean models were favorable since they were able to explain the distribution of
the volcanoes and hot spots (Aygiin and éadek, 2024; Davies et al., |2024)), and
the observed eastward shift of the hot spot clusters (Tyler et all [2015). While
thermal and geological models give us constraints on the upper mantle structure,
the investigation of the tidal response of Io can confirm or refute the presence of
a magma ocean.

A study by Bierson and Nimmo| (2016) showed that in the presence of a
magma ocean, the tidal Love number k; should be around 0.5, while a solid body
tide model would give ko ~ 0.1. Later, we have shown that the tidal response
of Io with a liquid magma ocean, which produces 100 TW of heat, divides into
two branches (Aygiin and Cadek, 2024])). If the ocean is thinner than 2 km, then
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ko < 0.1, while if the ocean is greater than 2 km, ky > 0.7. While theoretical
models of Io were being investigated, the Juno spacecraft made two flybys during
late 2023 and early 2024 in order to retrieve the tidal response of lo. |Park et al.
(2024a)) analyzed the data acquired by the Juno and provided ks ~ 0.125 and time
lag approximately 2129.6 s. These values are inconsistent with the presence of a
shallow magma ocean 50 km beneath the surface. However, |Aygiin and Cadek
(2025)) showed that a magma ocean at a depth of 200 km could still explain the
measured Love numbers. The same study showed that even the dynamics of a thin
magma ocean in a deeper mantle could alter the tidal response of lo. Thus, the
question of whether there could be a deep magma ocean of Io could be answered
by reinterpretation of the data using a more complex rheological model and/or
by new observations addressing the order dependence of the ks Love number.

Ganymede

Ganymede, the third Galilean satellite, is the largest moon in the Solar System,
with a radius of 2631.6 km. Like the other two Galilean satellites, Io and Eu-
ropa, its eccentricity is maintained by the Laplace resonance. Its current small
eccentricity (e = 0.0013) and its distance from Jupiter result in moderate tidal
deformation compared to lo and Europa (Showman et al., |1997; Hussmann and
Spohn, [2004), yet tides can still play an important role in determining the internal
structure of Ganymede.

The analysis of Ganymede’s mean density (~ 1942 kgm™3) and radius sug-
gests that it is composed of a significant amount of ice material (Hussmann et al.|
2015)). Its great size allows the pressure within its hydrosphere to exceed the point
where ice I is no longer stable, resulting in the formation of the liquid phase or
solid high-pressure ice phases. The Galileo mission provided data that show that
there is a global subsurface ocean in Ganymede (Kivelson et al., [2002). The ex-
istence of a global subsurface ocean was further supported by the oscillations of
auroral ovals (Saur et al., [2015)).

The low value of the Mol factor (0.3115) indicates that Ganymede is differenti-
ated into a core, mantle, and a hydrosphere (Anderson et al.,|1996a). The Galileo
mission also showed that Ganymede has its own intrinsic magnetic field, a feature
unique among moons (Kivelson et al. (1996, 2002). Based on the high differen-
tiation of its interior and the presence of an intrinsic magnetic field, the core is
estimated to be liquid iron-rich with a radius between 600 and 800 km (Sohl et al.,
2002)). Moreover, combining the magnetic and gravitational data constrained the
thickness of the hydrosphere between 800 and 900 km, and showed that it con-
sists of an ice I outer shell, a liquid layer, and a solid high-pressure ice (Anderson
et all |1996a; Sohl et al., 2002; |[Kivelson et al.; 2002} [Vance et al., 2014, 2018).
Based on the analysis of the surface material, it was suggested that the subsur-
face ocean should be rich in MgSO, (McCord et al. 2001), which is consistent
with the global electrically conductive layer (Kivelson et al., (1996). While the
composition of the ocean is uncertain, [Vance et al.| (2018)) has estimated the ice
shell thickness in the range of 5 to 157 km, and the ocean thickness in the range
of 20 to 500 km. However, the thinner ice shell is less likely due to the high
heat flux requirement and the lack of tidal heating. This is also supported by
the magnetometer data, which estimates the outer ice shell thickness of ~ 150
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km (Kivelson et al., 2002).

Despite the insights provided by gravity and magnetic data, significant un-
certainties remain regarding Ganymede’s internal structure. The Juice mission
is sent to the Jovian system to close the gap with new important measure-
ments (Grasset et al) 2013). Measurements that will be made by the Juice
spacecraft will allow the Love numbers to be determined with unprecedented
accuracy (Cappuccio et al.; 2020), thus providing a unique constraint on the
hydrosphere structure of the largest icy moon in the Solar System. Additional
constraints will come from the magnetic measurements, where, together with
the gravitational measurements, the thickness of the ice shell and ocean can be
further constrained (e.g., Jia et al., 2025).

1.3 Tidal response of subsurface oceans: Shal-
low water approximation

The modeling of the tidal response of the solid bodies is well established. The
methods have been verified by the observations of the Love numbers of the Earth.
Classically, the tidal response of a planetary body is investigated through solid
body tides, where the liquid layers are treated as an inviscid rheology (e.g.,
Dahlen, 1974; Takeuchi and Saito, [1972; [Tobie et al., [2005). These models were
developed to investigate the viscoelastic response of a layered body. There are
also models which can treat the liquid layers as a viscous rheology, but these
models neglect the rotational effects and inertial forces (e.g., |Spadaj, 2008; |[Melini
et al., 2022)). These models were able to successfully estimate the Earth’s Love
number and were used in many applications for the moons of the outer Solar
System, despite the abundance of subsurface liquid oceans.

Inspired by the oceanic models of Earth, there have been studies to investigate
whether the tidal flow in a subsurface ocean could generate enough heat. Tyler
(2008) has proposed that the resonantly excited waves due to the tidal flow in
a subsurface ocean can generate strong dissipation. Including the effects of the
Coriolis force can generate Rossby waves that cannot be restored by gravity waves,
and enhance the energy dissipated in the ocean. To study the tidal dissipation
in the subsurface ocean of Europa, (Tyler| (2008) used the Laplace tidal equations
(LTEs), which are a system of equations that are obtained by vertically averaging
the Navier-Stokes equations. The applicability of the LTEs is based on the fact
that the thickness of the subsurface ocean is thin compared to the radius of the
body. As it was shown that the ocean could potentially play a role in heating the
oceans, many studies have followed to investigate the various moons (e.g., Tyler}
2009, 2014; Matsuyamal, 2014; Matsuyama et al. 2018; Hay and Matsuyamal,
2017, |2019a; |Chen et al., 2014; Beuthe, 2016; [Rovira-Navarro et al., |2020, 2023)).

In this section, we show how the LTEs are connected to the 3D Navier-Stokes
equations for a subsurface ocean beneath an elastic ice shell and above a rigid
core, a model domain similar to the internal structure of Enceladus. In this
particular model description, we assume that the ice shell and ocean are coupled
and experience the tidal deformation, whereas the core is assumed to be rigid (this
is a similar setting to models by |[Beuthe (2016) and Matsuyama et al.| (2018)). We
restrict ourselves to the governing equations that describe the flow in a viscous

15



liquid layer. The LTEs are obtained by radially (or vertically) averaging the 3D
Navier-Stokes equations of an incompressible liquid ocean that are given as

V-v = 0, (1.15)
0
pQ% = —=Vp+n,Av —2p,w X v — p,VV; + pog, (1.16)

where v is the velocity, p, is the density of the ocean, p is the pressure, 7, is the
dynamic viscosity of the ocean, w is the angular velocity, V; is the tidal potential
as in Equation , and g = —VV} is the gravitational acceleration computed
from the induced potential V.

The boundary conditions for the ocean are written as a weighted free-slip
condition

[v]D = 0, (1.17)
(o-e), = —av,+Cpvlu,, (1.18)

where the subscript 7 denotes the tangential component, a and Cp are the linear
and non-linear drag coefficients, respectively, and [|* denotes the jump of the
enclosed quantity. The condition [1.17] ensures the continuity of the radial com-
ponent of the velocity between the ocean and the ice shell. In the case of & — oo
and Cp — o0, these boundary conditions correspond to the no-slip condition,
and they correspond to the free-slip condition if a = 0 and Cp = 0.

To obtain the LTEs, we assume that the tidal displacement is small, the ocean
has constant density, and the radial flow is negligible. Then, the radially averaged
balance of mass (Equation is given as

ou,
ot

+dV,-T =0, (1.19)

where T = U (1, ) is the radially averaged velocity, d is the ocean thickness, V is
the surface gradient, and u, is the radial displacement at ocean-ice boundary (e.g.,
Beuthe, 2016; Matsuyama et al., 2018)). The pressure at the bottom of the ice
shell is then written in the form

P = (po— pi) gur — po (Vi + Vg) — Oprs (1.20)

where p; is the density of ice, 0. is the radial component of traction at the bottom
of the ice shell. Lastly, the radially averaged balance of momentum is

ov

poa = —Vsp—2p, (w X ﬁ)—r + F (6) ) (1'21)

where A; is the horizontal Laplace operator, and F' (v) represents the dissipative
term,
F () = n,As0 — av + Cpo|v|. (1.22)

Equations [1.19] [T.20] and [1.21] are referred to as the LTEs. Note that the second
term in Equation [1.22]is the result of the boundary friction term. The friction
term in the 3D model characterizes solely the dissipative process at the interfaces,
whereas in the 2D model, it is no longer a purely dissipative process at the bound-
ary but in the whole ocean. Although the dissipation in the context of the LTEs
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is often computed in the frequency domain (e.g., Matsuyama) [2014; Matsuyama
et al) 2018; [Hay and Matsuyamaj, 2017), we give an equivalent formula in the

time domain (Beuthe, 2016)

2 to+T . .
H, — Wi/o /é:édet, (1.23)
to S

T

where S is the surface of the sphere of radius of the ocean, ¢, is an arbitrary time,
and the strain-rate tensor is

e= ; (Vo +va'). (1.24)

We have given the formula just for the viscous dissipation, because in this work,
whenever LTEs are used, the friction terms are neglected.

While LTEs have become the standard approach for computing the tidal re-
sponse of subsurface oceans, they are inherently limited to a two-dimensional
approximation. The LTEs restrict the ocean flow in the horizontal directions,
and the flow in the radial direction is neglected, although it may have impor-
tance (e.g., |Ogilvie and Lin|, [2004; Rovira-Navarro et al. 2019; [Rekier et all
2019). The comparison of the 2D and 3D approaches is given in Chapter 3.
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2. A three-dimensional approach
to tidal response of a subsurface
ocean

In the previous chapter, we briefly introduced the tidal response of a solid body,
and we presented the LTEs that are commonly used to calculate the tidal response
of a subsurface ocean. The main assumption is that the horizontal scale of the
flow is much larger than the vertical scale, which makes them suitable for studying
the subsurface oceans in the outer Solar System. When assumptions of LTEs are
relaxed to allow the radial flow in the ocean, a different class of waves, called
inertial waves, start to emerge (e.g., Bretherton, 1964; Maas, 2001). These waves
are shown to have importance in tidal dissipation in stars and giant planets (e.g.,
Rieutord et al., 2001} |Ogilvie and Lin}, 2004).

Recent studies by [Rovira-Navarro et al.| (2019)) and Rekier et al.| (2019)) have
developed three-dimensional models to investigate the subsurface oceans of Eu-
ropa and Enceladus. They showed that the tidal flow can be resonantly ex-
cited and can lead to significant dissipation compared to dissipation computed
by LTEs. In these approaches, the linearized equations of motion are solved in
the frequency domain. In the former study, the deformation of the solid layers
is neglected, while in the latter, the solid deformation is calculated without ac-
counting for the effects of the ocean and is imposed as a boundary condition for
the ocean.

2.1 Governing equations of Oceanus

Based on these studies, this chapter introduces a new model, Oceanus, which in-
corporates additional effects. Oceanus differs from the models of Rovira-Navarro
et al| (2019) and Rekier et al| (2019) in three ways: (i) the viscoelastic defor-
mation of the solid layers and the tidal flow in the ocean are coupled and solved
simultaneously, (ii) we solve the problem in the time domain, and (iii) we include
the effects of compressibility. We derive the linearized governing equations that
are solved in Oceanus by following a similar method that is outlined in Chapter
9 by Martinec| (2019). Unlike the previous section, we present the equations that
are solved in the whole body and not just in the ocean. We assume that the
planetary body is in a pre-stressed state, the tidal deformation is small, the do-
main of the problem is spherical (i.e., we neglect the thickness variations in the
layers (e.g., Rovira-Navarro et al., [2020)), and we neglect the lateral variations in
the physical parameters (e.g., Rovira-Navarro et al.l 2024). We write the equa-
tions in the Eulerian formulation in differential form. In the most general form,
the balance of mass is

9%
a—f+v-vp+pv-v:0, (2.1)
and the balance of linear momentum is
_[Ov . . .
p a—i—v'VU =V-7—pf+pg —2pw X v, (2.2)
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where f is the body force, and density p and Cauchy stress tensor 7 is defined as

P = o (T) +p <t7 r, 197 gp) ’ (23)
T=T10(r)+0o(t,r,9,¢). (2.4)

Here, r, ¥, and ¢ are the spherical coordinates, py is the reference density, 1
is the reference Cauchy stress tensor, and o and p are the incremental Eulerian
Cauchy stress tensor and density, respectively. By substituting the Equations

and [2.4] into [2.1] and [2.2] using the pre-stress condition V - 7y = pogo, and
neglecting the second order terms, we obtain the linearized balance of mass as

0
a—f—l—v-Vpo—kpoV-v:O, (2.5)

and the linearized balance of momentum as

v
POy = Vo +pof + pog + pgo — 2pow X v, (2.6)
where go is the reference gravitational acceleration, and g = —VV, the self-gravity

induced by the deformation of the body

p (L")
v |r — |

V,(t,r) =G av’. (2.7)

Here 7 is the position vector, and V' is the volume. The body force in the case of
Oceanus is the eccentricity tidal potential (e.g., [Kaulal, [1964), f = —VV,, where

Vi (t,7,0,¢0) = Viao (t, 1) Pao (cos¥) +Vi, (t,7) Pz (cos¥) cos 2¢

. (25)
+Viig (t,7) Pz (cos 1) sin 2¢,

where and Py and P,y are the associated Legendre functions of degree 2, order 0
and 2, respectively. In Equation [3.4] the coefficients are given as

3
Vigo (t,r) = §T2w26 coswt,
3
Vi (t,r) = —ZTQMZe cos wt, (2.9)
V{f22 (t,r) = —r?wlesinwt.

We assume that the planetary body is composed of distinct spherical layers
(see Figure , and Equations and are solved in each layers simultane-
ously, where, at each layer, they are complemented by a constitutive equation.
The deviatoric part of the constitutive equation for the whole body is written
as (e.g., Cadek et all 2017 Soucek et al., 2019))

1, 1004 o2
— —— =V Vv — V.ol 2.10
770 +,u8t v+ Vv 5V oL (2.10)

where 7 is the dynamic viscosity, j is the shear modulus, o¢ is the deviatoric part
of o, and I is the identity tensor. The choice of n and p determine whether a
layer is elastic (n — 00), Newtonian fluid (1 — o0), or Maxwell viscoelastic solid.
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In the first-order approximation, we assume that the volume changes occur
instantaneously (i.e., bulk viscosity is neglected), and we derive the isotropic part
of the constitutive equation by integrating and linearizing the identity for bulk
modulus K = p(dp/dp). This linearization results in the following relation that
is valid in both the Eulerian and Lagrangian formulations

=K, (2.11)
Po
where o* corresponds to L for Lagrangian quantity and E for the Eulerian quan-
tity. Since the constitutive equation for a liquid layer is naturally written in the
Eulerian formulation, Equation [2.11| simplifies to

p=K2 (2.12)
Po
where we used p = p¥ and p = p¥. In contrast to the liquid layers, the constitutive
equation for a solid layer is naturally written in the Lagrangian formulation, in
the context of small deformation. To derive the isotropic part of the constitutive
equation for solid layers, first, we write [2.11]in terms of Lagrangian quantities
p" and p* as
L
b =K. (2.13)
Po
Then to obtain the Eulerian counterpart of the Equation [2.13 we use the iden-
tities p* = p +u - Vpy and p* = p + u - Vpy, and Equation (for details, see
Martinec] 2019)

K\ ot
where u is the displacement, and v, is the radial component of the velocity. The
use of Equation along with setting dp/0t = 0 in the viscous liquid layers

allows us to avoid the unstable behavior due to the acoustic wave. If a layer is
assumed to be incompressible, then Equations and are replaced by

! (8}9 — Urpogo> =-V . v, (2.14)

V-v=0. (2.15)

We assume that the surface of the body is free to deform, and the veloc-
ity and traction vectors are continuous at the internal boundaries. The bound-
ary conditions are imposed at the reference spheres. The free-surface condition
reads (Soucek et al., [2019)

t
o e, = —pogol,€, = —pogo/o vee, dt’, (2.16)

where e, is the radial unit vector. At the internal boundaries, the condition takes
the form

vt = o, (2.17)
t

o-e]” = Apygoure, = Apogo/ v, dt’, (2.18)
0

where Apy is the density difference between the layers at the internal boundaries.
We enforce the no-slip condition in the liquid-solid boundaries by prescribing

Equations and [2.18]
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Similar to its 2D counterpart (Equation [1.23]), tidal dissipation in the plane-
tary body is calculated over a tidal cycle by

to+T D)
H—f ’ /" vt = ”/ /e edv dt, (2.19)
to

where V' is the volume of the planetary body. In Table 2.1] the linearized equa-
tions are summarized.

0

Balance of mass: a—/t) +v-Vpy+poV-v=0
ov

Balance of momentum: Pog =V .0 —pVVi+ pog + pgo — 2pow X v
Constitutive equations

1 10 2
Deviatoric part: 44 ,L =Vv+ Vvl -2V .ol

77 W ot -3
Isotropic part — Compressible — Liquid: | p = K £

Po
. . . 1 (0p

Isotropic part — Compressible — Solid: — | = —vpogo| =-V-v

K\ ot )
Isotropic part — Incompressible: V-v=0

Table 2.1: Summary of the governing equations that are implemented in Oceanus.
The equations are written in Eulerian configuration. They are solved simultane-
ously in all layers of the planetary body together with the boundary conditions

T, 17} and 1§

Finally, Oceanus outputs the tidal response of the body in terms of the Love
numbers. In this work, we define the Love numbers in a way that incorporates
the effects of the dynamic flow in a liquid subsurface ocean. We introduce the
Love number separately for degree and order as kqg, kS5, and k3,, and define them
by using the coefficients given in Equation

V20 (t,a) = kooVigo (t — Atgg, a),
VC o (t,a) = ko t622 (t — Aty a), (2.20)
VS o (t,a) = k3 t22( - At;Q,a) )

where a is the radius of the body, V, . is the gravitational potential coefficient
induced by the tides, and At is the corresponding time lag of the tidal defor-
mation. If the satellite is a solid body or the ocean dynamics are neglected,
the Love numbers equal to each other can be represented by a single number,
koo = kSy = k3o = ko.

