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Introduction
Icy moons of the outer Solar System have emerged as some of the most

interesting and intensively studied objects in planetary science. Despite their cold
surfaces, many of them show signs of geological activity and are believed to harbor
global subsurface oceans beneath their outer ice shells. These hidden oceans are
among the prime candidates in the search for extraterrestrial life. Instead of solar
heating, internal energy sources, especially tidal heating, are believed to maintain
these oceans in a liquid state by converting orbital and rotational energy into
heat.

Europa, one of Jupiter’s largest moons, is a particularly notable example.
Observations from space missions have provided strong evidence for a liquid water
ocean beneath its icy surface, and surface features suggest ongoing geological
activity. The main source of internal energy is Europa’s tidal deformation, driven
by its slightly eccentric orbit and the strong gravitational pull from Jupiter. These
regular deformations generate frictional heat inside the moon’s interior, making
tidal heating a key process for understanding both Europa’s thermal evolution
and its potential habitability.

Tidal heating plays a major role not only for Europa, but also for other
moons such as Io, Ganymede, and Enceladus, and may also be relevant for
certain exoplanets. As such, it remains an active area of research in planetary
science. Modeling these effects is crucial for understanding the thermal structure,
dynamics, and long-term evolution of icy moons. One key question is whether
these subsurface oceans can remain stable over geological timescales. Since life, if
it exists, would need millions of years to develop, it is important to assess whether
these environments are stable enough to sustain it.

In this thesis, we study the thermal behavior of Europa’s ice shell, focusing on
heating caused by tidal deformation. We implement and analyze the solutions of
a discretized system of partial differential equations describing the viscoelastic
deformation of the shell, coupled with an equation governing heat conduction.
The ice is modeled as a Maxwell viscoelastic material, with viscosity depending
exponentially on temperature. This introduces strong coupling between the
mechanical and thermal behavior of the shell.

There have been many modeling efforts aimed at understanding Europa’s
interior and heat sources. Some focus on the subsurface ocean, others simulate the
entire interior as a coupled system, and some target the ice shell using increasingly
sophisticated rheological models. Our aim is to contribute to this research by
developing a global shell model that captures the interaction between tidal heating
and temperature-dependent viscosity.

We aim to answer several key questions: What does the steady-state tem-
perature distribution in the shell look like? How is tidal dissipation distributed,
and where is it strongest? How does dissipation influence the heat flux from the
ocean into the shell and through the outer surface? How does the total volumetric
heat production compare to the energy fluxes at the boundaries? Under what
conditions does the ice shell begin to melt?

Because of significant uncertainties in key parameters, particularly the ice shell
thickness and the reference viscosity at the ice-ocean interface, we treat these
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as free parameters and systematically study how the model responds to their
variation. We are especially interested in identifying combinations of parameters
that lead to thermal instability or partial melting.

We hope that this simplified yet global approach offers meaningful insights
into the physical processes governing Europa’s ice shell and clarifies the role of
tidal heating in maintaining a potentially habitable subsurface ocean.
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1 About Europa
Europa is one of the four large Galilean moons orbiting Jupiter. With a mean

radius of approximately 1,560 km, it is slightly smaller than Earth’s Moon and
ranks as the sixth-largest moon in the Solar System. A global view of Europa is
shown in Figure 1.1.

Figure 1.1 Europa as seen by the Galileo spacecraft in 1996. Image credit: NASA/J-
PL/Galileo Project.

Europa is an icy moon with a geologically young surface, characterized by its
bright ice, long dark lineae (stripes), and a surprisingly low number of impact
craters. In fact, Europa has the smoothest surface of any known solid body in the
Solar System. This smoothness and lack of craters suggest recent surface renewal
driven by internal heat [1]. Europa’s icy shell exhibits a rich variety of surface
morphologies, as illustrated in Figure 1.2, including intersecting ridges, disrupted
blocks, and impact structures that hint at an active geological history.

The main source of internal heating is thought to be tidal dissipation. Europa
has an orbital period of 3.5 days and an eccentricity (e ≈ 0.009), which leads
to periodic deformation as the moon moves closer to and farther from Jupiter.
Because the interior is not perfectly elastic, this flexing generates friction and
heat [2]. It is widely believed that beneath the icy shell lies a global subsurface
ocean. This is mainly supported by magnetic field measurements from the Galileo
spacecraft, which are consistent with an electrically conductive, salty liquid layer
under the surface [3]. The combined thickness of the ice and ocean is estimated
to be around 100 km. Beneath that lies a rocky mantle and possibly a metallic
core. A schematic of the internal structure is shown in Figure 1.3.

Surface temperatures are extremely low, around 100 K at the equator and
50 K at the poles, so the ice is very stiff near the surface. The persistence of
a liquid ocean implies that internal heating must be strong enough to prevent
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Figure 1.2 Composite image showing examples of various surface features observed
on Europa, including ridges, bands, chaotic terrain, and craters. Image credit: NASA/J-
PL/DLR.

the entire layer from freezing. Europa is also a prime candidate in the search
for extraterrestrial life. It is possible that hydrothermal vents on the ocean floor,
similar to "black smokers" found on Earth, could provide the heat and nutrients
needed to support microbial ecosystems, even without sunlight [4]. There is
also growing evidence of plume activity: jets of water vapor erupting from the
surface. Observations by the Hubble Space Telescope suggest that these plumes
occasionally erupt from the south polar region. Some researchers believe the
Galileo spacecraft may have flown through one such plume. An illustration of this
phenomenon is shown in Figure 1.4.

Europa’s surface also shows a complex network of ridges, bands, and chaotic
terrains where blocks of ice appear to have broken and refrozen. These features
may indicate local melting and upwelling from the subsurface ocean. Most of our
current knowledge comes from NASA’s Galileo mission (1995–2003). Two major
new missions are now underway: NASA’s Europa Clipper, launched in 2024, will
fly by Europa many times to investigate its ocean, surface, and ice shell. ESA’s
JUICE mission (JUpiter ICy moons Explorer), launched in 2023, will also study
Europa during several flybys, though its primary target is Ganymede. These
missions are expected to improve our understanding of Europa’s internal structure
and its potential to support life.
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Figure 1.3 Cutaway illustration of Europa’s possible internal structure. The model
shows a metallic core, a rocky mantle, a liquid water ocean, and an outer ice shell.
The surface image is based on data from the Galileo spacecraft; the internal layers are
inferred from magnetic and gravity measurements. Image credit: NASA/JPL.

Figure 1.4 Suspected water plume observed erupting from Europa’s surface. The
composite image combines data from the Hubble Space Telescope and NASA’s Galileo
spacecraft, showing plume activity detected in the same region at two different times.
Image credit: NASA, ESA, and W. Sparks (STScI); illustration credit: NASA, ESA, W.
Sparks (STScI), and USGS Astrogeology Science Center.
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2 Mathematical Formulation of
the Problem

In this chapter, we present our mathematical model of viscoelastic deformation
and heat conduction within Europa’s ice shell, in the form of partial differential
equations. These are very common equations in the continuum mechanics [5, 6],
but what makes it nontrivial is the geometry and mainly the nonlinear dependence
of viscosity on temperature.

2.1 Governing Equations
Our solution domain Ω is a spherical shell, the region between two spheres of

different radii, i.e.,
Ω = {x ∈ R3; Rb ≤ ∥x∥ ≤ Rt},

where Rb is the inner radius, i.e., the distance from Europa’s center to the base
of the ice shell, and Rt is the outer radius. The thickness of the shell is given by
d = Rt − Rb, as illustrated in Figure 2.1.

Figure 2.1 Schematic illustration of Europa’s internal structure, showing the inner
radius Rb, the outer radius Rt, and the shell thickness d.

We are solving evolutionary equations, so our unknown functions are defined
on (0, tmax) × Ω, with some maximal time tmax. We define the space-time domain
as follows:

Q = (0, tmax) × Ω, Qb = (0, tmax) × ∂Ωb, Qt = (0, tmax) × ∂Ωt.