2.2 Numerical implementation

The computation domain is assumed to be the full sphere, and it is separated into
distinct layers, DL,. Figure shows the DL, for the case Ganymede. The
governing equations, given in Table [2.1] are solved by a semi-spectral method in
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the lateral variables and a finite difference scheme in the radius. The unknown
variables, v, o, and p are expanded in terms of normalized spherical harmon-
ics in colatitude and longitude (for details, see Appendix . The resultant
spherical harmonic coefficients are discretized in radius by using a staggered grid
(Figure 2.1k). In the staggered grid, the stress o, pressure p and density p co-

a) b)

Free surface

U

'Ui Ghost
0 > lines

0 e
Unt1

e

Contiunity of the velocity and traction at the
boundaries

Liquid core

1 01 & P
e (A0)i . vy
(47) o &p
________________ S X
Oy & Piy

Staggered grid inside the domain

Figure 2.1: An example of a computational domain used for Ganymede. Equa-
tions given in Table [2.1] are solved in a spherical domain that has distinct layers
— Ganymede is assumed to have 5 layers (a). In each layer, the domain is dis-
cretized in radius with a (in)homogeneous staggered grid (c), and the layers are
coupled through boundary conditions (b).

efficients are represented at each interface lines within the domain (solid lines in
Figure ), while the velocity v coefficients are represented at the middle of the
interfaces, hereinafter mid-interface lines (dashed lines in Figure[2.1¢). Each DLy
has its own number of interface points Npr, and can either has a homogeneous
or inhomogeneous radial step. The mid-interface line at ith line corresponds to
the center of two adjacent interface lines (i.e., 7; = 0.5 (r;11 +7;)). The radial
steps are computed for each layer (A7), = 741 —7; and (Ar), = r;4q — 1; for
1 =1,..., Nprr. The inhomogeneous grid is constructed by Chebyshev nodes in
order to resolve the boundary layers in the viscous liquid domain.

The radial derivatives of the respective coefficients are approximated by a
central finite difference scheme as

8U§'m (tJ 7’1') ~ U;'m (t7 Tai+1) - Ué'm (ta %2)

or (AF), ’

¢ 2.21

Opjm (t,7;)  Pim (t,rig1) — pjm (t,74) (2.21)
or (Ar), ’

where j and m are the spherical harmonic degree and order (for details, see
Appendix |A.1), r; and 7; are the ¢th position of the radius at the interface line
and mid-interface line, respectively.
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Each DLy in the computational domain is coupled by Equations and
The top interface line of DL, and the bottom interface line of DLy, have the
same radius. At the boundary interface line, the material parameters of each
interface are set according to the corresponding distinct layer. Each DL is
extended by a ghost line on the top and bottom of the layer (Figure[2.1p). These
ghost lines enable us to keep the central difference in the radial discretization, and
they are used in computing the velocity and traction at the interface boundary
lines. At the innermost layer, the ghost line at the bottom corresponds to 7 = 0,
and the boundary conditions are set such that the velocities are zero.

We solve the linearized equations of motion, but in the spectral domain, the
advantage of linearity is lost due to the Coriolis force term. In the absence of
the Coriolis force, the problem is separated by degree and order, and the solution
for each degree and order can be obtained independently. However, the Corio-
lis force couples the adjacent degrees, resulting in higher-degree components. In
principle, the Coriolis term can be treated implicitly, but this approach introduces
additional complexity to the problem. We do not know beforehand the required
number of spherical harmonic degrees (i.e., the cut-off degree). The cut-off de-
pends on the vigor of the flow in the fluid layer, which in turn depends on the
viscosity and the thickness of the liquid layer. If treated implicitly, depending
on the parameters of the viscous liquid layer, the coefficient matrix can get very
large, making the problem computationally infeasible. Therefore, we separate
the momentum equation (Equation into an implicit I(¢) and an explicit part
E(t)

—pog, + (1) = B(), (2.22)

where

I(t)=V . .o+ — po V'V,

(t) PGo — PoV Vi (2.23)

E(t) = —(pog — 2pow X v).

While the self-gravity term pgg is taken from the previous time step, the Coriolis

term is implemented by using a second-order Adams-Bashforth method. The
final form of the time-discretized momentum equations is

k+1 k 3 1

FOI(EY) 1 (1 — 6) I(t) + (2E( ) — 2E(tk1>), (2.24)

v J—

where At is the time step, and 6 is between 0.5 and 1, with the bounds corre-
sponding to Crank-Nicolson and implicit Euler method, respectively. The time
step is chosen according to the CFL condition to ensure the viscous flow in the
liquid layer is accurately captured. During the computation, the cut-off degree
Jmax is self-consistently computed such that the condition V (juax)/V(2) < 1074
is satisfied, where the V(o) is the L? norm of the velocity at a given degree.

The numerical model described above was carefully tested against various
models that are used in the literature. In the following three sections, we present
three benchmarks that validate the correctness of Oceanus.
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Benchmark — 1: Tidal dissipation in Enceladus’ subsurface
ocean

This benchmark is composed of two parts, where in the first part, we calculate
the dissipation in the ocean due to the tidal flow in the 3D setting. The results
are compared with the results of [Rekier et al. (2019)[]. In the second part, we
compare the results of the LTEs with the 3D method. For this benchmark,
we assume a computational domain that is similar to Enceladus’ interior: an
elastic ice shell, a viscous liquid ocean, and a rigid core. The subsurface ocean is
assumed to be a viscous incompressible liquid. In both parts of this benchmark,
the tidal deformation of the core is neglected, and the deformation of the ice shell
is calculated by solving the system

V-u=0,
V-o=p(VVi+VV,), (2.25)
ad:u<Vu+VuT),

where u is the displacement, p; is the density, and u is the shear modulus of the
ice. In the first part of the benchmark, this deformation is imposed as a boundary
condition at the ice-ocean boundary, while in the second part of the benchmark,
the ice shell deformation is coupled with oceanic flow.

In the first part of the benchmark, we are solving the tidal dissipation in an
incompressible subsurface ocean, where we include the effects of the Coriolis force.
The governing equations of the subsurface ocean are given by Equations
and 2.10| with g — oo. The boundary condition at the ice-ocean interface is given

o ou
v = 5 (2.26)
where u is computed beforehand for an incompressible elastic ice shell with pa-
rameters u = 3.5 GPa and p; = 920 kgm™>. The radius of the core is set to
R,/c = 192 km. The set of Equations is solved over a tidal cycle for different
ice shell thicknesses, which corresponds to the ratio R,/ to R;/, in the range of
0.8 and 0.97.
For the analysis of the problem and the comparison with the results of Rekier

et al.| (2019), we introduce the Ekman number

Ui
Ek = ——— 2.27
2powR(2)7 ( )

where R, is the radius of the ice-ocean boundary. The Ekman number, defined
as the ratio of the viscous forces to the Coriolis force, characterizes the flow in a
rotating body, and it is defined as the ratio of the viscous forces to the rotational
forces. In the planetary bodies with liquid subsurface oceans, the typical value
of the Ekman number is in the range of 10713-1071°, with the dynamic viscosity
of n = 107 Pas. However, reaching these values is computationally challenging,
and we restrict the value of viscosity to around 10-100 Pas.

We solve the problem for viscosities that corresponds to the following three
values Ekman number, Ek = 107%, 107" and 10~%, and we compute the dissipation

"'We would like to thank Jérémy Rekier for providing us with the results of his 3D simulations.
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Figure 2.2: Tidal dissipation in Enceladus’ subsurface ocean, computed for the
Ekman number of 107%, 1077, and 107%. The solid lines are the dissipation
provided by Rekier et al| (2019), and the dots are current simulations. Note that
the results of Rekier et al.| (2019) are multiplied by 2, where the factor 2 is likely
caused by a different definition of the Ekman number.

using Equation [2.19] The corresponding ocean thickness and the viscosity range
from 5 to 50 km and from 20 Pas to 3000 Pas, respectively. The comparison with
the results of Rekier et al| (2019) is given in Figure[2.2] Though we note that the
results of Rekier et al| (2019) are multiplied by a factor of 2, which we believe
is a factor due to a different definition of the Ekman number, we show that the
results of the two models are in good agreement. The results of the two models
are consistent within the range of ocean thickness and viscosity. We finally note
that as the Ekman number decreases, the required computational power increases
such that for Ek = 10~® simulations, some of the calculations require thousands
of periods to stabilize.

In the second part of the benchmark, we compare the results of the 3D model
to the solution of LTEs. Unlike the first part, here, for both 3D and LTE mod-
els, the tidal deformation of the ice shell and the flow in the ocean are coupled
through radial velocity. The solution of LTEs is obtained by solving the Equa-
tions [1.19] [1.20] and [1.21] while the solution of the 3D model is obtained by
solving the Equations [2.6] [2.15] and [2.10] with  — oo. However, in the 3D model,
unlike the default boundary conditions of Oceanus (which are no-slip), here, we
prescribe a free-slip condition as given in Equations [1.17] and [I.1§ with o = 0
and Cp = 0. The reason for this change is that LTEs are naturally derived a
weighted friction conditions (see Section . Because we prescribe the free-slip
condition for the 3D model, in the dissipative term in LTEs (Equation , we
only consider the viscous mechanism (i.e., F' = nA,v).
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Figure 2.3: Comparison of the Laplace tidal equations and the three-dimensional
approach with a free-slip condition. The thick solid lines represent the LTE so-
lution, the dashed lines represent the 3D dissipation computed without radially
averaging the velocity, and the dashed-dotted lines represent the dissipation com-
puted from the radially averaged velocity.

The core radius is set to 194.1. We solve both models for the ocean thick-
ness ranging from 1073 to 50 km, where the corresponding ice shell thickness
is computed from the core radius and radius of the body (252.1 km). The ice
shell parameters are given as p = 3.3 GPa and p; = 925 kem™3. We run the
simulations for three viscosities, 1, = 10%, 10%, and 10° Pas. In the LTE model,
the tidal dissipation is calculated by Equation [1.23], while for the 3D model, the
dissipation is calculated by Equation |3.8|

Figure [2.3| shows that the results of our 3D model are in good agreement
for the thin ocean case when the dissipation is computed by radially averaged
velocity. The agreement between the two models starts to diverge around 2 km
ocean for low viscosity. However, if the 3D dissipation computed by Equation 3.8
i.e., without the radially averaged velocity, the two models lose the agreement,
even more so the 3D model starts diverging already at an ocean thickness of 100
m. This indicates that the applicability of the LTEs is restricted to rather thin
oceans (< 100 m).

Benchmark — 2: Love numbers of an incompressible non-
rotating spherically symmetric body

One of the commonly used codes for computing the viscoelastic Love numbers
of a planetary body is ALMA? developed by Melini et al. (2022). This code
is an extension of ALMA, originally developed by |Spada; (2008), which is devel-
oped based on the normal mode theory (e.g., Takeuchi and Saito, [1972)). ALMA?
has been designed to compute the tidal response of spherically symmetric, in-
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compressible, viscoelastic layered planet bodies. The code solves the governing
equations for viscoelastic deformation in the frequency domain, allowing for the
calculation of tidal Love numbers. The code has been used to compute the tidal
response of various planetary bodies, including, but not limited to, the Moon,
Venus, and Mars (e.g., Briaud et all 2023; Saliby et al., 2023; Petricca et al.
2022)). In this benchmark, we compare the tidal Love numbers of Ganymede that
are computed by ALMA? and Oceanus.

We set the model domain to be similar to Ganymede’s internal structure: an
inviscid liquid core, a silicate mantle, high-pressure ice, a viscous liquid ocean, and
an ice I shell (Figure . The internal structure of Ganymede is defined by the
ice shell thickness, which ranges from 80 to 150 km. For each ice shell thickness,
the structure of the hydrosphere is calculated from the pressure-temperature con-
ditions by using the SeaFreeze thermodynamic representation (Journaux et al.,
2020)). The densities of the mantle and core are fixed to 3500 and 8000 kgm ™2,
respectively, and their radii are set to match the observed mass and Mol factor
of Ganymede. The subsurface ocean has a Newtonian viscous rheology, and the
solid layers are described as a Maxwell body. The viscosity of the ice shell is
determined by the temperature profile by using the Arrhenius equation. The
viscosities of the ocean, the high-pressure ice, and the mantle are set to 10, 10%3,
and 10%° Pas, respectively.

In this setting, the inertial terms, the Coriolis force, and the tidal flow in the
core are neglected. The incompressibility condition is given by Equation
and the Equation is simplified to

V-o=py(VVi+VV,). (2.28)

The constitutive equation is given by Equation [2.10] and the viscous rheology in
the ocean part is obtained by using pu — oo.
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Figure 2.4: Comparison of ky computed by Oceanus and ALMA? for the incom-
pressible model of Ganymede (left panel) and the relative error between the two
solutions (right panel). On the left panel, the squares and crosses represent the
results of ALMA? and Oceanus, respectively.
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We compute Ganymede’s Love numbers in response to the eccentricity tides
(Equation , and the results of the benchmark are shown in the left panel of
Figure 2.4l The Love numbers computed by the two codes are nearly indistin-
guishable throughout the entire ice shell thickness range. The agreement for the
ko ranges from values that are less than 0.1%, for thin ice shells, to only up to

0.6% for thicker ice shells (left panel of Figure [2.4).

Benchmark — 3: Love numbers of a compressible planetary
body

The final benchmark is performed to test the implementation of the compress-
ibility. Here, we compare the Love numbers of Ganymede computed by Oceanus
and by the approach developed by Takeuchi and Saito (1972)) (TS approach)ﬂ,
an approach that is commonly used in studying the spheroidal oscillation of a
self-gravitating interior. Since the T'S approach is also easily applicable for com-
puting the compressible viscoelastic deformation of a layered body, it has been
used in many planetary applications (e.g., Tobie et al., 2005; Kamata et al.| [2015|
2016)).

Oceanus
0.491 TS approach 0.085 7
0481 2 0.080
3
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0.45 1 x
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Figure 2.5: Comparison of ky computed by Oceanus and the method of [Takeuchi
and Saito (1972) (TS approach) for the compressible model of Ganymede (left
panel) and the relative error between the two solutions (right panel). On the
left panel, the squares and crosses represent the results of the T'S approach and
Oceanus, respectively.

We compute the compressible Love numbers of Ganymede both using the TS
approach and Oceanus. We use the same internal structure as described in the
previous benchmark, except here, ice shell thickness ranges from 80 to 150. We
assume that the hydrosphere is compressible, and the silicate mantle and the core
are assumed to be incompressible. We prescribe Maxwell rheology in the solid
layers. In contrast with the previous benchmark, here, the subsurface ocean is
treated in a hydrostatic approximation; in other words, we neglect the viscous

2We would like to thank Gabriel Tobie for providing us with the results of the TS approach.
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flow in the ocean. Finally, we neglect the Coriolis force, but the inertial terms
are included. The balance of mass and momentum equations for this benchmark
are given as

0

£+U-Vp0+pov-v:0,

ot (2.29)

ov '
POEZV'U—PO(V‘/}‘FVV;,)‘FPQm

where for the solid parts, the constitutive relation is given by the Equa-
tions [2.10| and [2.14] for deviatoric and isotropic parts, respectively. The con-
stitutive relation for the liquid subsurface ocean is given by the isotropic part,
Equation [2.12]

The tidal Love numbers of Ganymede in response to the eccentricity tides com-
puted by Oceanus and the TS approach are shown in the left panel of Figure [2.5
The left panel of Figure shows that Oceanus can consistently reproduce the
results of the TS approach when the ocean dynamics are neglected. We finalize
the benchmarks by showing that we are able to reproduce the compressible Love
numbers of Ganymede with a relative error that is less than 0.1% (right panel of

Figure .
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3. Impact of the core
deformation on the tidal heating
and flow in Enceladus’ subsurface
ocean

This chapter was published as Aygiin and Cadek (2023)) in Journal of Geophysical
Research: Planets.

3.1 Introduction

Enceladus is a small icy moon with a global subsurface ocean. The ocean is
likely to be maintained by tidal dissipation but the data tell us little about how
and where the dissipation takes place. The total internal power of Enceladus is
estimated to be between 10 and 50 GW (for a review, see Nimmo et al., [2018]).
Analysis of the stability of the ice shell suggests that the viscosity of ice at the
contact with the ocean is higher than 3 x 10 Pa s (Cadek et all [2019a). If
this estimate is correct, then the heating rate due to tidal dissipation in the ice
shell is ~ 1 GW (Soucek et al., 2019), which is much less than the heat loss
due to conduction (~ 40GW, Cadek et al. 2019a). This indicates that the heat
necessary to maintain the ocean at the melting temperature is produced in the
core or the ocean itself.

Since the interior of Enceladus is likely to have never been exposed to high
temperatures and pressures, the core may be made of unconsolidated, easily de-
formable, porous rock (Travis and Schubert| 2015; Roberts| 2015). Tidal defor-
mation of such a material is associated with rearrangements of rock fragments,
producing frictional heat that may explain Enceladus’ heat budget (Choblet et al.|
2017; Rovira-Navarro et al.| 2022)).

The amount of tidal heat generated within the ocean is still debated. The
prevailing view is that heating caused by ocean tides is negligible at present but
may have been significant in the past when dissipation could have been enhanced
by resonance effects and /or the thickness of the ocean was strongly reduced (e.g.,
Matsuyama et al) 2018; [Hay and Matsuyama, [2019a). In addition to tides,
dissipation in the ocean can be caused by the turbulent flow response to the lon-
gitudinal libration of the ice shell. Whether this mechanism can provide enough
heat to explain Enceladus’ heat production, as suggested by, e.g., |Lemasquerier
et al.| (2017) and Wilson and Kerswell (2018), will require further examination.

The first models of tidal dissipation in a subsurface ocean were based on the
solution of the Laplace tidal equations (LTE). The studies pointed out the pos-
sible role of inertial waves in the thermal evolution of icy moons (Tyler, 2008,
2009, [2014, 2020) and provided the first estimates of the dissipative heat gener-
ated by oceans on Enceladus, Europa and other icy satellites (Chen et al., 2014}
Matsuyamay, |2014; Hay and Matsuyama) 2017)). The limitation of this approach
was that it was based on two simplifying assumptions: First, the thickness of the
ocean, D, was assumed to be small compared to the outer radius of the ocean,
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R;/,, and second, the upper surface of the ocean was assumed to be free to move.
In reality, neither of these assumptions is true: The ocean on Enceladus is not
shallow (D/R;/, =~ 0.15, see, e.g., (éadek et al., [2016)), (Beuthe et al., 2016) or
(Hemingway and Mittal, [2019))) and its surface is covered with a 20 — 25 km thick
layer of solid ice (Thomas et al., [2016). Beuthe (2016) showed that the ice shell
has a strong stabilizing effect on the tidal flow in the ocean, leading to a significant
reduction of tidal dissipation. In the years that followed, the approach based on
the solution of LTE, but including the dampening effect of the ice shell, was used
to obtain more accurate estimates of dissipative power generated by subsurface
oceans (Matsuyama et al., 2018; |[Hay et al. 2020) and to study the impact of
non-linear bottom drag and ocean thickness variations on tidal dissipation (Hay
and Matsuyama, [2019a; [Rovira-Navarro et al.| 2020).

To date, there are only two studies (Rovira-Navarro et al., 2019; Rekier et al.|
2019)) that have examined the tidal dissipation in a subsurface ocean by solving
the three-dimensional Navier-Stokes equation (NSE). In both studies, the non-
linear term in NSE (v - Vv where v is the flow velocity) is neglected and the
problem is transformed into the frequency domain. The deformation of the ice
shell is assumed not to be affected by the flow of water and is imposed as a
boundary condition at the surface of the ocean. The latter study also takes into
account the deformation of the core and includes the effects of self-gravitation
and libration. The studies carefully analyze the role of inertial modes and agree
that the heat production in Enceladus’ present-day ocean is much smaller than
the heat flux observed by Cassini (Spencer et al., [2018)).

This paper offers an alternative approach to modeling the tidal response of a
planetary body with a subsurface ocean. The approach is different from that used
by |[Rovira-Navarro et al.| (2019) and Rekier et al.| (2019)) in two respects: First,
the tidal response is evaluated not only in the ocean but also in the crust and the
core. In our approach, the equations governing the deformation in different parts
of the body are linked by the boundary conditions guaranteeing the continuity of
the velocity and traction vectors. This allows us to assess the effect of mechanical
and gravitational coupling between the layers on the tidal dissipation process and
specifically to investigate the interaction between the ocean and Enceladus’ weak
core. Second, the problem of tidal deformation is solved directly in the time
domain as an initial value problem, similarly as in the case of thermal convection
(except that the buoyancy force is replaced by the tidal force, see, e.g., Appendix
A in (Kvorka and Cadek, 2022)). Although this approach is computationally
more demanding than the solution in the frequency domain, it makes it possible
to assess, at least in principle, the relative importance of non-linear effects and
resonant interactions. These effects cannot be investigated by standard frequency
domain methods because the response of a non-linear system to a periodic loading
is not necessarily periodic in time. Our approach is also more general than that
of Beuthe| (2016)) and [Matsuyama et al.| (2018) who coupled the flow in the ocean
with the deformation of the ice shell and the core but used the LTE to calculate
the tidal response of the ocean.

Modeling the coupled tidal deformation of an icy moon with a subsurface
ocean and a plastic core is challenging and, therefore, several simplifying as-
sumptions have been made to make the problem more amenable to solution.
The most important one is the assumption that the lower boundary of the ice
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shell is spherical. This assumption is motivated by numerical convenience and
is widely used in studies of subsurface ocean dynamics that employ numerical
tools based on the spectral decomposition of the governing equations. While the
assumption of a constant ice shell thickness may be approximately satisfied in
the case of large, slowly rotating icy moons, such as Titan, it is not valid for
Enceladus where the thickness of ice varies laterally by tens of kilometers (e.g.,
Hoolst et al., 2016 Beuthe et al., [2016; |Hemingway and Mittal, 2019; Cadek
et al., 2016, 2019b)). Although these variations are likely to affect the flow in
the ocean (Rovira-Navarro et al., 2020} |2023; Soderlund et al., [2020; Kang et al.
2022)), most studies addressing Enceladus’ ocean dynamics do not include them
because of the numerical difficulties arising from the implementation of irregu-
lar boundaries in spectral methods (e.g., Beuthel 2016; [Matsuyama et al., |2018;
Rovira-Navarro et al., 2019; |[Rekier et al., 2019; [Soderlund} |2019). One way to
solve problems with complex geometry is to use the finite element method. How-
ever, even though this method has proven to be effective in modeling the tidal
deformation and viscous flow in Enceladus’ ice shell (Soucek et al., 2016, 2019;
Béhounkova et al.l 2017 Cadek et al.,[2019a,b; [Berne et al., 2023)), its application
to the tides in the ocean is still prohibitively expensive due to the fact that the
thickness of the boundary layers in the ocean is much smaller than the character-
istic length scale in the ice shell and, therefore, simulations have to be performed
with a spatial resolution that is significantly higher than that usually considered
in the ice shell.

Another limitation of our approach is that the viscosity of water used in our
model is likely to be higher than the effective viscosity in the real ocean. The
lowest value of the dynamic viscosity, n, that can be achieved in our numerical
simulations is 100 Pa s, which is five orders of magnitude more than the molecular
viscosity of water. Time-domain simulations with n < 100 Pa s place extreme
demands on the numerical resolution needed to represent the velocity field and
will require algorithms that achieve a higher level of parallelization and memory
management. The lowest viscosity used in the 3D frequency-domain simulations
by [Rovira-Navarro et al. (2019) and Rekier et al.| (2019) is about 70 Pa s and
0.2 Pa s, respectively. The effective viscosity of water may be significantly higher
than the molecular viscosity due to the effect of turbulence (e.g., Pope] 2000). On
Enceladus, the turbulent flow may occur because of the convective heat transfer
in the ocean driven by the tidal heating in the core. The effect of turbulence
on the effective viscosity of the water may be further enhanced in the bottom
boundary layer as a result of the hydrothermal circulation in the core (Choblet
et al,|2017)) and the friction at the interface. In any case, the effective viscosity is
likely to vary in space and time depending on the flow conditions and the degree
of turbulence. The model with a constant viscosity should therefore be viewed
as a first-order approximation of the tidal flow in the ocean.

While, for the reasons outlined above, the values of the dissipation rate pre-
dicted by our simulations should be interpreted with caution, the trends inferred
here are generally valid and provide context for further studies in this area. In
particular, we focus on the following questions: How much is the dissipation in
the ocean affected by the deformation of the core? Does the deformation of the
core depend on the thickness and viscosity of the ocean?” How does the velocity
field in the ocean change as a function of model parameters? Is the radial com-
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ponent of the flow velocity significant? What are the validity limits of the LTE
approach, which has been widely used to estimate heat production in subsurface
oceans?

Based on the previous studies (e.g., [Beuthe, 2016} Cadek et al., 2019al), we
assume that the radius of Enceladus’ core is about 190 km, and we vary the
thickness of the ocean to investigate its role in different stages of Enceladus’
evolution. Particular attention is paid to thin (=1 km thick) ocean models that
may be important for understanding the early stage of ocean formation. The
results presented here may also help to clarify the role of tidal heating in the
hypothetical oceans on Mimas (Tajeddine et al., 2014)) and Dione (Beuthe et al.|
2016; Zannoni et al.; 2020) where the core may have material properties similar
to those expected on Enceladus.

3.2 Method

We investigate the tidal deformation of an icy moon whose size and internal
structure are similar to those of Enceladus. We assume that the moon consists
of three layers: a solid ice shell, a liquid water ocean, and a solid core. The tidal
deformation is solved simultaneously for all three layers, while the mechanical
coupling between the layers is achieved by imposing continuity of traction and
velocity at the boundaries. For simplicity, we assume that the boundaries are
spherical, the material forming the moon is incompressible, and the tidal flow
in the ocean is not affected by convective heat transport. The effect of tidal
dissipation on material parameters is neglected. Under these conditions, the
governing equations take the form

V-v = 0, (3.1)

0
p(a:;ﬂtv-Vv) = V-o—2pwxv—p(VV,+VV,). (3.2)

Here, v is the velocity, p is the density, ¢ is time, o is the incremental Cauchy
stress tensor, w is the angular velocity and Vj is the gravitational potential due to

tidal deformation (for details of the calculation, see Appendix A in Cadek et al.|
2021)),

R +u ) Rz o+ui o — .
‘/9 <t7 r, 197 QO) = G / (/ o pi ’I"lzd?"/ + ! ' Po pi 7“/2d7“/
¥ Syl

R r—7r Ri/o r—7r
;O/CM'O/C , _|p / o (3.3)
+ < /0 2 dr’ | sin ' dv’ dy’,
Roe lr — /|

where G is the gravitational constant, r, 9, and ¢ are the spherical coordinates,
Ry, R;/, and R, are the radii of the density interfaces (see Figure and wuy,
Ui/, and u,/. represent the shape changes of the boundaries. Finally, V; is the
eccentricity tidal potential valid to first order in eccentricity (Kaulal 1964),

Vi (t, 7,9, ¢) = r’w’e
3 1
{2P20 (cos ) coswt — ZP22 (cos®) [3 cos wt cos 2¢ + 4 sin wt sin 2@]} ,(3.4)
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where e is the eccentricity, and Py and P} are the associated Legendre functions.
The effect of obliquity tides on the deformation of Enceladus’ ocean is likely to be
small Baland et al.|(2016) and is neglected. The dimensional analysis of Equation
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Figure 3.1: A sketch of the computational domain. Equations f are
solved in a spherical domain made of three shells representing the solid ice crust,
the liquid water ocean, and the solid silicate core. The radius of the core, R/,
is fixed at 194.1 km and the thickness of the ocean, D, is varied from 10 m to
50 km. We assume that the ice shell behaves as an elastic solid, while three
different constitutive models of the core are considered (A-rigid, B—elastic, and
C—viscoelastic). For details regarding the material parameters and the boundary

conditions, see Table and Equations (3.6) and (3.7), respectively.

shows that the Coriolis (2pw X v) and inertial (pOv /0t + pv - Vo) forces can
be neglected in the ice shell and the core. In the ocean, Equation can be
simplified by neglecting the nonlinear term (pv - Vv). The momentum equation
is then linear in v, and since the tidal potential is periodic, the problem can be
solved in the frequency domain (Rovira-Navarro et al., [2019; Rekier et al., [2019).
The simplification is usually justified by the long wavelength of the tidal forcing,
or it is argued that the effect of turbulence can be included in the model by
using the effective (eddy) viscosity. In the present study, the tidal deformation is
modeled in the time domain, which will allow us to assess the relative importance
of the nonlinear effects and quantify the error due to the linearization of the
momentum equation.

The mechanical behavior of all three layers is described by a single constitutive
equation (e.g., Cadek et al. 2017),

100 1
et = Ve (Vo) (3.5)

where ¢ is the deviatoric part of tensor o. Depending on the choice of the shear
modulus p and the viscosity n, Equation describes either an elastic solid
(n — o00), a Newtonian fluid (@ — o) or a Maxwell viscoelastic body. Note
that since the conservation laws, Equations (3.1)) and , are formulated in

terms of the velocity, Hooke’s law, and the Maxwell constitutive equation must
be expressed in terms of the strain-rate tensor.
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Table 3.1: Parameters of the model.

Symbol Parameter Value Unit
R, Radius of the moon 252.1 km
Ri/, Radius of the ice/ocean interface 194.11 —244.1 km
Ry/e Radius the ocean/core interface  194.1 km
e Eccentricity 0.0047
w Angular velocity 5.31 x 107 rads™!
i Density of the ice shell 925 kg m~3
Po Density of the ocean 1000 kgm™3
Pe Density of the core 2350 — 2424 kgm™3
Mo Viscosity of the ocean 102 — 108 Pas
Ne Viscosity of the core

Model A — 00

Model B — 00

Model C 6 x 101! Pas
Lbi Shear modulus of the ice 3.3 x 10° Pa
Lbe Shear modulus of the core

Model A — 00

Model B 10° Pa

Model C 2 x 107 Pa

Boundary conditions are imposed on the reference spheres of radius Ry, R;/,,
and R,/.. Since the deformed surface of the moon is stress-free, the boundary
condition at r = R; can be expressed as follows (Soucek et al.; [2019):

t
o-e. = —pu.ge, = —pger/ v, dt’, (3.6)
0

where u, is the radial component of the displacement, v, is the radial compo-
nent of the velocity, g is the gravitational acceleration, and e, is the radial unit
vector. At the internal interfaces, the velocity and traction vectors are required
to be continuous:

vt = o,

t
[o-e]f = Apu,ge, = Apge,/o v,dt’, (3.7)

where [-]* represents the jump of the enclosed quantity across the interface
and Ap is the density difference (p, — p; or p. — po).

The total heat production of the moon is calculated using the following for-
mula (e.g., Tobie et al., [2008):

1 fto+P r gl ogd 1 ftotP
H=— AVdt = — /2 2. edV dt, 3.8
Ply N 2 Py, NETEE (38)

where P is the rotation period (P = 27 /w), to is an arbitrary time, and V' is
the volume of the moon and é = %(V’v + (Vo)T). In section 3, the lateral vari-
ations of tidal dissipation in the ocean are characterized by the heat production
integrated over the radius Soucek et al. (2019):
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Data collected by the Cassini spacecraft suggest that the ocean is at a depth
of about 20 km below the surface on average (Thomas et al., 2016} Hoolst et al.,
2016) and that the mean ocean thickness is about 40 km (Beuthe et al., 2016}
Cadek et al.; [2016, [2019a). It is likely, however, that the thickness of the ocean
has changed in the past and will change in the future. In order to understand
the role of ocean tidal dissipation in Enceladus’ evolution, we vary the thickness
of the ocean from 10 m to 50 km. The lower bound of the interval corresponds
to the case where the ocean is almost completely frozen but it is mechanically
decoupled from the core by a thin layer of liquid water or partially molten ice.
In all simulations, we assume that the radius of the core is 194.1 km Cadek et al.
(2019a) and we change the thickness of the ocean by changing the radius of the
ice/ocean interface.

We assume that the ice shell behaves as an elastic solid. As shown by [Soucek
et al| (2019) and [Berne et al.| (2023)), the effect of viscosity on tidal deformation
of Enceladus’ ice shell is minor and can be neglected in the first approximation.
Unfortunately, there are presently no observations to constrain the material pa-
rameters of Enceladus’ core. In most of the previous studies on the ocean tides,
the core was assumed to be rigid and its effect on the flow in the ocean was
neglected. However, if the core has never been exposed to high temperatures
and pressures, the core material may still be in an unconsolidated, fragmented
state and may effectively behave as a low rigidity, low viscosity viscoelastic body
(Travis and Schubert|, |2015; Roberts|, 2015; |Choblet et al., 2017; Rovira-Navarro
et al., [2022). If this is the case, the tidal deformation of the core may affect the
flow in the ocean in a similar way as the tidal deformation of the ice shell. Here
we consider three models of the core: A - the rigid core, B - the elastic core with
e = 10° Pa (cf. Roberts, [2015), and C - the viscoelastic core with p, = 2 x 107
Pa and 7. = 6 x 10! Pa s. The parameters of model C are chosen so that the
total heat production of the core is roughly 25 GW (cf. Figure la in (Choblet
et al}, [2017). The parameters of models A-C are summarized in Table [3.1]

Equations — are solved in the time domain using a pseudo-spectral
method similar to that used by Kvorka and Cadek| (2022). The unknown functions
v and o are represented in terms of the generalized spherical harmonic expansions
(e.g., (Golle et al., [2012), truncated at degree ly.. The cut-off degree (. is
chosen so that V(fmax)/V(2) < 1074, where V(¢) denotes the L, norm of the
velocity field at degree ¢, and ranges from 10 to 220 depending on the thickness
and viscosity of the ocean. The coefficients in the harmonic series are discretized
in the radial direction on an uneven grid consisting of 800 Chebyshev nodes (for
an example of the radial resolution, see Figure in Appendix [B.1)). The radial
resolution varies from 1 m in the ocean boundary layers to 1.5 km in the ice shell
and the core. The time derivatives in Equations and are discretized
using the implicit Euler method, while the explicit second-order Adams-Bashforth
method is applied to the Coriolis and non-linear terms. Each simulation is started
from the initial condition v = 0, and the equations are integrated in time until a
periodic solution is reached (cf. [Tobie et al., |2008; Béhounkova et al., 2010). At
each time step, the accuracy of the method is assessed by evaluating the energy
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balance (Patocka et al. 2018). The numerical method was coded in Fortran 90
and tested against the results by [Beuthe (2016) and Rekier et al. (2019), see
section 3.5 and Figure 2.2

3.3 Tidal Dissipation in the Ocean and the Core

a) Model A b) Model B
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Figure 3.2: Heat production in Enceladus’ ocean (a—c) and core (d) as a function
of ocean thickness evaluated for different values of viscosity 7,. Heat production
in the core is shown only for model C since the core in models A and B is treated as
non-dissipative (7.— 00). The solid lines represent models where the deformation
equations are solved in the whole domain (including the solid parts, see section
2), while the colored dashed lines correspond to models where the flow is solved
only in the ocean and the deformation of the ice shell the core is implemented
through boundary conditions Rekier et al.| (2019)). The vertical black dashed lines
indicate the current thickness of Enceladus’ ocean.