Here, we refer to ∂Ωb as the bottom boundary of the ice shell, given by ∥x∥ = Rb

and ∂Ωt as the top boundary, given by ∥x∥ = Rt.
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Our unknown functions are temperature T = T (t, x), the displacement vector
u = u(t, x), and the Cauchy stress tensor τ = τ (t, x), representing deviations
from hydrostatic equilibrium, and we want them to be the solution of the following
boundary value, initial value problem:

0 = ∇ · u(t, x) in Q, (2.1a)
0 = ∇ · τ (t, x) − ρi∇(Vt(t, x) + Vg(t, x)) in Q, (2.1b)

τ D(t, x) = µ((∇u(t, x)) + (∇u(t, x))T ) − µ
∫︂ t

0

τ D(t′, x)dt′

η(T (t′, x)) in Q, (2.1c)

τ (t, x) · er = −ρigtur(t, x)er, at Qt, (2.1d)
−τ (t, x) · er = −∆ρgbur(t, x)er − ρw(Vt(t, x) + Vg(t, x))er at Qb, (2.1e)

ρicpṪ (t, x) = ∇ · (k(T (t, x))∇T (t, x)) + h(t, x) in Q, (2.1f)
T (t, x) = Tt(x) at Qt, (2.1g)
T (t, x) = Tb(x) at Qb, (2.1h)
T (0, x) = T0(x) in Ω, (2.1i)

where µ is the shear modulus of ice, ρi the density of ice, gb and gt the gravitational
accelerations at the bottom and top of the shell, cp the thermal capacity of ice at
constant pressure, ρw the density of water, and ∆ρ = ρw − ρi are all constants.
All other symbols appearing in the system of equations (2.1) will be explained in
this section. The viscosity η is a function of temperature, generally expressed in
the form of an exponential function:

η(t, x) = η0 exp
(︄

E

RTb

(︄
Tb

T (t, x) − 1
)︄)︄

, (2.2)

where η0 is the reference viscosity at the ice-ocean boundary, where the temperature
is equal to Tb = 273 K, the melting temperature of ice, E = 59 kJ mol−1 is the
activation energy for diffusion creep, and R = 8.314 J mol−1 K−1 is the universal
gas constant [7, 8].

The thermal conductivity k(t, x) is given by a nonlinear temperature depen-
dence:

k(t, x) = k0

T (t, x) , (2.3)

where k0 is a constant [9] and the source term h(t, x) is given by a formula [10]:

h(t, x) = τ D(t, x) : τ D(t, x)
2η(T (t, x)) . (2.4)

The first three equations of (2.1), together with the boundary conditions (2.1d)
and (2.1e), are the classical linearized equations of viscoelastic deformation in
continuum mechanics. The first equation (2.1a), which states that the divergence
of the displacement field is zero, expresses our assumption that the material is
incompressible and that we are dealing with small deformations. The second
equation (2.1b) represents the balance of momentum (Newton’s second law), with
the left-hand side, which contains accelerations, neglected. This approximation is
commonly used in geophysical simulations, where accelerations in solid materials
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within planetary bodies are often negligible. The term Vt(t, x) on the right-hand
side represents the tidal potential, given in spherical coordinates (r, θ, ϕ) by

V (t, r, θ, ϕ) = r2ω2e

⎡⎣√︄9π

5 cos(ωt)Y20(θ, ϕ)−

−

⎛⎝√︄27π

10 cos(ωt) − i

√︄
24π

5 sin(ωt)
⎞⎠Y22(θ, ϕ)−

−

⎛⎝√︄27π

10 cos(ωt) + i

√︄
24π

5 sin(ωt)
⎞⎠Y2−2(θ, ϕ)

⎤⎦, (2.5)

where ω is the angular frequency of Europa’s periodic motion around Jupiter,
e is the eccentricity of its elliptical orbit, and Yjm(θ, ϕ) are spherical harmonic
functions of degree j and order m. More details on their definition and properties
are provided in the appendix section A.2.1. It is notable that the tidal potential
has such a simple analytical expression in terms of spherical harmonics, involving
only degree j = 2 and orders m = −2, 0, 2 [11]. The second potential term Vg(t, x)
is the self-gravity potential describing the change in the gravitational field caused
by the deformation of the body. For our spherical shell case, it takes the relatively
simple form [12]:

V (t, r, θ, ϕ) =
jmax∑︂
j=1

j∑︂
m=0

⎡⎣ − 4πGr

2j + 1

(︃
Rb

r

)︃j+2
∆ρ (ur)jm(t, Rb)−

− 4πGr

2j + 1

(︃
r

Rt

)︃j

ρi (ur)jm(t, Rt)
⎤⎦Yjm(θ, ϕ),

(2.6)

where G is the gravitational constant and (ur)jm are the spherical harmonic
coefficients of the radial displacement at the top and bottom boundaries of the
shell. The summation runs to degree jmax, which corresponds to the maximum
degree of our spherical harmonic approximation (more on this later in 3.2).

The third equation (2.1c) is the rheological relation describing the material’s
response to stress, linking the Cauchy stress tensor τ (t, x) with the displacement
vector u(t, x). This corresponds to the Maxwell rheology of viscoelastic deforma-
tion, characterized by two parameters: the shear modulus µ (assumed constant)
and the viscosity η, which strongly depends on temperature. Maxwell rheology is
formally a model for a viscoelastic fluid, but it is widely used in geophysics and
planetary science to model solid materials, such as ice in our case. The reason
for this is that it remains relatively simple to implement while being empirically
powerful and descriptive [5].

Equation (2.1c) is not necessarily the most general form of Maxwell’s rheology.
A more rigorous and objective (frame-invariant) formulation is the Upper Con-
vected Maxwell model, originally proposed by Oldroyd [13], written in terms of
the velocity field v as

µ

η
τ +

(︄
∂τ

∂t
+ v · ∇τ − L · τ − τ · LT

)︄
= 2µD, (2.7)

where L is the velocity gradient tensor, and D is its symmetric part:

D = 1
2(L + LT ). (2.8)
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The entire bracketed expression in (2.7) represents the Oldroyd derivative. To
derive equation (2.1c), we neglect all nonlinear terms in the Oldroyd derivative,
keeping only the partial time derivative, since we are dealing with small defor-
mations. Integrating the equation from 0 to t transforms the symmetric velocity
gradient into the symmetric displacement gradient, and gives rise to the integral
term on the right-hand side of (2.1c).

The deformation equations are supplemented with the boundary conditions
(2.1d) and (2.1e), which describe a free surface with dynamic topography. The
terms τ (t, x) ·er at the upper boundary and −τ (t, x) ·er at the lower boundary are
the tracktion vectors, as defined by the Cauchy stress tensor. The vector er is the
unit radial vector, directed outward from the center. Consequently, er serves as the
outward normal vector at the upper boundary, while −er is the outward normal
vector at the lower boundary. The term ur(t, x) denotes the radial displacement
at the boundary. Further, we introduce the term ρw(Vt(t, x) + Vg(t, x)) in the
bottom boundary condition to account for pressure from the subsurface ocean.
This follows from the equilibrium condition between pressure and body forces:

0 = −∇p − ρw∇(Vt + Vg), (2.9)

which implies
p = Const − ρw(Vt + Vg). (2.10)

Since we solve the system in a spherical harmonic representation for degree j ≥ 1,
we can ignore the constant term, which would appear only for j = 0. This will be
clarified further in Section 3.2.

Equation (2.1f) represents the heat equation, which describes heat conduction
within the material. It is a standard parabolic equation governing the evolution
of the temperature field with a temperature dependent conductivity. The source
term given by (2.4) arises from internal friction due to viscoelastic deformation
and thus serves as a coupling term between the deformation and heat equation.

The heat equation is subject to the Dirichlet boundary conditions (2.1g)
and (2.1h), which are time-independent. The lower boundary condition is straight-
forward: a constant temperature of 273K (the melting point of ice), corresponding
to the ice-ocean interface. The upper boundary condition is a prescribed tempera-
ture distribution that depends only on the meridional angle θ and is symmetric
with respect to the equator. This profile reflects the variation in solar insolation,
with higher temperatures near the equator and lower temperatures near the poles.
It reaches a maximum of approximately 95K at the equator and a minimum of
about 50K at the poles [14]. The function is shown in Figure (2.2). The initial
temperature distribution T0(x) must also be specified.