Figure[3.2]shows the tidal dissipation in the ocean (panels a—c) and the core (d)
as a function of ocean thickness for different values of ocean viscosity. Comparison
of panels a—c reveals two general trends: (i) The maximum heat production in the
ocean is independent of the viscosity of the ocean but depends on the material
properties of the core (H = 4 GW for model A but 20 GW for model C). The
value of D at which the maximum is reached in less than 2 km and decreases
with decreasing viscosity. (ii) When the ocean thickness is larger than 5 km, the
curves are similar in shape to those obtained by Rekier et al.| (2019) and Rovira-
Navarro et al| (2019). The curves are characterized by several resonance peaks
whose amplitudes increase with decreasing viscosity. The dissipation in the ocean
is less than 0.1 GW and thus insufficient to explain the heat output (> 10 GW)
of present-day Enceladus (D = 38 km).
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The maximum heat production obtained for model A (stiff core) is twice as
high as for model B (elastic core). This somewhat counterintuitive result is due
to the fact that, in the elastic case, the upper and lower boundaries move in
phase, and consequently, the radial deformation of the fluid layer is smaller than
in the case of the rigid core. The parameters of model C are chosen such that
the deformation of the ocean/core boundary is significantly larger than that of
the elastic shell. The Deborah number of the core (75,/P where 73y = 1./ e
is the Maxwell time and P is the rotation period) is about 0.25, implying that
the tidal response of the core is dominated by viscous flow. This, together with
the fact that the response of the core to the tidal force is delayed, results in an
enhancement of the heat production in the ocean (Figure [3.2k). The maximum
heat production is about 20 GW and is attained for a slightly larger value of D
than in models A and B (70 m to 2.5 km, depending on 7,). This suggests that
tidal dissipation in a thin ocean may be sufficiently high to prevent the ocean
from freezing. The thickness of the ocean influences not only the dissipation in

D= 01km 10km 38km 47km
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Figure 3.3: Surface distribution of ocean tidal heating averaged over the tidal
cycle, Equation (3.9)), for different thicknesses (columns) and viscosities (rows)
of the ocean. All heat flux maps are computed for model C and shown in the
Mollweide projection with the sub-Saturnian point at the center. For the sake
of comparison of the heating patterns, each map is scaled to its own maximum
(indicated above the map in mW /m?).

the ocean itself but also in the viscoelastic core (Figure|3. ) When the thickness
of the ocean drops below a critical value, D..;, the heat production in the core
starts to decrease rapidly. The thickness of the ocean at which the drop occurs
roughly corresponds to the thickness at which the dissipation in the ocean reaches
a maximum value (cf. Figure and [3.21). Note that the heat production in
the core for D > D,.;; is the same as the maximum heat production in the ocean,
suggesting that at D ~ D,.;, the role of the core as the main producer of heat

39



D=0.1 km 1 km 5 km 10 km 38 km 47 km

0.02 17.7 12.9 1.98 0.06 0.03
~2EEe

0.20 68.9 . . 0.01
XL L

1.96 20.8 . 0.09
2wl

18.1 3.59 . 0.34
LT

95.9 0.87 0.3
102

w
>
>

0 max

Figure 3.4: As in Figure but in North pole stereographic projection.

is taken over by the ocean. When the ocean thickness is further decreased, the
heat production in the ocean goes to zero, and the total tidal heat production
of the moon approaches a value of 0.25 GW, corresponding to dissipation in a
viscoelastic core surrounded by a shell of elastic ice.

As already mentioned in section 2, our approach is different from the one used
by [Rekier et al.| (2019) in that the deformation equations are solved simultane-
ously in the whole domain (including the solid parts) while Rekier et al. (2019)
first calculate the deformation of the ice shell and the core and then use it as a
boundary condition to compute the flow in the ocean. Comparison of the solid
and dashed lines in Figure (panels a—) shows that the two approaches give
the same heating rates for D > D,.;;, implying that the flow in the ocean has
little impact on the deformation of the ice shell and the core if the ocean thick-
ness is larger than about 2 km. However, the approach where the deformation
of the solid parts is not self-consistently included grossly overestimates the tidal
dissipation in the ocean for D < D,.;;. It is likely that Rekier et al. (2019) antici-
pated this behavior and therefore only considered models where R,,./R;/, < 0.98
(corresponding to D =~ 4 km). The large discrepancy between the two solutions
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suggests that the assumption that the deformation of the ice shell and the core is
independent of the tidal flow in the ocean is not valid for D < D,,;;. This implies
that the mechanical coupling between the ocean and the solid parts of the moon
must be considered when evaluating dissipation in a thin ocean.

The flow induced by eccentricity tides in Enceladus’ ocean yields a wide vari-
ety of heating patterns depending on the thickness of the ocean and its viscosity
(Figures and . For some combinations of parameters 7, and D, the heat
flux distribution is similar to those obtained using the shallow water approxima-
tion (see Figure 4 in Tyler et al.| (2015)) or Figure 7 in |Matsuyama et al.| (2018))).
In most cases, however, the heat flux distribution is rather complex, indicating
that dissipation in the ocean is strongly influenced by three-dimensional flow ef-
fects. The heat flux distribution obtained for D = 47 km and 7, < 10* Pa s,
characterized by a system of concentric circular fringes, is compatible with the
presence of inertial waves discussed by Rovira-Navarro et al. (2019) and Rekier
et al.| (2019).

The spatial distribution of the tidal heat produced in the core is independent
of the viscosity and thickness of the ocean and only differs by magnitude. Similar
to the results of [Roberts| (2015, Figure 3b) and |Choblet et al.| (2017, Figure 1c),
the maximum heat flux is concentrated over the polar regions, reaching the value
of about 70 mW/m? for D > D,y and 0.66 mW/m? when D — 0 (see also

Figure in Appendix [B.1]).

3.4 Velocity Field in the Ocean

A number of studies of ocean tides have been based on the assumption that
the horizontal scale of flow is much larger than the depth of the ocean. Under
this assumption, the trajectories of water parcels are nearly horizontal, the ra-
dial velocity is small compared to the horizontal velocity and the Navier-Stokes
equations can be reduced to a two-dimensional form, called the Laplace tidal (or
shallow water) equations, in which the horizontal velocity is a function of only
¥ and . The equations do not contain the radial component of velocity and
the effect of radial flow on the viscous, inertial, and Coriolis force is neglected
(Tyler, [2008). In this section, we will address the limitations of this approach
and demonstrate the complex structure of the tidal flow in Enceladus’ ocean. We
will follow up on the studies by [Rovira-Navarro et al| (2019)) and [Rekier et al.
(2019) that have investigated the tidal response of a subsurface ocean by solving
the three-dimensional Navier-Stokes equations. However, unlike these studies,
we will present the flow field distribution not in the frequency domain but in the
time domain, and we will examine the importance of the non-linear term in the
momentum equation, which has been neglected in previous research.

In Figure|3.5] we show the velocity field at time ¢ = 0 for models with n, = 100
Pas and D ranging from 0.1 to 47 km. Note that for clarity, the thickness of the
ocean in the visualization is fixed at D = 0.25R,/. ~ 50 km. Inspection of the
figure shows that the assumption of shallow water is well satisfied for D < 1
km but breaks down when D 2 5 km. When D = 38 km (corresponding to
the average ocean thickness at present), the radial and tangential components
are the same size, and the horizontal scale of the flow is comparable with the
thickness of the ocean, suggesting that the shallow water approach is not suitable
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Figure 3.5: Velocity fields (components r,9 and ¢) at time ¢ = 0 obtained for
1, = 100 Pa s and D ranging from 0.1 to 47 km. The fields are normalized to
1 and plotted on a meridional cross-section at longitude ¢ = 0. The maximum
values in mm/s are given on the left-hand side of each cross-section. While the
ratio D/R,. varies from 5.2 x 10~ in panel a to 0.24 in panel f, the thickness of
the ocean in the visualization is fixed at D/R,/. = 0.25 for clarity.

for modeling Enceladus’ ocean tides.

Figure [3.6] shows the same flow models as Figure but in North pole stere-
ographic projection. The velocity fields represented by surface streamlines are
shown at a depth of D/10 below the ice/ocean boundary. A long-wavelength
flow pattern typical of shallow water models is found only for D < 5 km. For
larger values of D, the velocity field is dominated by small-scale concentric flow
loops rotating in the azimuthal direction that cannot be obtained using the stan-
dard shallow water approach.

Previous studies of tidal flow in subsurface oceans have assumed that the
non-linear term in the momentum equation (pv - Vo) can be neglected or its
effect can be simulated by a global increase in viscosity (i.e., by using the eddy
viscosity instead of the molecular viscosity). The problem of tidal flow is then
linear in v, and its solution shows a marked resonant behavior characterized by
a significant increase in the kinetic energy of the flow (e.g., Tyler, [2008). The
question arises as to how much this behavior would be affected by the non-linear
term and, in general, what role turbulence plays in tidal dissipation. One way to
assess whether the flow is turbulent or not is to evaluate the Reynolds number,
Re = p,|v|D/n,, where |v| is the Ly norm of the velocity field. The Reynolds
number is a dimensionless quantity that is used to predict the transition from
laminar to turbulent flow. Turbulent flow occurs when Re > Re. where Re, is
the critical Reynolds number (Re, = 10® — 10*, depending on the geometry of the
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Figure 3.6: Horizontal component of the flow velocity, v — (v - e,)e,, at a depth
of D/10 below the ocean surface computed in different orbital phases (¢t = 0,
0.2 and 0.4 P) for the same models as in Figure The horizontal velocity is
represented by streamlines with colors representing the flow speed. All maps are
shown in the Noth pole stereographic projection.

&

Ocean
viscosity
[Pa s]

Reynolds number

o T I gy

PR e
Qo099 oco00o00
N O U A WNH O HNWSDS

vl |

0.1 1 10
Ocean thickness D (km)
b) [pv - V| [2pw x v| [nV - V| |pOv /Ot
1.510¢ 7.80'6 2.910% 1.210°
7.6107 16104 6.5108 1.310%
A 4.1 (' 3.010* 1.410°
0 max

Figure 3.7: a) The Reynolds number as a function of ocean thickness evaluated
for different values of viscosity 7,. b) Comparison of the terms in the Navier-
Stokes equation near the top and bottom boundaries and in the middle of
the ocean for the model with D = 38 km and 7, = 100 Pa s. The numbers above
the plots indicate the maximum values in N/m?.

system). As shown in Figure , all models presented in this study (n, > 100
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Pa s, D < 50 km) are characterized by low Reynolds numbers (Re < 1000),
suggesting the dominant role of laminar flow. This conclusion is supported by a
direct comparison of the terms in the Navier-Stokes equation, which is obtained

by substituting o from Equation (3.5)) into Equation (3.2)) and setting y=* =0,

where p is the pressure. Figure shows that the non-linear term (pv- V),
which is responsible for turbulence, is small compared to other terms in Equation
(3-10). Extrapolation of the results shown in Figure indicates that the tran-
sition from laminar to turbulent flow occurs when the viscosity 7, drops to about
10 Pa s, presumably leading to an increase of the Reynolds number to 10% — 10%.
We are currently unable to perform time domain simulations for 7, < 100 Pa s
because they place extreme demands on the numerical resolution required to rep-
resent the velocity fields. The problem of whether the turbulent flow can influence
the resonant states predicted by the linearized model thus remains unresolved and
will require further improvements of the numerical method.

3.5 Comparison with the LTE approach

In this section, we compare our approach with that of Beuthe (2016]). To cou-
ple the flow in the ocean with the deformation of the ice shell, Beuthe (2016
formulated the Laplace tidal equations (LTE) as follows:

%?z—plovsp—2wxu+F(u), (3.11)
Oh

o DV u=0, (3.12)

p=Apgh — po (Vi +Vy) — oy (3.13)

Here, u = u (9, ¢) is the depth-averaged velocity, V; is the surface gradient,
h is the radial displacement at the boundary between the ice shell and the ocean,
o, is the radial component of the traction vector at the base of the ice shell, and
F (u) represents the dissipative stress

F(u) = ZOASu — o, (3.14)

where « is the linear drag coefficient, and A is the horizontal Laplace opera-

tor. Unlike the previous studies (e.g., Matsuyama, 2014; Chen et al., 2014; Tyler,

2014)), the approach by Beuthe| (2016) includes the stabilizing effect of the overly-

ing shell, which damps the ocean tides and reduces the tidal heating in the ocean

(see also Matsuyama et al], 2018)). In the following, Equations (3.11)—(3.14)) are
referred to as the modified LTE.

The modified LTE approach differs from our approach, Equations —,

in two ways. First, as already mentioned above, the modified LTE approach does

not include the radial component of velocity and assumes that the horizontal
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Figure 3.8: a) Dissipation as a function of the ocean thickness computed using the
modified LTE approach by [Beuthe (2016, thick solid lines) and the 3D approach
(this study) in which the no—slip boundary conditions were replaced by the free-
slip ones (dashed and dash-dotted lines). Dissipation in the 3D models is obtained
using either Equation or . The violet, blue and red colors represent
different values of viscosity 7,. b) Comparison of 3D free-slip (dash-dotted lines)
and 3D no-slip solutions (thin solid lines) obtained for model A (see Table 1).
Colors are the same as in panel a. All the calculations are performed for model

A,

velocity is a function of only ¥ and ¢ (i.e., du/0r = 0). Second, the modified
LTE approach guarantees that the radial components of the displacement and
traction do not change across the ice/ocean boundary (Equation , but, for
understandable reasons, it imposes no restriction on the horizontal components
(in other words, the boundary is free-slip). In contrast, in our approach, we
assume that the boundary is no-slip and both radial and horizontal components
of the displacement and traction are continuous (Equation [3.7]).

To facilitate the comparison of the methods, we replace the no-slip boundary
condition in our model with the free-slip one and omit the last term in Equation
because the drag coefficient o is not included in our 3D model. The
modified LTE method has been coded in Fortran 90 and tested against the results
of Beuthe (2016). Unlike the original method |Beuthe (2016) where the layer
overlying the ocean is treated as a thin shell, the stress and displacement in the
ice are obtained by solving the standard equations for thick shells (cf. Matsuyama
et al., 2018). The total heat production of the 3D model can be calculated from
Equation . For the sake of comparison with the modified LTE approach, we
replace the velocity v in Equation by the depth-averaged velocity, ©

to+P
2"D/° /e &ds dt, (3.15)
to

where S is the surface of the sphere of radius R;/, and € = 3(V,v + (V,0)7).
Note that ¥ = w in the case of the modified LTE method.
The heat production obtained for the two methods is compared in Figure
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Figure 3.9: Radial variation of the mean flow velocity (a) and heat production
(b) in the ocean for D = 100, 1, = 100 Pa s and ¢t = 0. The violet and green lines
represent the 3D models with the free-slip and no-slip conditions, respectively.

The mean velocity is calculated as \/ Js|v (1,9, ) |>dS while the mean heat pro-
duction is given by 21,57 [sé : édS.

3.8. The calculations are performed only for model A (i.e., the model wiht a
rigid core). Inspection of the figure shows that the level of agreement between
the methods depends not only on the thickness of the ocean but also on the
viscosity of water and on how the dissipation rate of the 3D model is calculated.
Our results indicate that for the low values of the viscosity (n < 100 Pa s), the
modified LTE method is only applicable to models with very thin ocean (D < 2
km). On the other hand, when the viscosity is high (n = 10° Pa s), the modified
LTE method and the 3D method show good agreement over the whole range of
ocean thickness.

The agreement between the LTE and 3D solutions is generally better when
the heat production of the 3D model is calculated from Equation . When
depth variations in velocity are included, i.e., when H is calculated from Equation
(3.8)), the heat production increases and the difference between the modified LTE
solution and 3D solution is significant even for ocean thicknesses as small as 10 m.
The difference is more pronounced for models with a low viscosity ocean, ranging
from a factor of 2 at D < 100 m to a factor of 10° at D = 50 km for n = 100
Pa s. This indicates that depth variations in velocity play an important role in
calculating the tidal heat production even when D/R;,, < 1 (see Figure in
the Appendix . These variations are inherently absent in the modified LTE
solution, casting doubt on the applicability of the LTE method for determining
the dissipation rate in the ocean. It is also worth noting that the dissipation
curves computed for 3D models where the internal interfaces are treated as free-
slip boundaries are significantly different from those computed for 3D models
with no-slip boundaries. To allow for a better comparison between the free—slip
and no-slip solutions, the two sets of curves are shown together in Figure [3.8b.

No-slip is usually considered to be the appropriate boundary condition for a
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viscous fluid in contact with a solid impermeable surface. More generally, the
boundary condition can be expressed as a weighted combination of no-slip and
free-slip boundary conditions:

v, =0, (3.16)
(o-e,) =—av, (3.17)

where the subscripts » and 7 denote the radial and tangential components,
respectively, and « is the drag coefficient, which may depend on the velocity. The
boundary condition (3.17)) reduces to no-slip boundary condition for o — oo and
to the free-slip boundary condition for a = 0. No-slip and free-slip can therefore
be considered as extreme cases.

Unlike the free-slip model, the no-slip model is characterized by the presence
of velocity boundary layers, the thin layers of fluid in the vicinity of the bound-
aries where the flow velocity monotonically increases with the distance from the
boundary (Figure[3.9h). Although the velocity far from the boundary may not be
affected by the type of the boundary condition (i.e., by the presence or absence of
the boundary layer), the dissipation, which depends on the gradient of velocity,
is usually higher for no-slip models compared to free-slip models. Nearly all of
the tidal dissipation in the no-slip models is concentrated in the boundary layers
(Figure 3.9b) and even though the thickness of the boundary layers is small, the
total heat production can be up to six orders of magnitude higher than in the
corresponding free-slip models.

3.6 Conclusion

In this study, we have presented a novel approach to modeling the tidal response
of icy moons with subsurface oceans. The problem of tidal deformation is solved
in the time domain and the flow in the ocean is calculated simultaneously with the
deformation of the core and the ice shell. The main advantage of this approach
is that it makes it possible, at least in principle, to investigate the non-linear
effects associated with turbulent flow. However, this advantage is also its biggest
limitation: Since the time required to reach a stable periodic or quasi-periodic
solution is rather long (~ 100 — 1000 P), the calculations are time-consuming and
at present are only feasible for viscosities that are several orders of magnitude
higher than the molecular viscosity of water.

The method developed here is used to study the tidal flow in the ocean of
Enceladus. In particular, we focus on the role of a highly deformable and dissi-
pative core in ocean dynamics and investigate the mechanical coupling between
the core and the ocean. We show that the amount of tidal heat generated in the
core and the ocean strongly depends on the thickness of the ocean layer. If the
ocean thickness is significantly greater than 1 km, heat production is dominated
by tidal dissipation in the core and the amount of heat produced in the ocean is
negligible. In this case, tidal deformation of the core and crust is unaffected by
tidal currents in the ocean, implying that tidal flow in the ocean can be investi-
gated using the approach by Rekier et al.| (2019) where the deformations of the
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crust and core are computed beforehand and imposed as boundary conditions.
In contrast, when the ocean thickness is less than about 1 km, tidal heating in
the core diminishes and dissipation in the ocean increases, leaving the total heat
production unchanged. The maximum heat production in the ocean depends
only on the material properties of the core and may exceed 20 GW if the core is
highly deformable.

We demonstrate that the flow pattern and the distribution of tidal dissipation
strongly depend on the thickness of the ocean. The radial component of the
velocity is found to be negligible only if the ocean thickness is less than about
5 km, implying that the shallow water approximation (Tyler, 2009} 2020)) is not
applicable to present-day Enceladus. The amount of small-scale content in the
velocity field increases with decreasing viscosity and increasing ocean thickness,
leading to complex patterns of heat flux at the surface of the ocean.

Comparison of our results with those obtained using the LTE approach by
Beuthe (2016) suggests that the shallow water equations corrected for the damp-
ening effect of the ice shell give a reasonable estimate of the horizontal flow
velocity but they fail to predict the correct values of the dissipation rate. The
reason for this is that the solution of these equations cannot, in principle, pro-
vide information about the radial changes of the velocity vector. We show that
these changes play an important role in calculating the dissipation and may be
significant even in the case of a thin ocean.

Extrapolation of our results to realistic (low viscosity) conditions indicates
that the heat production in Enceladus’ present-day ocean is likely to be less than
0.1 GW, corresponding to 0.25% of Enceladus’ total heat loss. This suggests
that the tidal dissipation in the ocean plays a minor role in Enceladus’ heat
budget, which is in agreement with most of the recent studies, except the one by
Tyler| (2020). It is unclear, however, whether such an extrapolation is justified
because the models of ocean tides presented here are characterized by laminar
flow (Reynolds number < 103) while the flow in the real ocean is likely to be
turbulent. Based on our results, we estimate that the onset of turbulence occurs
when the model viscosity drops below 10 Pas, i.e., at a value that is still rather
high compared to the molecular viscosity of water. The reader should be aware
that the results presented here may be affected by the fact that our model does
not include the effect of ocean thickness variations and stratification, which can
significantly enhance the dissipative processes in the ocean.

The question of to what extent the non-linear effects and possible resonant
interactions can influence tidal dissipation in the ocean has not been addressed
in previous studies. Some of these studies (e.g., Tyler, 2014; [Matsuyamal, [2014;
Rovira-Navarro et al., 2019; Rekier et al., 2019) have demonstrated that the so-
lution of the linearized Navier-Stokes equation exhibits strong resonance peaks
occurring when the system is able to store the tidal energy and transfer it into
kinetic energy. However, the increase in the kinetic energy would likely to re-
sult in the onset of turbulence, violating the assumption of linearity, enhancing
the damping properties of the system, and possibly reducing the amplitude of
flow oscillations. Understanding these effects will require a thorough analysis of
tidal flow at small spatial scales. This goal can hardly be achieved without the
development of new numerical tools that will make it possible to perform high
resolution simulations in the time domain. We believe this study is a first step
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towards this goal.
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4. Tidal heating in a subsurface
magma ocean on lo revisited

This chapter was published as |Aygiin and Cadek (2024)) in Geophysical Research
Letters.

4.1 Introduction

Jupiter’s moon lo is the most active volcanic body in the Solar System, with
more than 400 known volcanoes, 150 of which are erupting at any given time
(e.g. Schenk et al. 2001; Radebaugh et al., 2001} [Veeder et all [2012)). Io’s vol-
canic activity is driven by the heat generated by tidal friction caused by its orbital
resonance with Europa and Ganymede (Peale et al. |1979). The average endoge-
nous heat production is estimated to be of the order of 100 TW (e.g. Veeder et al.|
1994; |Spencer et al., 2000; Lainey et al., 2009)), which is significantly more than
the heat output of the Earth.

The dissipative response of the body to tidal forcing is determined by its
internal structure, size and the frequency of forcing. Dissipation of tidal energy
can occur in different ways, in both the solid and liquid regions of the body.
In a solid material, the dissipative properties depend on the elastic moduli, the
viscosity and the anelastic response, while the dissipation in a liquid is controlled
by a single parameter, viscosity, varying with temperature and composition.

Physical models of solid body tides on Io usually assume that most of the heat
is generated in a partially molten layer beneath Io’s lithosphere or in a deeper,
potentially dissipative mantle (e.g. Ross and Schubert), [1985; |Segatz et al., 1988}
Bierson and Nimmo| 2016; Hamilton et al., |2013; Renaud and Henning), 2018;
Steinke et al., |2020; Kervazo et al., 2021). The presence of a partially molten
layer in Io’s upper mantle is predicted by the models of magmatic heat transfer
(e.g. Moore, 2001} 2003; Steinke et al., 2020} Spencer et al., 2020)) and is consistent
with the estimates of eruption temperatures indicating that a substantial portion
of Io’s mantle is partially molten, with porosity between 3%-25% (Keszthelyi
et al., |2007).

An alternative model to explain Io’s heat output has been proposed by Tyler
et al.| (2015). The model assumes that the tidal heating is concentrated in a
hypothetical magma ocean that is approximated by a fluid layer. The main
difference between the solid and fluid tides is that the tidal deformation of a
fluid layer is affected by the Coriolis force, an effect that is negligible in solid tide
models. (Tyler et al.| (2015]) shows that fluid-tide models predict different patterns
of tidal heating than solid-tide models and can explain Io’s heat production over
a wide range of plausible parameters.

The existence of a magma ocean on lo was predicted by Peale et al.| (1979),
shortly before the Voyager 1 mission discovered Io’s active volcanism (Smith
et al.,|[1979). At the same time, the mission revealed mountains with elevations of
~ 10 km, suggesting that Io must have a cold lithosphere (O’Reilly and Davies,
1981) that is significantly thicker than that proposed by Peale et al.| (1979).
Although the concept of a mushy magma ocean was supported by geological
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analysis (Keszthelyi, |1999), some scientists remained skeptical and argued that
heat transport by melt segregation would lead to rapid cooling, reducing the
melt fraction and preventing the formation of a magma ocean (e.g. Moore, [2001]).
The question of whether Io has a magma ocean was reopened in 2011 when
Khurana and co-workers analyzed the magnetometer data collected by the Galileo
spacecraft near Io and showed that the data were consistent with the presence of a
global conductive layer. Taking into account the electrical properties of partially
molten rocks, [Khurana et al.|(2011) interpreted this layer as a magma ocean with
a thickness exceeding 50 km and a rock melt fraction of a few tens of percent.
However, this model was challenged by [Roth et al.| (2017) and [Blocker et al.
(2018) who argued that the interaction of the Jovian magnetosphere with lo’s
plasma environment is a more likely explanation than a magma ocean. Recently,
Miyazaki and Stevenson| (2022)) have explored the steady state of a solid layer with
a high melt fraction (“magmatic sponge” with porosity >0.2). They showed that
for a wide range of parameters such a layer would be unstable and it would swiftly
separate into two phases, leading to the formation of a subsurface magma ocean.
Such an ocean would likely contain some amount of crystals but it would behave
rheologically as a liquid. The existence of a magma ocean does not contradict
the results of [Roth et al. (2017) and Blocker et al. (2018) because the magma
layer may be relatively thin (~1-10 km) and the magnetic induction signal from
Io’s interior may be weak compared to the magnetic field perturbations caused
by the plasma interaction with Io’s asymmetric atmosphere. The presence of a
magma ocean on lo has recently been supported by new observations by the Juno
spacecraft, which show that Io’s hot spots are more or less evenly distributed
over the surface, but polar volcanoes emit less energy than volcanoes at lower
latitudes (Davies et al., [2024). Such a heat flux distribution cannot be explained
by tidal dissipation in the deep interior, but it is consistent with the presence of
a global magma ocean and/or shallow asthenospheric heating (Tyler et al., 2015}
Matsuyama et al., 2022, e.g.).

In this study, we investigate the tidal dissipation in Io’s hypothetical magma
ocean using a new approach based on the solution of the three-dimensional Navier-
Stokes equations. Unlike the study of [Tyler et al.| (2015), where the mechanical
coupling between the ocean and the solid parts of the moon was neglected, the flow
in the ocean is calculated simultaneously with the deformation of the lithosphere
and the sub-oceanic mantle. The resulting maps of tidal dissipation are compared
with the geological evidence and the possible role of a magma ocean in Io’s thermal
evolution is discussed.

4.2 Method

The models presented in this paper were obtained by solving the following set of
equations:

d
V-a—2pw><v—pV(Vt—|—Vg):pd—;), (4.1)
V.-v=0, (4.2)
1 4 s 1004
—od — = 4.
?70' Vv — (Vo) +M T 0, (4.3)
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where o is the incremental stress tensor, p is the density, w is the angular fre-
quency, V; is the tidal potential, V, is the gravitational potential due to the
deformation, t is the time, v is the velocity, o¢ is the deviatoric part of o, 7 is
the dynamic viscosity, p is the shear modulus and 7 denotes the transpose of
a tensor. Equation [4.1] is the momentum equation including the Coriolis force
(—2pw X v) and the time-varying tidal potential (Kaulal, 1964),

Vi(r, 0, 6,t) = Viao(r, ) Pao(cos 0)+V (1, 1) Paz(cos 8) cos 2¢+

4.4
Viiga(r, 1) Pag(cos 0) sin 2¢. (44)

Here, r, 6 and ¢ are the spherical coordinates, Py, and P,y are the associated
Legendre functions, and

3 3 .
Vioo = §r2w26 coswt, Vi = —ZTQwQe coswt, Vi = —r*wlesinwt, (4.5)

where e is the eccentricity and w is the angular speed. The effect of the obliquity
tides has been neglected (Baland et al., [2012). Equation is the continuity
equation for an incompressible flow. Finally, equation [4.3|is the Maxwell consti-
tutive law for a viscoelastic body expressed in terms of velocity v. In the case
of © — oo, the equation reduces to a constitutive relation for a Newtonian fluid.
We assume that the surface of the moon is free to move, the velocity and traction
vectors are continuous at the internal interfaces and the core is in hydrostatic
equilibrium.

Equations are solved in the time domain using the semi-spectral
method developed by Aygiin and Cadek (2023). The spherical harmonic expan-
sions are truncated at degree 20-200 depending on the viscosity of the magma
ocean, while the spherical harmonic coefficients are discretized in 800 unevenly
spaced radial points. The radial resolution ranges from 1 m to 50 m in the magma
ocean and from 100 m to 4 km in the rest of the mantle. Tidal dissipation (heat
power per unit volume) is calculated using the formula

1 [totP gl g

h(r,0,¢) = — dt, 4.6

o0 =5 [ (16)

where P is the rotation period, ty is an arbitrary time and the symbol : denotes
the Frobenius inner product (afjafj in the Cartesian components). Equation

can be used to calculate tidal dissipation in both liquid and solid phases, provided
that the solid is represented by a Maxwell viscoelastic model (Soucek et al., 2016,
see section 5 in SI). The total dissipation or the total heat production, H, is
calculated as the integral of h over the volume of the magma ocean. The spatial
distribution of dissipation in Io’s magma ocean is presented in the form of maps
showing the heating h integrated over the thickness of the ocean (“tidal heat
flux”),

1 [Bm 9
06,9) = 7 [ (6.0} (47)
where R,, and d are the outer radius and the thickness of the magma ocean,

respectively.
The modeling approach used here is different from that used by [I'yler et al.
(2015) in two main respects. First, the tidal response of the magma ocean is
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calculated by solving the three-dimensional (3D) Navier-Stokes equations, while
Tyler et al. (2015) used the Laplace tidal equations (LTE) where the tidal flow
is described as a barotropic two-dimensional sheet flow. Second, the response
of To to tidal loading is calculated not only in the magma ocean but also in the
lithosphere and the sub-oceanic mantle, which allows us to precisely quantify the
mechanical and gravitational coupling between the three layers.

Our method is also more general than the methods used in studies investi-
gating the tidal response of water ocean worlds (e.g. [Beuthe| 2016; Matsuyama
et al., 2018} Rovira-Navarro et al., [2019; Rekier et al., [2019). To couple the flow
in the ocean with the deformation of the crust, Beuthe (2016) and Matsuyama
et al.| (2018]) proposed to solve the LTE together with the equations governing the
viscoelastic deformation of the overlying shell. Although their method is similar
at first glance to our approach, it differs from it in that the boundaries of the
ocean are treated as free-slip surfaces and the flow velocity does not change with
radius. As recently shown by |Aygiin and Cadek (2023)), the method by Beuthe
(2016)) correctly predicts the radially averaged flow in a thin ocean layer but can
lead to biased estimates of tidal heating. Unlike Beuthe| (2016), Rovira-Navarro
et al.| (2019) and [Rekier et al.| (2019) determine the dissipation rate in the ocean
by using the 3D Navier-Stokes equations, but assume that the deformation of the
crust is not affected by the flow in the ocean and can therefore be imposed as a
boundary condition at the surface of the ocean. However, this assumption is valid
only if the thickness of the ocean layer is greater than about 0.01R,, ~ 15 km, i.e.,
outside the thickness range considered in the present study (Aygin and éadek,
2023).

The density structure of Io is chosen to match the total mass (8.9319-10?2 kg)
and Mol factor (0.37685, Anderson et al., 2001) and to satisfy constraints on
its material composition (Anderson et al.; 1996b). The upper boundary of the
magma ocean is set to a depth of 30 km and the thickness of the ocean is varied
from 100 m to 10 km. We assume that the magma behaves as a Newtonian liquid
and its viscosity is constant throughout the ocean. The viscosity of the magma
ranges from 100 Pas (hot mafic magma) to 107 Pas (low-temperature magma
with solid crystals suspended in the liquid phase, see, e.g., [Philpotts and Ague
(2009)). For simplicity, we assume that the density of the magma is the same as
the density of the mantle (for details, see Table in the Appendix [B.2).

The lithosphere and the mantle below the ocean are assumed to behave as
a Maxwell viscoelastic solid. Since the main focus of this study is to examine
tidal heating in a hypothetical magma ocean, the material parameters of the
lithosphere and the sub-ocean mantle are chosen so that the tidal heat production
outside the magma ocean is much smaller than Io’s current heat output.

4.3 Results

As illustrated in Figure the tidal flow in the magma ocean produces a wide
variety of heating patterns and even small changes in ocean thickness can lead to
order of magnitude changes in the total heat production. The heat flux distribu-
tions are symmetric about the equator and most of them, but not all, also about
the tidal axis. The heat flux patterns are dominated by dissipation at low lati-
tudes, typical of fluid models. The highest heat production (> 10* TW) is found
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Figure 4.1: Distribution of tidal dissipation in the magma ocean, equation
evaluated for different thicknesses and viscosities of the ocean (Mollweide equal-
area projection centered on 180° W longitude). The numbers above each map
represent the total heat production of the magma ocean in TW.

in the case where tidal heating is concentrated in an equatorial zone at latitudes
below 30°. This equatorial zone is clearly separated from the low-dissipation re-
gions at higher latitudes and its position shows a remarkable correspondence with
Io’s yellow bright plains (see Figure 4.2 below |Williams et al, [2011). The purely
zonal character of dissipation (i.e., independent of the longitude) is unusual in
the context of eccentricity tides and, to our knowledge, has not been reported in
previous studies of tidal flow in subsurface (water or magma) oceans (e.g.
et al., 2014} Tyler et al., [2015; [Matsuyama et al., [2018, [2022; Hay and Matsuyamal,
2019al), except for a study including the moon-moon tidal interaction (Hay et al.
2020, based on the communication with Hamish Hay). Although the zonal dis-
tribution of dissipation is obtained for models with a thin ocean (d ~ 1 km), the
velocity field has a strong radial component (v,/vg = v, /vy ~ 0.2) that cannot
be found by solving the LTE. The dependence of tidal heating on the thickness
of the ocean and the viscosity of magma is shown in Figure [£.2h. Inspection of
the figure shows that the heat power of ~ 100 TW (Io’s observed heat output)
is exceeded over a wide range of magma viscosities and ocean thicknesses, with
maximum values achieved for d ~ 1 km and 7 between 10> and 10* Pas. When
d is significantly larger than 1 km, the 100 TW limit can only be achieved for
n > 10* Pas. The results in Figure are qualitatively similar to those obtained
from the solution of the Laplace tidal equations (Figure 4a in Tyler et al.| |2015])
but they differ in three minor respects: First, the ocean thickness for which the
maximum dissipation is reached is about twice the value predicted by
(2015)), second, no dissipation maxima are found for d < 1 km and third, the
dissipation in the ocean vanishes when d — 0. As illustrated in Figures 4.2b and
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¢, the models of magma ocean tides cannot explain the observed distribution of
Io’s hot spots. Most of the models satisfactorily explain the hot spots at latitudes
below 50° but do not account for hot spots in the polar regions.

The tidal heating models discussed above were obtained under the assumption
that Io’s solid layers are only weakly dissipative. In the Appendix [B.2, we also
show the results obtained for the case where the magma ocean is underlain by a
100-km thick, low viscosity “magmatic sponge” layer. Comparison of Figure |4.1
with Figure in Appendix indicates that the total dissipation in the ocean
is only weakly sensitive to the viscosity of the sub-oceanic mantle.

The origin and the distribution of tidal heating within Io’s interior remain a
subject of debate. The question could, in principle, be answered by a dedicated
mission making close flybys of Io and providing new information about Io’s gravity
signature. Bierson and Nimmo| (2016) have demonstrated that the tidal Love
number ko of To is highly sensitive to the presence of a fluid layer beneath the
surface. The value of ks should be about 0.5 for Io with a fluid magma ocean
and 0.1 if Io’s mantle behaves as a solid (see also Kervazo et al., 2022). The first
value should be regarded as a rough estimate because it was obtained under the
assumption that the dynamic effect of the tidal flow in the ocean can be neglected.

In the absence of a fluid magma ocean, the gravitational response of Io to
tidal forcing can be expressed as V,(a,0,¢,t) = koVi(a,0,¢,t — Aty), where a
is Io’s radius, V; is the tidal potential (equation and Aty is the time lag.
The response is described by only two parameters, ko and Aty. If To has a fluid
magma ocean, the tidal deformation generates a degree-2 flow in the ocean, which
is further modulated by the Coriolis effect. Depending on the parameters of the
model, the resulting flow can deform the surface and internal density interfaces,
generating a gravitational signal that is much more complex than in the case of a
solid body. The gravitational response at degree 2 varies with the harmonic order
and is described by six parameters, koo, kSy, k39, Alag, AtS, and Ats,, which can
be determined from the following equations (cf. equation :

Voaola,t) = kaoVigo(a,t — Aty), (4.8)
Vgc,Qz(aa t) = k§2X/;f22(a,t — AtS,), (4.9)
gs,22(a’t) = k3 t:g22(a?t — At3,), (4.10)

where V20, V9 and V5, are the coefficients of the gravitational potential in-
duced by tidal potential coefficients V; o0, V%, and V%, respectively.