These are the equations that we aim to solve, our mathematical model of
the physical phenomenon. The system consists of two interconnected parts: the
first is the set of equations describing viscoelastic deformation, including the
balance of momentum, Maxwell’s rheology, the incompressibility condition, and
boundary conditions. The second part is the heat equation with Dirichlet boundary
conditions, which governs the conduction of heat within the material and describes
the time evolution of temperature. These two parts are coupled through the
heat source term h(t, x) in the heat equation, which arises from the dissipation of
viscoelastic deformation. This means that the mechanical deformation generates
heat, which influences the temperature distribution. Conversely, the temperature
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Figure 2.2 Temperature field at the outer boundary, showing a maximum of approxi-
mately 95 K at the equator and a minimum of about 50 K at the poles (from [14]).

field affects the deformation equations via the viscosity η in the Maxwell rheology,
which depends strongly on temperature. Thus, the viscosity, determined by
the temperature field, influences the mechanical response of the material, while
the dissipation from deformation serves as a heat source, affecting the thermal
evolution. Together, these two interdependent processes form a complex nonlinear
system that describes the thermal evolution of the ice shell of Europa.

2.2 Parameters of the Model
In this section, we list all the parameters and physical constants used in our

mathematical model. As seen in the previous chapter, the model incorporates
various parameters, so it is beneficial to clearly present them all in one place.

Parameter Symbol Value Units
Inner radius of Europa Rbot 1531 km
Shear modulus of ice µ 3.3 × 1015 Pa
Gravity at the top of the ice shell gtop 1.314 m/s2

Gravity at the bottom of the ice shell gbot 1.314 m/s2

Ice density ρice 920 kg/m3

Water density ρwater 1000 kg/m3

Angular frequency ω 2.04783 × 10−5 s−1

Orbital eccentricity e 0.009 -
Thermal conductivity constant k0 651 W/m
Isobaric heat capacity of ice cp 2108 J/kg K

Table 2.1 Fixed physical parameters used in the model.

The reference viscosity η0, which appears in the temperature-dependent vis-
cosity law (see Equation (2.2)), is treated as a free model parameter and is varied
to study how the results depend on the rheological properties of the ice. Lower
values of η0 correspond to weaker, more dissipative ice, while very high values
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approach the elastic limit, where almost no dissipation occurs. The considered
range (5 × 1013, 1 × 1016) Pa·s reflects physically realistic estimates, with lower
values corresponding to very small ice grain sizes [7] and upper values approaching
nearly elastic behavior. Similarly, the ice shell thickness d is also varied, since its
value is uncertain and may range from about 10 km to 70 km. We consider the
interval (10, 50) km in our simulations. This variation allows us to assess how the
results and thermal stability of the shell depend on geometry.
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3 Solution Method
In this chapter, we present in detail the methods used to solve the equations

introduced and motivated in the previous chapter. First, we explain why we
do not simulate the system as a whole but instead split it into deformation and
heat conduction parts due to the fundamental difference in their characteristic
timescales. Next, we introduce spherical harmonic expansions, i.e., we approximate
all functions as finite spherical harmonic series. Following that, we dedicate a
section to the nonlinearity in spherical expansions, particularly the product of
series. Subsequently, we present the deformation equations in their spherical
representation and describe how they are radially discretised. A similar section
follows for the heat equation, where the spherical representation is comparatively
simpler.

3.1 Deformation and Heat Conduction
Timescale Split

The system of equations (2.1) consists of two interconnected parts: defor-
mation and heat conduction. Deformation influences heat conduction through
the dissipative heat source, while heat conduction, in turn, affects deformation
through the viscosity’s dependence on temperature. When numerically simulating
the time evolution of any system, we must discretise continuous time t using a time
step ∆t, which is typically chosen as a fraction, such as 1%, of some characteristic
timescale of the system.