In the case of solid-body tides, kog = kS, = k35 = ko and Aty = AtS, =
At5, = Aty. On the other hand, if Io has a magma ocean, the degree-2 Love
numbers and time delays can significantly vary with the order (m = 0,2). While
koo increases with the increasing ocean thickness, reaching a maximum of 0.85
for d = 10 km and n = 3 - 10° Pas (Figure [4.3h), kS, and k3, (Figure [4.3p,c) are
strongly affected by the Coriolis effect and correlate with the total heat production
(cf. Figure[4.2h). The maximum values of k5, and k3, are about ten times greater
than the maximum value of koy. Large differences are also found between Atyy on
one side and AtS, and At5, on the other. The values of the tidal Love numbers
and time lags corresponding to lo’s current dissipative power (=~ 100 TW) are
shown by the red lines. If the ocean thickness is small and /or the magma viscosity
is high, ko = kS, = k3, < 0.1 and Aty =~ At§, =~ At3, < 2 h, suggesting that,
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Figure 4.2: a) Total heat production in the magma ocean as a function of ocean
thickness and magma viscosity. The contours plotted in blue correspond to Io’s
present-day heat production (100 TW). b) Heat flux map calculated for n = 10°
Pas and d = 10 km. While the total heat production (96 TW) is compatible with
the observation, the dissipation pattern shows no relationship with the current
distribution of hot spots (blue circles), as only a half of the hot spots are located
in a region of higher-then-average heat flux. c¢) Heat flux map corresponding to
the model with the highest dissipation (2.1 -10* TW). In this case, only about
35% of hot spots are located in high dissipation regions. d) Geological map of To
(Williams et al., 2011). For the sake of comparison with the geological map, the
tidal heat flux in panels b and ¢ is shown in the equidistant cylindrical projection.
The color scale is the same as in Figure The locations of hot spots are taken
from table S1 in Davies et al.| (2024).
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in this case, the presence of a magma ocean has little effect on the large-scale
deformation of the lithosphere.

4.4 Discussion and conclusions

Our results confirm the conclusion of [Tyler et al. (2015 that the tidal heating
in a fluid magma ocean can explain Io’s observed heat production over a broad
range of magma viscosities and ocean thicknesses. Compared to the studies using
the LTE method (Tyler et al. 2015; [Matsuyama et al., 2022), the solution of
the Navier-Stokes equations is characterized by a greater variety of heat flux
patterns, which vary depending on the parameters of the ocean. The highest
heat production is found for models with a thin (~1 km thick) fluid layer and
low (< 10% Pas) viscosity. The total heat production decreases with the ocean
thickness (Figure [1.2h) suggesting that the thickness of the ocean (if it exists) is
likely to be less than ~10 km. An extrapolation of the results indicates that a
thick (~50 km) magma ocean is only weakly dissipative unless the viscosity of
magma is higher than 10® Pas.

It is tempting to speculate that the formation of a magma ocean may have
been triggered by a temporary increase in lo’s eccentricity (Hussmann and Spohn,
2004)), resulting in the enhancement of tidal heating and an increase of porosity
in a magmatic sponge. The subsequent formation of a shallow (~ 0.1 — 1 km
thick) magma ocean (Miyazaki and Stevenson, 2022) led to a sharp increase of
the tidal dissipation rate in Io’s interior, especially at low (< 30°) latitudes (Fig-
ure ). Due to a positive feedback between temperature and tidal dissipation,
the magma production rate was faster than the rate of magma extraction, lead-
ing to an increase in the magma ocean thickness and a gradual change in the
dissipation pattern (Figure . Since dissipation in the ocean decreases with
the ocean thickness (Figure 2a), the total heat production gradually stabilized at
the present level. A subsequent decrease in eccentricity did not necessarily lead
to the disappearance of the ocean because once the ocean is formed, the heat
production in the magma layer is high enough to maintain it in a liquid state.

The question of whether present-day Io has a magma ocean or not is difficult to
answer. It is usually assumed that the Io’s volcanic activity should be correlated
with the distribution of tidal heating. Magma ocean models (Figure predict
enhanced tidal heating at low latitudes and low tidal heating in the polar regions.
However, new data from the Juno mission indicate that the density of hot spots
does not decrease towards the poles (Zambon et al.; 2023; Davies et al., 2024]),
in contrast to previous data sets where most of the hot spots were located at low
latitudes (e.g. |Davies et al., 2015)). The low correlation between the hot spots
and the predicted tidal heating at high latitudes does not necessarily mean that
there is no magma ocean on lo. If the ocean is global (i.e., if the magma is
stored in a global continuous reservoir), the melt is present everywhere beneath
the lithosphere, and the amount of magma that gets to the surface then depends
on the local conditions, rather than on the distribution of tidal heating. In
other words, volcanic eruptions can occur at any location where conditions in the
lithosphere are favorable for the ascent of magma (Crisp, |1984;|Jaeger et al., 2003}
de Kleer et al. 2019). New observations of Io’s thermal emission by the Juno
spacecraft Jovian Infrared Auroral Mapper suggest that polar hot spots emit less
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Figure 4.3: Tidal Love numbers (a—) and time lags (d—f) as functions of the

ocean thickness and magma viscosity. The blue lines correspond to models with

a heat output of 100 TW. The contour interval in panels a—c is 0.1 if the Love

number is less than 1.5 and 0.5 if the Love number is greater than or equal to

1.5. The contour interval in panels d—f is 2 hours.

energy than hot spots at lower latitudes (Davies et al. [2024). This finding is
consistent with the presence of a magma ocean, although enhanced tidal heating
at low latitudes can also be predicted by models with a dissipative asthenosphere
(e.g. Tyler et al 2015; Kervazo et all [2021; Matsuyama et al. [2022).

Another possible explanation for hot spots in polar regions is the tidal heat-
ing in the solid sub-oceanic mantle (Tyler et al), 2015)). Unlike dissipation in
a liquid ocean, which is concentrated at low latitudes, dissipation in the deep
mantle mainly occurs near the poles (e.g. and, therefore, it can
compensate for the decrease in ocean tidal heating at high latitudes. If this is
the case, the current distribution of hot spots on Io results from the combined
effect of solid and fluid tidal dissipation (see also Figure in Appendix .
However, the question is whether the heat flux obtained in this way is physically
meaningful because the temperature field in Io’s deep mantle is likely to be af-
fected by convection (Tackleyl 2001bla) and the heat transfer between the solid
mantle and the liquid magma ocean can be modulated by the solid-liquid phase
transition (e.g. Labrosse et al., 2018)). As shown by |Steinke et al.| (2020), mantle
convection tends to significantly reduce the lateral temperature signal, depend-
ing on the thickness of the convective layer, the viscosity and the mode of heat
transfer. Finally, it is possible that the magma ocean has a variable thickness
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and may even be absent in some areas. Dissipative behavior of such an ocean is
difficult to predict but it is likely that tidal heating would strongly vary laterally
and would be affected by regional resonance effects.

Bierson and Nimmo (2016) suggested that the presence of a fluid magma
ocean on lo could be detected by measuring the tidal Love numbers. Our results
indicate that if tidal heating preferentially occurs in a magma ocean and the total
heat production is about 100 TW, then the degree-2 Love numbers are either less
than 0.1 if d < 2 km (i.e., about the same as in the case of solid tides) or greater
than 0.7 if d > 2 km. While in the former case, kS, ~ k3, ~ koo, in the latter
case, k5, and k3, are twice as big as kgo. In both cases the time lag is less than
2 hours. The fact that the tidal Love numbers are not sensitive to the presence
of a liquid magma ocean if the ocean thickness is small needs to be taken into
account in future analyses of Io’s gravity signature.
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5. Love numbers for Io with a
magma ocean

This chapter was published as |Aygiin and Cadek (2025) in Icarus.

5.1 Introduction

The heat power produced by tidal dissipation in Io’s interior is estimated to be
about 100 TW (Moore et al.; 2007; Lainey et al [2009). Dissipation can occur
in the whole silicate mantle or it can be concentrated either in a partially molten
layer beneath the lithosphere (hereinafter referred to as “the asthenosphere”),
or in a liquid “magma ocean”. New data from the Juno mission show that Io’s
hotspots are more or less evenly distributed over the surface but volcanoes at
low latitudes emit more heat than volcanoes in polar regions (Davies et al., 2024}
Pettine et al., 2024). As shown by numerical models, such a heat flux pattern is
typical of tidal dissipation in a shallow liquid or solid layer, while the dissipation
in the deep interior is characterized by the increase of the heat flux towards the
poles (Tyler et al., 2015; Hay et al., 2020; Kervazo et al., |2021; [Matsuyama et al.,
2022)).

The asthenosphere can contain a significant fraction of melt but it acts as a
solid on the macroscopic scale and its tidal deformation is usually modeled in the
framework of the linear viscoelastic theory. In contrast to the asthenosphere, the
magma ocean acts as a viscous liquid although it can contain some amount of
crystals. The flow of the magma can be affected by the Coriolis effect and may
exhibit resonances characterized by a significant increase of the kinetic energy
and dissipation (Tyler et al., [2015; [Hay et al., 2020| 2022; Aygiin and éadek,
2024)). Resonance occurs when the ocean is able to absorb the tidal energy and
transfer it into the kinetic energy of tidally-induced inertial and gravity waves
(for a detailed discussion of this effect, see, e.g., Rovira-Navarro et al., 2019).
The evaluation of tidal dissipation in the magma ocean requires the solution
of the Navier-Stokes equations (NSE) or the Laplace tidal equations (LTE) if
the horizontal length scale is much greater than the vertical length scale (for a
comparison of the two approaches in terms of energy dissipation, see, e.g., Aygtn
and Cadek (2023)). It is worth noting that, in the last two decades, the tidal
flow in subsurface liquid oceans has been intensely studied in the context of icy
satellites. The LTE approach was used, e.g., by [Tyler (2008), Chen et al. (2014),
Beuthe| (2016)), Matsuyama et al.| (2018), |Hay and Matsuyama/ (2019a)) and [Hay
et al. (2020)), while three-dimensional models of tidal flow based on the NSE
approach were presented by |[Rovira-Navarro et al,| (2019), [Rekier et al.| (2019)
and |Aygiin and Cadek! (2023).

Numerical simulations of tidal dissipation provide important constraints on
the thickness and the material parameters of the dissipative layer, but they do
not tell us which hypothesis is correct, as both models can explain Io’s observed
heat output (Tyler et al., 2015; Kervazo et all [2021; Aygiin and éadek, 2024).
The presence of a global partially or fully molten layer can, in principle, be
detected by satellite magnetic measurements because the electrical conductivity
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of the melt is significantly higher than that of the solid rock. Based on the
analysis of the magnetometer data collected by the Galileo spacecraft near lo,
Khurana et al.| (2011]) suggested that there exists a global conductive layer with
a thickness over 50 km and a rock melt fraction of a few tens of percent (for an
alternative interpretation of the data, see Roth et al| (2017) and Blocker et al.
(2018))). However, the model of |Khurana et al.| (2011)) does not tell us whether
this layer is a partially molten solid (a “magmatic sponge”), or a liquid magma
ocean, or a combination of both, for example, a thin layer of liquid magma above
a partially molten asthenosphere (Miyazaki and Stevenson, 2022). The concept
of a thin (<10 km) magma ocean has recently been supported by the numerical
simulations of the flow in Io’s magma ocean, which indicate that a 50 km thick
magma ocean with realistic viscosity cannot explain the observed heat power of
~100 TW (Aygiin and Cadek, 2024). On the other hand, if the thickness of
the liquid layer is less than about 2 km and the viscosity of the magma is less
than 10* Pas, the tidal dissipation in the ocean can be strongly enhanced by a
resonance phenomenon, leading to a much larger heat power (103-10* TW) than
the present one

The degree of melting in Io’s interior can be estimated from the temperature
of the erupted magma. The interpretation of Galileo data suggested eruption
temperatures up to 1450 °C (Keszthelyi et al., [2007), indicating either very high
degrees of melting, refractory source regions, or intensive viscous heating on as-
cent (Spencer et al., [2020)). High eruption temperatures are compatible with the
concept of a mafic ocean (Breuer et al., [2022) but they can also be explained by
a model that assumes that the hot magma originates in a refractory lower mantle
(Spencer et al., 2020).

A promising way to address the ambiguity outlined above is to measure the
response of Io to the external forces and torques. The main difference between
the solid and liquid tides is that the flow in a fluid layer is affected by the Coriolis
force, an effect that is negligible in a solid layer. The presence of a liquid magma
ocean can weaken the mechanical coupling between the lithosphere and the sub-
oceanic mantle, leading to a stronger gravitational response of the lithosphere
to tidal forcing and a larger libration amplitude compared to the case without
an ocean (Bierson and Nimmo), 2016; Hoolst et al 2020)). The variations of the
gravitational potential due to diurnal tides can be measured by radio science
instruments during a spacecraft flyby and are usually expressed in terms of the
tidal Love number k3. Previous modeling studies have suggested that ko < 0.1 if
the silicate mantle is solid (Bierson and Nimmo), 2016 Kervazo et al., 2022) and
greater than about 0.5 if Io has a magma ocean (Bierson and Nimmo), 2016; [Hoolst,
et al., 2020} |[Kervazo et al., 2022). However, the latter value should be taken with
caution because it was obtained under the assumption that the dynamic effect of
the tidal flow in the magma ocean is negligible.

Aygtin and Cadek (2024) have recently used the NSE approach to study the
tidal deformation of Io with a thin (0.1-10 km) magma ocean located at a depth
of 30 km. Varying the thickness of the ocean, d, and the viscosity of the magma,
7, they found that the observed heat power of 100 TW can be explained either
by models with d < 2 km and n > 10° Pas (satisfying the relationship d =
0.014n°32, where d is in km) or by models with d > 2 km and 1 < 10° Pas
(d = 0.72n%2?3). The models of the first group predict ky < 0.1 and therefore
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cannot be distinguished from models with a solid asthenosphere. The models
of the second group predict ks > 0.7 and the gravitational signal is affected by
the Coriolis effect, which is negligible in solid tide models. The Coriolis effect is
manifested by the dependence of ky on the harmonic order and by the nonzero
spherical harmonic coefficients of the gravitational potential at degrees higher
than 2 (see also |Hay et al., 2022). The ratio kq2/kag, where the second subscript
denotes the harmonic order, ranges from 1 to 1.5 for the models predicting the
observed heat power of 100 TW but can exceed 5 if the amplitudes of the tidally-
induced waves are amplified by resonance and the total power is greater than 103
TW.

The data collected by the Juno spacecraft during two recent flybys of Io has
allowed, for the first time, to quantify Io’s tidal deformation. The analysis of
the data by [Park et al. (2024a) reveals that ko is about 0.125, suggesting that Io
does not possess a shallow global magma ocean and has a mostly solid mantle.
Although the observed ky can also be explained by a thin (< 2 km) magma
ocean, as suggested by |Aygiin and Cadek (2024), this possibility is viewed as
unlikely because it would contradict the existence of Io’s long-wavelength surface
topography (White et al., 2014]). While the existence of a shallow magma ocean is
unlikely, |Park et al.| (2024a) demonstrate that the observations do not exclude the
possibility that a magma ocean exists in the deep mantle, at a depth of > 320 km.
Such an ocean might resemble the magma ocean formed at the base of the mantle
early in the Earth’s history, but it is unlikely that it could be the source of Io’s
volcanic activity.

In this study, we build on our previous work to examine how Io’s gravitational
response to tidal forcing depends on the thickness of the solid layer above the
ocean and how much it is affected by the Coriolis force, an effect that was not
included in the study of Park et al| (2024a). Unlike the study of Aygin and
Cadek (2024)), which focused on a shallow magma ocean, we compute the ko Love
numbers and phase lags for models with a magma ocean located at a depth of
up to 400 km and demonstrate that the presence of a deep magma ocean can be
constrained by comparing degree 2 zonal and sectorial Love numbers.

5.2 Method

We investigate the deformation of a moon subjected to diurnal eccentricity tides.
The moon consists of four layers: a lithosphere, a liquid magma ocean, a solid
sub-oceanic mantle, and a liquid core. For simplicity, we assume that the material
forming the moon is incompressible, the interfaces between the layers are spherical
and the effect of viscous flow in the core on the tidal deformation is negligible. The
deformation of the moon is obtained by simultaneously solving the Navier-Stokes
equations in the magma ocean, the equations governing the viscoelastic response
in the lithosphere and the sub-oceanic mantle, and the Poisson equation for the
gravitational potential in the whole computational domain (for details, see Aygun
and Cadek| 2023). The surface of the moon is free to move and the boundary
conditions at the internal boundaries are formulated to ensure the continuity of
the traction and velocity vectors. The problem is solved in the time domain by
the semi-spectral method developed by |Aygiin and Cadek (2023). Depending on
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Figure 5.1: Sketch of Io’s structure. The magma ocean is described by three
parameters: the depth to the ocean, [, the thickness, d, and the viscosity of the
magma, 7.

the thickness and viscosity of the magma ocean, the spherical harmonic series are
truncated at degree and order 20-200. The coefficients in the harmonic series are
discretized in the radial direction on an uneven grid consisting of 800 Chebyshev
nodes. The radial resolution ranges from 1 m to 50 m in the magma ocean and
from 100 m to 4 km in the lithosphere and the sub-oceanic mantle.

The lithosphere and the sub-oceanic mantle are treated as a Maxwell vis-
coelastic material. The viscosities of these two layers are set to 10** Pas and
10%° Pas, respectively, while the shear modulus is fixed at 60 GPa. The density
profile is similar to that used by Kervazo et al.|(2021). We assume that the crust
is 30 km thick and has a density of 3000 kg/m3. The density of the core is set to
5165 kg/m?, in agreement with the Fe-FeS composition (Anderson et al., [1996b)).
The density of the mantle (3272 kg/m?®) and the radius of the core (950 km) are
determined to match the total mass and the MOI factor (Anderson et al., [2001]).

The magma ocean is characterized by three parameters: the thickness, d, the
viscosity of the magma, 1, and the thickness of the solid layer above the ocean, [

(Fig. p.1).

We assume that the viscosity is not affected by the uneven distribution of
tidal heating and is constant throughout the ocean (for the effect of laterally
variable parameters, see Rovira-Navarro et al.| (2024))). To understand how the
tidal response of the moon depends on the above parameters, we vary d, n and
[ in the range 0.1 — 20 km, 10?> — 10”7 Pas and 50 — 400 km, respectively, and
for each combination of parameters, we calculate the distribution of tidal heating
(see Eqs. (6) and (7) in|Aygiin and Cadek (2024)) and the gravitational potential
induced by tidal deformation. Following the study by |Aygiin and Cadek (2024),
we describe the degree-2 response of Io by 6 parameters, ko, kS, K3y, Atog, AtS,
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and At3,, which can be determined from the following equations:

Vyoola,t) = kaViso(a,t — Aty), (5.1
‘/;10,22(6% t) = k§2vtf22(a7 t— At§2)7 (5-2)
ngﬂ(% t) = kSQ‘/fjﬂ(a?t — Ats,), (5.3

where a is the radius of To, and V; 2, Vi'yy and V5, are the spherical harmonic
coefficients of degree-2 representing the gravitational potential induced by the
tidal potential

Vi(r, 0,6, 1) = Viao(r; 1) Pao(cos 0) Vo (1, 1) Pra(cos ) cos 2¢

5.4

+ Vi (1, 1) Pay(cos 0) sin 26 . (5:4)

In Eq. (5.4), r, @ and ¢ denote the spherical coordinates, ¢ is the time, Py
and P,y are the associated Legendre functions, and

3 3 .
Vigo = §r2w2e coswt, Vi = —1r2w2e coswt, Vi = —r*wlesinwt, (5.5)

where w is the angular velocity and e is the eccentricity.