The issue here is that the characteristic timescale of the deformation equa-
tions is dramatically shorter than that of the heat conduction equation. The
characteristic timescale for deformation is given by

τd = min{Tp,
η

µ
}, (3.1)

where Tp = 3.551 days is the orbital period of Europa around Jupiter, and
the second term, the ratio of viscosity to shear modulus, corresponds to the
characteristic timescale of Maxwell’s model, the so called Maxwell time. This
means that the timescale of deformation is on the order of a few days, requiring a
discretisation time step of at most a few hours.

By non-dimensionalizing the heat equation (2.1f) using a characteristic time
scale τ , a characteristic temperature T , and a characteristic length scale given by
the shell thickness d, we obtain the expression

τ = ρicpd2T

k0
. (3.2)

Substituting the parameter values from Table (2.1), with T = 200 K and shell
thickness in the range d = 10–70 km, yields a characteristic timescale τ in the
interval approximately 2 × 106–9.5 × 107 years.

This enormous difference in timescales is a key challenge in simulating the
system. While the characteristic time for deformation is only a few days, the heat
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conduction timescale is millions of years. If we were to simulate the entire system
with a single shared time step, we would have to choose the smaller one dictated
by the deformation equations. This would mean updating heat dissipation and
viscosity at every deformation time step, but because the temperature evolves
extremely slowly, we would need an enormous number of time steps to observe
any significant temperature change.

To address this issue, we use an approach commonly applied in such cases:
splitting the system into two separate parts, deformation and heat conduction,
and evolving them separately in an alternating way, always evolving only one part
while keeping the results from the other constant. The simulation starts with an
initial temperature distribution, from which we compute the viscosity field. The
deformation equations are then solved for several orbital periods while keeping the
viscosity constant and computing the dissipation as the average over one period,

h(x) = 1
Tp

∫︂ Tp

0
h(t′, x)dt′. (3.3)

Once the deformation reaches a converged state, the heat equation is evolved with
its much larger time step to allow for a meaningful temperature change. The
viscosity field is then updated based on the new temperature, and the process
repeats. This way, we effectively simulate the evolution of the coupled system.

There are two expected scenarios for the system. Either the system will
converge to a stationary state, where the temperature and dissipation fields stop
changing over time, or it will diverge. In the second case, the dissipation becomes
very high in some areas, which causes the temperature to rise, and that makes
the dissipation even higher, until the system ’blows up’, this is called thermal
runaway. In that case, the temperature goes over 273K, the melting point of ice,
which our equations don’t take into account, so the result becomes physically
meaningless. We initially tried to model the melting scenario too by limiting the
temperature at 273K and introducing a simple melting rule, but it turned out
to be quite complicated and we didn’t make much progress with it. We note
that the evolutionary problem (2.1) is somewhat artificial, since we are not really
interested in how the system evolves from its initial condition, which is rather
arbitrary, but rather in the stationary solution it converges to. We devote a short
section in appendix A.1, where we comment on the uniqueness of the stationary
solution.

3.2 The Spherical Harmonic Representation
When numerically solving differential equations, we always have to choose some

finite-dimensional approximation of the functions. A natural idea would be to use
the Finite Element Method (FEM). The equations (2.1) are quite straightforward
and should be relatively easy to implement using a package like FEniCS, for
example. The problem with the finite element method in this case is the geometry
and the required resolution. Europa is quite large, with a radius of 1531 km, but
the ice shell is only approximately 10-50 km thick. Since we need a fine resolution
within the ice shell, covering the whole domain with a sufficiently fine mesh would
require an enormous number of elements. For this reason, we decided to use the
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spectral method, meaning that we approximate our solution functions by a finite
series of spherical harmonic functions.