In the case of the solid-body tides, koo = kS, = k35 = ko and Aty = At§, =
At5, = Aty, where ky is the standard degree-2 Love number and At is the time
lag. Note that in the study of Park et al| (2024a)), the gravitational tidal Love
number was determined under the assumption that its value does not depend on
the harmonic order, and the tidal response was quantified by a complex number
ky = Re(lég) + Z'Im(ffg) related to ky and Aty as follows:

~ : ;
Re(ky) = ko coswAty, Im(ky) = ko sinwAty = ﬁ ,

Aty = wlarctan Im({@) ,
Re(kg)

where () is the tidal dissipation parameter. For the sake of consistency with our
previous work, we represent the observed Love number in terms of ko and At,.
To compare our results with the values presented by [Park et al.| (2024al), we use
ko &~ Re(l;:g) =0.125+ 0.047 and Aty = 2129.6 + 677 s.

(5.6)

5.3 Results

The results are summarized in Fig. where we show the tidal heat production
and the Love numbers plotted as a function of viscosity 1 and ocean thickness d for
different values of depth [. Inspection of the plots in the left column suggests that,
for a fixed viscosity and depth, there are two ocean thicknesses that predict Io’s
current heat production. For instance, if the ocean is at a depth of 100 km below
the surface and the magma viscosity is 10* Pas, the 100 TW power is obtained
for an ocean thickness of either 0.28 km or 3 km. This means that for each [, we
can identify two branches of the solution, represented by 100 TW contours, that
predict the observed heat production. The 100 TW contours are parallel to each
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other and approximately straight, implying that the solutions follow a power-law
form (i.e., can be expressed as d = an® where a and b are functions of 1). The
bottom branch (or branch I) corresponds to ocean thicknesses ranging from a few
hundred meters to 2.5 km and is almost independent of the choice of parameter
[. In contrast, the position of the upper branch (or branch II) varies with [ and
shifts to smaller ocean thicknesses as [ increases. The maximum ocean thickness
in the models represented by the upper branch is greater than 20 km if [ = 50
km, and 8 km if [ = 400 km.

a) HinTW b) kx

\)
w0 7o

10°

50 km

/

101

10!

10°

| =100 km

107t

10!

10°

10t

10

10°

I =300 km

10t

10

| = 400 km | =200 km
Thickness d [km] Thickness d [km] Thickness d [km] Thickness d [km] T hickness d [km]

Viscosity [Pa s] Viscosity [Pa s]

-3-2-1012 345 007 01 013 017 020 0.1 0.4 0.7 1 01 0.4 0.7 1

Figure 5.2: Total heat production, H, in the magma ocean (column a) and the
tidal Love numbers (columns b—d). The heat production and the Love numbers
are plotted as a function of the magma viscosity and the ocean thickness for [ = 50,
100, 200, 300 and 400 km. The blue contours in column a correspond to the heat
production of 100 TW. The shaded areas in columns b—d indicate the models with
heat production between 50 and 150 TW while the green contours correspond to
ks = 0.125. Labels I and II denote the models predicting koo =~ k55 < 0.1 (branch
I) and k55 > koo = 0.1 (branch II), respectively.

Inspection of columns b-d of Fig. 5.2 shows that the Love numbers predicted
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Figure 5.3: a) Tidal Love numbers and b) time lags as a function of depth [ for
models with the heat production between 50 and 150 TW. The blue, orange, and
black lines correspond to e, 5,, and e3,, respectively. The shaded green boxes
represent 1o and 3o Juno results (Park et al., 2024a).

for branch I are independent of the parameters characterizing the ocean and their
values are about the same as those obtained for To without a magma ocean (i.e.,
koo = kSy = k35 S 0.1 for all [, n and d). The Love numbers predicted for branch
IT vary from 0.1 to 1.3, with ks being usually smaller than £§, and k3,. The Love
numbers in branch II generally decrease with the increasing ocean thickness and
magma viscosity, while the depth [ determines the range of the admissible values
(Fig. [5.3p). If the magma ocean is located near the surface (I = 50 km), the
Love numbers are either less than 0.1 (branch I) or greater than 0.55 (branch II).
Depending on the viscosity and ocean thickness, kyg can range from 0.55 to 0.7
while kS, and k3, can vary from 0.7 to 1.3. As [ is increased, the Love numbers
decrease. If the ocean is located at a depth of 300 km, koy corresponding to
branch 1T is about 0.2, and kS, (= k$,) ranges from 0.2 to 0.3.

The time lags (Atqg, AtS, and AtS,, Eq. (5.3])) are shown in Figs and 5.4
The models in the branch T (i.e., those with kog ~ k33 < 0.1) are characterized

by time lags ranging from 0.8 to 3.4 h and Aty < At,. In contrast, the models
in branch II (i.e., those with k35 > koo > 0.1) predict Atog ~ At5y <1 h.
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Figure 5.4: Total heat production in the magma ocean (column a) and the time
lags in hours (columns b-d). The heat production and the time lags are plotted
as a function of the magma viscosity and the ocean thickness for [ = 50, 100, 200,
300 and 400 km. The blue contours in column a correspond to the heat production
of 100 TW. The shaded areas in columns b—d correspond to the heat production
between 50 and 150 TW while the green contours correspond to Aty = 2129.6 s.

5.4 Conclusions

In this study, we investigated the tidal response of Io assuming that the observed
heat power (~100 TW) is generated by tidal dissipation in a liquid magma ocean.
We showed that the Love number k5 can be strongly affected by the Coriolis effect,
resulting in different values of ks for harmonic orders 0 and 2. By systematically
exploring the model space (I,d,n) where [ is the depth to the ocean, d is the
thickness of the ocean, and 7 is the viscosity of the magma, we found that for
each value of depth [, there are two groups of models which generate the observed
power. The ky Love numbers obtained for models of the first group (or branch
I) are independent of the harmonic order and are similar in magnitude to those
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Figure 5.5: Tidal Love numbers (columns a—c) and ratio k$,/key (column d)
as a function of ocean thickness and viscosity for depth [ = 300 km. The values
correspond to ocean dissipation in the range of 50-150 TW and ko > 0.1 (branch
I1).

predicted for solid tides (kog ~ k55 < 0.1). However, compared to the solid tide
models, the tidal response is characterized by a longer time lag (1-3.4 h) and the
fact that the time lag may depend on the harmonic order (Atyy # AtS, &~ At,).

The second group of models (branch II) predicts kS, ~ k3, > koo 2 0.1 and
time lags of less than about 1 h, thus comparable with the time lag expected for
Io without a magma ocean. The Love numbers in this group decrease with the
increasing depth to the ocean and exhibit the dependence on the harmonic order.

Our results indicate that the existence of a global shallow magma ocean in Io
is unlikely. Although the models in the branch I give the values of koy and kg
that are compatible with the observation, they predict too long (2 1 h) time lags.
On the other hand, the models in branch II give the correct values of the time
lag but predict unrealistically high values of ks if the thickness of the solid layer
above the ocean is less than 200 km. In contrast, all models in branch II below a
depth of 250 km are consistent with Io’s observed tidal response. A possible way
to confirm or reject the deep ocean hypothesis would be to compare the ky Love
numbers of order 0 and 2 and to show that k55 /koo > 1 (Fig. [p.5). However, this
would require the Love numbers ko and k55 to be determined with high accuracy
because the ratio kg5 /keg for Io with a deep magma ocean and a heat power of
100 TW is close to 1 if the thickness of the ocean is more than 1 km (Fig. [5.5).

Although our conclusions are in general agreement with those of [Park et al.
(2024a)), the reader should be aware that their validity depends on the method
used to interpret the Juno data. In analyzing the data, [Park et al.| (2024a))
assumed that the tidal response of Io is described by a single Love number, i.e.,
koo = kSo = k35 and Atyy = AtS, = At5,, an assumption that is strictly valid
only for a solid mantle. As we have demonstrated, the tidal response of Io with
a magma ocean can be affected by the Coriolis force resulting in a dependence
of ks on the harmonic order. This suggests that the conclusions of Park et al.
(2024a)) cannot be definitely confirmed until the effect of fluid tides is included in
the analysis of the Juno dataset.
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6. Compressible Love numbers of

Ganymedeé]]

6.1 Introduction

Ganymede, the largest moon in our Solar System, is likely to harbor a global
subsurface ocean. One of the main goals of the Juice mission is to improve our
understanding of the internal structure of Ganymede and the ongoing processes
in its interior. The mission is expected to provide data that is critical for assessing
Ganymede’s formation, evolution, and the potential habitability of its subsurface
ocean. Although the induced magnetic field (Kivelson et al. 2002) and the mea-
surements made by the Hubble Space Telescope by monitoring the oscillations of
auroral ovals confirm the existence of an electrically-conductive salty ocean in-
side Ganymede (Saur et al., 2015)), the structure of the hydrosphere, namely the
thickness of the ice Ih layer, the ocean and high-pressure ice layers, is a subject
of debate (e.g., [Vance et al., 2018)).

The Juice mission will provide important new constraints on Ganymede’s
internal structure by measuring its tidal response, or more specifically, by deter-
mining the tidal potential Love number, ks. The k5 characterizes the gravitational
potential induced by the tides (e.g., Hay et al., [2022; Kamata et al., [2016} Jara-
Orué and Vermeersen, [2016), and it is sensitive to the thickness and mechanical
properties of the ice shell, as well as the density structure and the dynamics of the
ocean (e.g., Matsuyama et al., 2018). The Juice spacecraft will provide unique
constraints on the internal structure of Ganymede, as it will allow the Love num-
bers to be determined with unprecedented accuracy (Cappuccio et al., [2020). In
order to take full advantage of these measurements, we require numerical tools
that can incorporate physical effects such as compressibility, the Coriolis force,
and moon-moon tidal potential.

While the incompressible models have been widely used in determining the
tidal response of a planetary body (e.g., Spaday, 2008; Melini et al.; 2022; Mat-
suyama et al., 2018 Briaud et al) 2023; Saliby et al., |2023), the compressible
models are scarce (e.g., Kamata et all [2016; Rovira-Navarro et al., |2024). The
incompressible models are computationally more flexible, but they are limited in
their ability to represent realistic internal structures, as the material parameters
depend on pressure. In the case of Ganymede, the compressibility of its ice shell
can lead to a measurable difference in Ganymede’s tidal response. In a recent
study, it has been shown that the tidal response of a compressible ice shell with
laterally varying material parameters enhances the tidal response compared to an
incompressible shell (Rovira-Navarro et al., |2025)), such that the difference falls
well within the expected sensitivity range of the Juice spacecraft.

While the tidal deformations and dissipation of the satellites of the outer Solar
System are dominated by the eccentricity tides, they are not the only contributor
to the gravitational perturbations. It has been shown that in a closely packed
planetary system, such as TRAPPIST-1, the gravitational interactions due to the

I This chapter is supported by the Barrande fellowship programme and developed in collab-
oration with Gabriel Tobie and Gaél Choblet.
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planets in the system might also be important (e.g., Hay and Matsuyama, |2019b).
In a recent study, [Hay et al.[(2020) has shown that due to their orbital configura-
tion, the Galilean satellites can also have an impact on one another. It has been
shown that the gravitational perturbations due to neighboring moons can lead
to additional dissipation peaks and an enhanced tidal response of Ganymede at
higher frequencies (Hay et al., [2022). Here, we revisit the moon-moon tide con-
cept, but in a time-domain framework where 3D ocean dynamics are included. We
investigate the gravitational perturbations due to Io and Europa on Ganymede.

In this chapter, we use Oceanus to compute Ganymede’s tidal response. Our
aim is to predict the Love numbers of Ganymede that Juice is expected to mea-
sure. We first investigate the effects of compressibility and the dynamical flow
in the ocean due to eccentricity tides. Following that, we include the tidal per-
turbations due to moon-moon interactions, namely due to Io and Europa, and
study the tidal response of the ocean. Before proceeding further, we note that
this chapter presents the first step in a broader investigation of Ganymede’s tidal
response. The results presented here are limited, but they lay a solid foundation
for more comprehensive analyses.

6.2 Method

To compute the tidal response of Ganymede, we use Oceanus, as described in
Chapter 2.

Although the internal structure of Ganymede is described in Benchmarks 2
and 3, we briefly review it here. We describe the internal structure of Ganymede
with five layers: a solid ice I shell, a viscous liquid ocean, a solid high-pressure ice,
a solid silicate mantle, and an inviscid liquid core. The set of internal profiles is
then defined by the ice shell thickness, which varies from 40 to 150 km. For each
ice shell thickness, we compute the reference density, bulk modulus, and shear
modulus of the hydrosphere from the pressure-temperature conditions by using
the SeaFreeze thermodynamic representation (Journaux et al., 2020). We fix the
mantle and core densities to 3500 and 8000 kg m~3, respectively, and their radii
are set to match the observed mass and Mol factor of Ganymede. The rheology
of the solid parts is chosen to be Maxwell. The viscosity profile of the ice shell is
determined by the temperature using the Arrhenius equation. The viscosities of
the high-pressure ice and the mantle are set to 10'® and 10?° Pas, respectively.
Both the silicate mantle and the liquid core are assumed to be incompressible, and
the tidal flow in the liquid core is neglected. In the simulations of the dynamics
of tidal flow in the ocean, the ocean viscosity is set to 10? Pas.

The latest improvement to Oceanus is the implementation of the moon-moon
tides. We follow the formalism of |Hay and Matsuyama| (2019b). We assume that
the satellites have co-planar and circular orbits. The moon-moon tidal potential
is given by (e.g., Kaulal [1964; [Murray and Dermott, [2000; Hay and Matsuyamal
2019b))

1GMm
V= 55 r? Pyo(cos )
“ (6.1)

1
—§P22(cos ¥ (cos 2¢ cos 2¢;; + sin 2¢ sin 2¢;5) |,
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where m is the mass of Ganymede, M is the mass of the tide-raising body (either
Io or Europa), r;; is the distance between Ganymede and the tide-raising body,
©i; is the angle between the line connecting the two moons and the unit vector
in the direction of Jupiter.

The traditional way to investigate the tidal response to the moon-moon tides
(Equation is to take a Fourier transform of the tidal potential and the gov-
erning equations, and compute the tidal response for each frequency (Hay et al.,
2020)). However, in this study, we take a different approach by defining the Love
numbers in the time domain. In contrast to the eccentricity tides, in the case of
the moon-moon tides, Love numbers vary in time during a tidal cycle and are
expressed as

Vyao = kao (£) (Vi + Viho) = kao () Vi,
Vias = ki (t) (Vt 22 1+ Vt22) k3o () Vt:gga (6.2)

9,

‘/;22:]{752(0(‘/; +Vt ) ks (1) Vi 227

where V;* is the eccentricity tides (Equation , and V;,T," is the total potential
defined as the sum of the tidal potentials for the eccentricity and moon-moon
tides. Moreover, each Love number defined above is also separated into a time-
averaged part and an oscillatory part as

0 (£) = kag + 0KS, (). (6.3)

We only consider the effects due to Io and Europa, and compute the tidal response
of Ganymede for two scenarios: (i) tidal response of an ocean with a thickness of
d =5 km, and (ii) d = 150 km. The internal structure of Ganymede is described
above, with only the difference being that the solid layers are treated as an elastic
body for the investigation of the moon-moon tides.

6.3 Results

In Figure [6.1], we show the compressible Love numbers of Ganymede for two
cases: without and with the ocean dynamics. Our results show that the Love
numbers of Ganymede are in the range from 0.42 to 0.53, depending on the ice
shell thickness (Figure |6.1p). The value of ky decreases with increasing ice shell
thickness. Within the ice shell thickness range of 40 to 145 km (corresponding to
an ocean thickness between 300 and 20 km), the decoupling between order 0 and
2 Love numbers remains rather small, while decoupling increases for the thicker
ice shell (Figure [6.1p).

Oceanus allows us to directly compare the incompressible and compressible
Love numbers. For two models, we compare the Love numbers without including
the ocean dynamics. Between the compressible and incompressible models, the
Love numbers change between 2% to 6% (Figure[6.2)). Moreover, Figure[6.2]shows
that based on a given Love number, the estimated ice shell thickness can differ
by 20 to 30 km between compressible and incompressible models.

In Figure [6.3, we examine the time-dependent behavior of Ganymede’s tidal
response over a tidal cycle. The tidal response for both thin and thick oceans

73



a) No ocean dynamics b) Ocean dynamics are included

0.52 1 0.52 \ Static
- .. k'Z[]
\ . kég

£ 0,484

Love numbers
o
=
o0

0.46 1 \
0.46 | \

0.44 1
0.44 1

50 75 100 125 150 50 i 100 125 150
Ice shell Thickness (km) Ice shell Thickness (km)

Figure 6.1: Compressible Love numbers of Ganymede for (a) a model without
the ocean dynamics, and (b) a model with the ocean dynamics, where the orange
line shows the Love numbers in the case without ocean dynamics.
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Figure 6.2: Ice shell thickness estimate based on the incompressible and com-
pressible Love numbers without the dynamics of the ocean. Blue line is the
compressible model, whereas the orange line is the incompressible model.

is similar to that from computed purely eccentricity forcing (Figure [6.3p). Fig-
ure shows that the thicker oceans exhibit less oscillatory behavior compared
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Figure 6.3: Love numbers of Ganymede in response to the moon-moon tides. a)
The tidal Love number as a function of time plotted over a period for an ocean
thickness of 5 km (solid lines) and 150 km (dashed-dotted lines). The red line
represents the time-averaged Love number. b) Induced gravitational potential
in the presence of a thin (5 km) and thick (150 km) ocean. The orange lines
are the response to purely eccentricity tides, and the black lines also include the
moon-moon tides.

to the thin oceans. The Love number for thick oceans can vary by 2% for thick
oceans, and up to 10% for thin oceans over a tidal cycle.

6.4 Discussion and Conclusion

Our results show that the compressible Love numbers of Ganymede vary between
0.41 and 0.53, depending on the thickness of the outer ice shell (Figure[6.1h). This
range is consistent with theoretical expectations for icy satellites and reflects
the sensitivity of the tidal response to the mechanical structure of the outer
layers (Jara-Orué and Vermeersen, 2016; Kamata et al.,2016). The tidal response
increases as the ice shell thickness decreases.

Figure further shows the effects of the ocean dynamics on the Love num-
bers. Within the ice shell thickness range of 40 to 145 km (corresponding to ocean
thicknesses from approximately 300 km to 20 km), the tidal flow in the ocean
plays only a minor role, resulting in small decoupling between spherical harmonic
orders 0 and 2. However, for thicker ice shells (and thus shallower oceans), this
decoupling becomes more pronounced. This suggests that the tidal response of
Ganymede is more sensitive to ocean dynamics when the ocean is thin (similar
to the results presented for To in Chapters 4 and 5).

Our analysis of the compressible and incompressible models shows that the
compressible model results in a higher value of k5. More importantly, compressible
models estimate thicker ice shells for a given value of ks compared to the incom-
pressible case. Although the incompressible models have been widely used (e.g.,
Spadal, 2008; Melini et al., 2022; Briaud et al., 2023)), this result shows the im-
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portance of including compressibility in tidal modeling, as neglecting it can lead
to underestimation of the ice shell thickness.

The averaged tidal response to the moon-moon tides is close to the response to
the eccentricity tides. Similar to the eccentricity tides, the thin ocean affects the
signal more pronouncedly than the thick oceans. The time dependency of the Love
numbers varies between the thick and thin ocean cases, where the thick ocean case
exhibits less oscillatory behavior (up to 2% of variation from the averaged value),
while the thin ocean case can differ by almost 10% from the averaged value. AS
these variations can be captured by the Juice/3GM experiment, the moon-moon
tides can introduce further constraints on the structure of the hydrosphere.

In this chapter, we presented the first results that analyze Ganymede’s tidal
response using a compressible, dynamically coupled model. Our results demon-
strate that the Love number ks, is highly sensitive to the thickness of the ice shell
and the dynamical behavior of the subsurface ocean. By comparing compressible
and incompressible models, we showed that compressibility plays a critical role
in accurately constraining the ice shell thickness, with implications for interpret-
ing future observational data. Furthermore, although the dynamics of the ocean
have a subtle effect on the tidal response, the signal still can be detectable by the
Juice/3GM experiment (Cappuccio et al., [2020)).

Our first findings on Ganymede’s tidal response highlight the importance of
employing physically comprehensive models. While these results are preliminary,
they lay the groundwork for several future research directions. One of the ex-
tensions involves including a salty ocean to assess the effects of composition.
Additionally, we aim to extend the study of the moon-moon tides to explore
whether certain combinations of ocean thickness and composition could lead to
resonant tidal responses (Hay et al., [2022).

Another important aspect is the temporal evolution of Ganymede’s eccentric-
ity (Van Hoolst et all 2024)), which may have amplified tidal forcing during the
lifetime of the Juice mission. These short-term variations of the eccentricity can
enhance the tidal response within the subsurface ocean.

To further constrain the internal structure, we will expand our analysis to
include the Love number hy, which characterizes radial surface displacement. A
combined interpretation of ky and hs will provide a more comprehensive under-
standing of Ganymede’s interior, since hy is expected to be measured by the
Juice/GALA experiment (Hussmann et al., 2019, 2025).

Finally, in order to capture the complexity tidal response, the tidal response
in the presence of a dynamic ocean should be analyzed together with the tidal
response obtained when the variations of the material parameters are consid-
ered (Rovira-Navarro et al., 2025)).
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Conclusion

This thesis is devoted to enhancing our understanding of the link between the in-
ternal structure and tidal response of planetary bodies. It particularly focuses on
the tidal response of outer Solar system moons with subsurface oceans (magma or
water). It qualitatively and quantitatively investigates the tidal response of the
body to the eccentricity tides. Tidal response of the planetary body is strongly
dependent on the body’s internal structure, and it can be generalized by the de-
gree 2 Love numbers, the tidal dissipation, the phase lag, or the quality factor Q).
Based on the tidal response models, we can gain insight into whether the reser-
voir can exist and understand its physical characteristics, such as its thickness,
composition, and depth beneath the surface. Moreover, as a secondary effect,
tidal currents in the liquid layer can contribute to the global heating, generate an
induced magnetic field, and can be used when assessing the potential habitability
of a water subsurface ocean, like the one in Ganymede or Enceladus.

In this work, we present a novel approach to modeling the tidal response of
planetary bodies. While the solid body tide models are well established and
widely used in the literature for various planetary bodies, like the Earth, Moon,
Mars, and the outer Solar System moons, they lack incorporation of dynamic
liquid layers (e.g., [Takeuchi and Saito|, [1972; [Spadal, 2008). It was shown that
the dynamics of a liquid layer that undergoes periodic tidal forcing can generate
significant dissipation (e.g., [I'yler, 2008, 2014} [Matsuyama), [2014; Beuthe, 2016}
Matsuyama et al., |2018). These early models are based on the two-dimensional
approach called the Laplace tidal equations. This approach neglects the effects of
the radial (vertical) flow within the ocean and obtains the tidal flow only in the
lateral directions. More recently, there were more general approaches that solved
the tidal flow problem in a subsurface ocean in 3D geometry (Rovira-Navarro
et al., 2019; Rekier et all [2019). In the context of the Laplace tidal equations,
these methods were more general, but they lacked the simultaneous coupling
between the liquid and solid layers. Based on these recent studies, we took the
problem one step further and introduced a new model where we calculate the
tidal response considering the tidal deformation in the solid layers coupled with
the viscous flow in the liquid layers. We introduced this coupling through the
continuity of the velocity and traction at the interfaces between the layers. As its
actual version, we also introduced the compressibility into our model. Our novel
approach was compared with the already existing models like the one by Rekier
et al.| (2019), Spada; (2008)), and Takeuchi and Saito| (1972).

Oceanus is first used to investigate the tidal flow in Enceladus’ ocean and
tidal dissipation in its viscoelastic core. We assume a model of Enceladus that
consists of three layers: the viscoelastic core, the viscous liquid ocean, and a solid
ice shell. We assume that all layers are incompressible and compute the tidal
response for different core parameters. In the first part of the study, we show that
the dissipation in both the core and the ocean depends on the ocean thickness and
viscosity. If the ocean is thin enough (< 1 km), the dissipation in Enceladus is
dominated by the tidal flow in the ocean. The thin ocean affects the deformation
of the ice shell and core, resulting in their synchronized deformation. In contrast,
the tidal flow in the thick oceans (> 1 km) has no effect on the deformation of the

7



crust and the core, and the tidal dissipation is dominated by the highly deformable
core as the heating in the ocean becomes negligible. Moving from the thin oceans
to the thick oceans, the location of dominant dissipation moves from the ocean
to the core, while keeping the total heat production constant, around 20 GW. In
the second part of the study, we focus on the tidal flow patterns in the subsurface
ocean and the distribution of the tidal dissipation. We show that the patterns of
the flow and the tidal heating depend on the ocean viscosity and thickness. From
the investigation of the velocity components of the tidal flow, we show that the
radial flow in the ocean is negligible only if the ocean is thinner than 5 km. The
fact that the radial flow has a non-negligible contribution to the velocity field for
relatively thick oceans (> 5 km) shows that one of the key assumptions of the
LTE is violated. We also emphasize that the LTE and Oceanus tidal dissipation
exhibit different behavior due to the underlying assumption of the boundary
conditions. If the ocean thickness is less than 10 km, the tidal dissipation can
differ by several orders of magnitude between the free-slip and no-slip models.
Finally, based on our results, we conclude that the tidal dissipation in Enceladus’
subsurface ocean is negligible.

In the second part of the thesis, we used Oceanus to investigate the tidal
dissipation and Love numbers in the presence of a hypothetical magma ocean on
lo. Our results are aligned with the results of [Tyler et al.| (2015]) such that Io’s
observed heat output can be the result of a magma ocean. In addition, we showed
that tidal heating patterns computed by Oceanus come in a much greater variety
depending on the ocean viscosity and thickness. The highest heat production in
a hypothetical magma ocean is observed for an ocean thickness of around 1 km
and viscosity less than 10* Pas, in which the tidal dissipation can reach up to
10* TW. While this amount of heating is unrealistic for present-day conditions,
it opens a speculative scenario where the magma ocean has been formed by a
temporary increase in Io’s eccentricity (Hussmann and Spohn, 2004). The tidal
heating due to high eccentricity could lead to extreme melting and form the
magma ocean, which, when formed, can maintain itself. The subsequent tidal
heating pattern due to a magma ocean would be concentrated at lower latitudes
(< 30°). This particular heating pattern is consistent with the observed heat
output, which was observed by the Juno mission, and it was shown that the hot
spots at lower latitudes emit more heat compared to polar regions (Davies et al.|
2024). Although a magma ocean is consistent with the heat output observed
through hot spots, the models with dissipative asthenosphere can also explain the
equatorial heating (e.g., Kervazo et al., [2021; Matsuyama et al., 2022). Hence the
confirming the presence of a magma ocean is difficult by the analysis of the hot
spots. A stronger constraint on the presence of the magma ocean can be obtained
by the interpretation of the Love numbers. It was suggested that the value of
ko should be larger than 0.5 in the presence of a magma ocean, and should be
around 0.1 if To is a fully solid body (e.g., Bierson and Nimmo)| 2016; Kervazo
et al., [2021)). While our results confirm the previous studies by showing that in
the presence of a thick ocean, the Love numbers are larger than 0.7, we also show
that, even for a small Love number (< 0.1), there can be a thin magma ocean.
The recent flybys by the Juno spacecraft have allowed us to quantify the tidal
response of Io. The Love number, as the results of Juno’s observations, is around
0.125 with a time lag of about 30 minutes (Park et al., 2024a)). The low value of
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the Love number and the time lag suggest that the presence of a thin liquid layer
near the surface (at a depth around ~ 30 km) is unlikely. In a subsequent study,
we demonstrated that a thin magma ocean is indeed absent, but we also showed
that the presence of a magma ocean cannot be discarded since the observed values
still can be explained if there is a liquid layer at depths greater than 200 km.

In the last part of the thesis, we investigate the tidal response of Ganymede.
We focus on the effects of the compressibility, dynamics of the ocean, and the
moon-moon tides. Our results show that the Love numbers can vary from 0.42
to 0.53, depending on the ice shell thickness. We demonstrate that using an
incompressible model can lead to errors of up to 30 km in the estimated ice shell
thickness. Similar to the results for lo, the dynamics of a thin ocean (d < 10
km) strongly affects the Love numbers, resulting in the Love numbers being split
between orders 0 and 2. In contrast, the tidal flow in the thick oceans has weaker
effects on the gravitational response. Although the tidal flow in the thick oceans
may appear to be insignificant, the gravitational response due to an ocean flow
is still detectable by the Juice/3GM experiment (Cappuccio et all [2020). The
flow in the thick oceans leads to a difference between orders 0 and 2 of only a few
percent, whereas this difference can reach up to 5% if the ocean is thin. Since the
expected accuracy of the 3GM experiment is 0.01%, it can provide constraints
both for thin and thick ocean cases.

Moreover, we also investigate the tidal response of Ganymede with respect to
gravitational perturbations due to Io and Europa (e.g., Hay et al. 2020). In our
time-domain approach, while the time-averaged Love numbers for moon-moon
tides and Love numbers just in response to eccentricity tides remain similar to
each other, in the moon-moon tides case, the Love number can vary over a tidal
cycle. The Love numbers can vary by up to 10% if the ocean is thin, and only by
2% if the ocean is thick. The results presented in this work for Ganymede are the
first steps of what the tidal response should be like. To establish future incor-
poration of the results of the 3GM experiment, we require future simulations of
different internal structures of Ganymede. In addition to including more complex
interiors of Ganymede, we also note that in future calculations, the eccentricity
changes of Ganymede should be considered, since the eccentricity can increase
(or decrease) by a factor of 2 during the Juice mission’s lifetime in the orbit of
Ganymede (Van Hoolst et al., 2024). The short-term variations of the eccentric-
ity can lead to strong inertial effects within the subsurface ocean and alter the
gravitational response.

Finally, we note that this study omitted the two other main targets of the
planetary sciences: Europa and Titan. While the eccentricity tides may have
no major consequences on Europa, the tides on Titan could play a crucial role
in assessing its internal structure. From the initial observations of the Cassini
spacecraft, the Love number for Titan is estimated to be 0.616 (Durante et al.,
2019). The large value of ko was explained by the presence of a dense subsurface
ocean at a depth of 50 to 100 km (Mitri et al., 2014). It was also suggested that
this value could be explained by a resonant, stably stratified ocean (Idini and
Nimmo)|, 2024)). However, a recent investigation of the data acquired by the Cassini
spacecraft presented a lower value of the Love number, 0.375, which implies that
potentially the ocean is deeper and less dense than originally expected (Goossens
et al.; 2024). In addition, the @ factor of Titan was estimated to be as low as
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5, indicating a large time delay and very high dissipation (Downey and Nimmo)
2025)) (for comparison, lo’s @) factor is estimated to be 11.4 (Park et al., 2024a))).
Together with the lower value of the Love number and a low value of the () factor,
the Titan’s case appears to be similar to Io with a magma ocean (see the branch I
in Figure . By investigating the tidal response of Titan, we could potentially
determine whether there can be a thin liquid layer rich in organics.
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A. Appendix

In this appendix, we summarize the various spherical harmonics formulae that
are used in the implementation of Oceanus (Varshalovich et al., [1988; Golle et al.,
2012).

A.1 Spherical harmonics
We use the fully normalized spherical harmonics that are defined as
Vi (0,0) = Ny Py (cos 0) 6™, (A1)

and expand the unknown variables (p, v, and o) in terms of these harmonics

p(t,r,7, ) Z Z pim (£,7) Yim (9, 0) (A.2)

Jj=0m=—j
J Jj+1
v (t,r,9,p) = ZZ > tTYl (9, ), (A.3)
J=0m=—ji=[j—1|
J J+2
o(t,r,v,p) Z Z Z (t,r) Ylo (9, 9) +0§?WY;ZHQI (9, 9). (A.4)

Jj=0m=—ji=|j-2|

A.2 Mathematical operations in the spectral do-}
main

Here, we present the various mathematical operations in the spectral domain,

such as the divergence (V - ) of the velocity and stress tensor, the gradient (Ve)

of the velocity, the scalar product with a radial unit vector (e, - ), and the vector
product with a rotation vector (e, x v).

. -1
g (A i1
[V-v]jm_ 2]+1( dr - , Uim
. TR
_ g+l dv%ib +J+2U1+1
27 +1\ dr ro "

. [7=1 (dol,?* j—2 .
[V-G]i-ml: 2j—1< ér - ol (A.6)

_\J (j+1)1()2j+3)> (dgg;i +j+103:72) (A7)

6(2 (2 dr ro "
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A.3 Governing equations in the spectral domain

Finally, we give the governing equations in the spectral domain for spheroidal
and toroidal parts. The spheroidal parts consist of one equation of balance of
mass as

Opjm _ Op J - J+1
ot +ar0<\/2j+1”§ml_m +tolVovl, =0 (A22)

two equations for the balance of momentum as

anJ,';Ll . . .
po=gi= = [V oL 40 VVIL! + o [VVI,! (A.23)
+[p- el 90 — 2pow e x v]I T
vl i+1 j+1 j+1
Jm__ j j j
P =V Ol 400 [Vl 0 [VVil (A.24)
+[p-elis) 90 — 2pow e x v]I7T
three equations for the deviatoric part of the constitutive relation
1 1 90%,.%° :
L2220 L Y9%m J=22 _
277ij o ot [V'v}]m 0, (A.25)
1 4, 1000 :
= 1,2 = jm 1,2 _
2770]m + 2 ot [V"’]gm 0, (A.26)
1 1 dol>? :
7+2,2 jm j+2,2

The isotropic part of the constitutive equation for the viscous liquid layer

K
Pim = —Pjm, (A28)
Po
and for the solid layers
(22 = 1wl == [l (220
The toroidal parts consist of one equation for the balance of momentum
ol . )
0 6]15 = [V o}, —2pwe. x ], (A.30)
and two equations for the deviatoric part of the constitutive relation
1 . 1 9ol 12 A
B e e LU v %) A.31
B e L v 203 s S A.32

101



102



B. Appendix

B.1 Supporting information for Chapter 3
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Figure B.1: Radial discretization used for the simulation with D = 32 km and
1, = 100 Pa s. The left panel shows the mean velocity at time ¢t = 0 as a function
of radius. Panels A and B on the right illustrate the radial discretization in the
boundary layers.
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Figure B.2: As in Figure in the Chapter 3, but for the core.
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Figure B.3: Radial profile of the mean flow velocity (a) and the heat production
in the ocean (b) for D =100 m, 1, = 100 Pa s and ¢ = 0. Note that, unlike the 3D
solution (plotted in green), the modified LTE solution (violet) does not change
with radius.

B.2 Supporting information of Chapter 4
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Symbol Parameter Value
w Angular velocity 4.1 107° 71
e Eccentricity 0.0041
R, Radius of To 1821.6 km
R, Outer radius of magma ocean 1791.6 km
R, Radius of core 927 km
d Thickness of magma ocean 0.1 — 10 km
p Density
r> R, 3000 kgm™3
r € (Re, Rim) 3295 kgm ™3
r <R, 5167 kgm™3
] Shear modulus
r> R, 65 GPa
r € (Re, Ryp—d) 60 GPa
n Viscosity
r> R, 102 Pas
r € (Rn—d, Ry) 10> — 107 Pas
r € (R, Ry,—d) 10%° Pas

Table B.1: Parameters of the model presented in Chapter 4.
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Viscosity of magma [Pa s]

Thickness of magma ocean

742

498 87.6 8.79 0.88
203 66.6 7.02 0.7 0.07 0.01
max

0

Figure B.4: As in Figure in the main text but with a 100-km thick low vis-
cosity “magmatic sponge” layer beneath the ocean. Comparison with Figure
shows that the presence of a weak layer underlying the magma ocean affects the
dissipation in the ocean in a minor way. The layer is treated as an incompressible
Maxwell viscoelastic solid with p = 3295 kg/m?, 1 = 60 GPa and n = 10'® Pas.
The distribution of tidal dissipation in this layer is shown in Figure
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Viscosity of magma [Pa s]
102 108
.81

104 105 108 107
0.84 0 0.74 0.57 0.34 1.23
1.54 1.47 1.27 0.91 1.42 2.95
6.5 6.06 4.77 2.92 3.04 3.09
7.94 6.83 4.30 3.09 3.08 3.09
6.05 4.79 3.27 3.08 3.08 3.08
3.32 3.09 3.08 3.08 3.08 3.08

Figure B.5: Distribution of tidal dissipation in the low viscosity sub-ocean layer
described in the caption to Figure [B.4 The numbers above each map represent
the total heat production in the layer. Note that the heating pattern and the
total dissipation strongly depend on the thickness and viscosity of the magma
ocean.

Thickness of magma ocean
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