3.2.1 Spherical Harmonic Decomposition
We expand all the functions we are solving for in a spherical harmonic series:

as a superposition of scalar spherical harmonic functions (which form an orthonor-
mal basis of L2 functions on a sphere), vector spherical harmonic functions (an
orthonormal basis of L2 vectors on a sphere), and tensor spherical harmonic
functions (an orthonormal basis of L2 tensors on a sphere), as follows:

T (t, r, θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

Tjm(t, r)Yjm(θ, ϕ), (3.4a)

u(t, r, θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

j+1∑︂
l=|j−1|

ul
jm(t, r)Yl

jm(θ, ϕ), (3.4b)

τ (t, r, θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

τ j0
jm(t, r)Yj0

jm(θ, ϕ) +
jmax∑︂
j=0

j∑︂
m=−j

j+2∑︂
l=|j−2|

τ l2
jm(t, r)Yl2

jm(θ, ϕ),

(3.4c)

where Yl
jm(θ, ϕ) are the vector spherical harmonic functions and Yl2

jm(θ, ϕ) are
the tensor spherical harmonic functions. A detailed definition and the properties
of spherical harmonic functions can be found in the appendix A.2. This means
that all the dependence on the spherical angles θ and ϕ is contained in the basis
functions, and we only solve for the coefficients of the linear combinations, which
are functions of time t and radial distance r. The first term in the Cauchy stress
expansion corresponds to the isotropic (pressure) part, while the second term
represents the deviatoric (traceless) part of the stress tensor.

The sums go from degree j = 0 to j = jmax, so this is a finite-dimensional
approximation. The parameter jmax is an important parameter of the numerical
simulation, as it determines the lateral resolution. The higher the jmax, the better
the resolution on the sphere, but of course, increasing jmax also increases the
computational cost.

The spherical harmonic series also has an important property (A.10): if the
expanded function is real, then the coefficient of order −m is the complex conjugate
of the coefficient of order +m, multiplied by (−1)m. This allows us to solve only
for the coefficients with order m ≥ 0.

The idea of the spectral method is now to substitute these spherical harmonic
decompositions into the equations in (2.1), use analytical formulas for differential
operators (A.57) acting on the product of a radially dependent function and a
harmonic function, and expand the result again in terms of spherical harmonics.
Thanks to the orthogonality of the harmonics, when we multiply the equation by
a basis function and integrate over the sphere, the Kronecker delta appears and
selects only the coefficient corresponding to the given basis function. This causes
the equations to separate for different degrees and orders, so instead of solving a
system of partial differential equations, we get a system of ordinary differential
equations for each degree and order, with only radial and time derivatives.

The beauty of the spectral method is most evident in the linear setting.
Unfortunately, this is not exactly our case, since the integral on the right-hand
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side of Maxwell’s rheology contains the product of the Cauchy stress and the
inverse of viscosity, both of which we want to expand in a harmonic series. More
about this will be discussed in the next chapter.

The spectral method is also particularly useful when the driving force has
a simple representation in the basis functions. This is exactly the case for the
tidal force described by the tidal potential (2.5), which has only a few nontrivial
coefficients at degree j = 2 and orders m = −2, 0, 2. If the equations were linear
and if the viscosity depended only on the radial coordinate, then we would only
need to solve the deformation equations for this specific degree and these two
orders. All the other coefficients would trivially be zero.

The spectral method also seems convenient in the case when the basis functions
somehow respect the symmetry of the problem, that is why the spherical harmonic
functions are so often used in geophysics and planetary science, because they
respect the spherical symmetry, which can be often found in planetary bodies.
The degree j = 0 corresponds to the spherically symmetrical case, where all the
quantities depend only on the radial distance, and all the higher terms can be
seen as somewhat a correction of the spherically symmetrical case.

3.2.2 Transition Between the Harmonic Series and Values
on a Grid

We often need to perform operations on functions expanded in spherical
harmonic series. Linear operations, for example, are straightforward. If we have
two functions f and g with harmonic series representations

f(θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

fjmYjm(θ, ϕ), g(θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

gjmYjm(θ, ϕ),

then, of course, it follows that

(af + bg)(θ, ϕ) = a
jmax∑︂
j=0

j∑︂
m=−j

fjmYjm(θ, ϕ) + b
jmax∑︂
j=0

j∑︂
m=−j

gjmYjm(θ, ϕ)

=
jmax∑︂
j=0

j∑︂
m=−j

(afjm + bgjm)Yjm(θ, ϕ).

However, things become much more complicated when performing nonlinear
transformations, such as computing the logarithm of a function:

ln(f(θ, ϕ)) = ln
⎛⎝jmax∑︂

j=0

j∑︂
m=−j

fjmYjm(θ, ϕ)
⎞⎠ ,

where we would still like to keep the function in the spherical harmonic represen-
tation:

ln(f(θ, ϕ)) =
jmax∑︂
j=0

j∑︂
m=−j

(ln f)jmYjm(θ, ϕ).

In such cases, we proceed by evaluating the function on a discrete grid on the
sphere. For example, we use a 360 × 180 grid, with 360 equally spaced points for a
given constant θ, and 180 equally spaced points for a given constant ϕ. From these

21



discrete values, we compute the spherical harmonic coefficients by numerically
approximating the integrals (A.8).

For these operations, we use highly efficient Fortran programs: HARMSY
(harmonic synthesis, which converts harmonic coefficients to grid values) and
HARMAN together with HARMLS (harmonic analysis, which converts grid values
back to harmonic coefficients). These programs were developed at the Department
of Geophysics. The process is illustrated in Figure 3.1.

Figure 3.1 Transition between grid values and spherical harmonic coefficients.

3.3 The Right-Hand Side of Maxwell’s Rheology
As mentioned earlier, the beauty of the spectral method shines the most in

linear cases, where the equations perfectly separate into different degrees and
orders without the need to handle products of harmonic series. This is even more
apparent when the driving force has a simple expression in the corresponding
basis, such as a finite superposition of a few terms, like the tidal force. In that
case, we can solve the system only for these specific degrees and orders.

What complicates the problem are nonlinearities, which break this simplicity
and force us to solve the system across all degrees and orders. However, nonlinear
problems are ubiquitous in nature and are of great interest. Our system (2.1)
contains three nonlinearities. The first one appears in the heat equation (2.1f),
where the conductivity k is a function of temperature, i.e., k = k(T ). This
particular nonlinearity can be handled effectively using a trick, thanks to the
specific nature of its dependence (more details are given in the heat equation
section 3.7). The second nonlinearity is found in the dissipation term (2.4), where
the viscosity in the denominator depends exponentially on temperature. This
is manageable, and we describe the method used to compute dissipation in a
dedicated section 3.6.

The third nonlinearity is more challenging: the integral on the right-hand side
of Maxwell’s rheology involving the deviatoric part of the Cauchy stress tensor
multiplied by the inverse viscosity, which depends on temperature. Both of these
quantities are expressed as harmonic series.
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3.3.1 Nonlinearity in Spherical Harmonic Expansions:
Product of Series

We need to deal with the term∫︂ t

0

τ D(t′, x)dt′

η(T (t′, x)) , (3.5)

where the deviatoric part of the Cauchy stress tensor is expanded as a harmonic
series:

τ D(t, r, θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

j+2∑︂
l=|j−2|

τ l2
jm(t, r)Y l2

jm(θ, ϕ).

Let us denote the inverse of viscosity as ξ and refer to it as fluidity:

ξ(t, x) = 1
η(T (t, x)) . (3.6)

Since viscosity depends on temperature, which varies laterally, we also express
fluidity in a spherical harmonic expansion:

ξ(t, r, θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

ξjm(t, r)Yjm(θ, ϕ). (3.7)

Thus, we are dealing with a product of two series:

τ D(t, r, θ, ϕ)ξ(t, r, θ, ϕ) =

=
⎛⎝jmax∑︂

j=0

j∑︂
m=−j

j+2∑︂
l=|j−2|

τ l2
jm(t, r)Y l2

jm(θ, ϕ)
⎞⎠⎛⎝jmax∑︂

j=0

j∑︂
m=−j

ξjm(t, r)Yjm(θ, ϕ)
⎞⎠ , (3.8)

which we want to express again as a harmonic series for a deviatoric tensor:

(τ Dξ)(t, r, θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

j+2∑︂
l=|j−2|

(τ Dξ)l2
jm(t, r)Y l2

jm(θ, ϕ). (3.9)

The main challenge in computing the product of two spherical harmonic series
comes from the fact that their multiplication increases the maximum degree of the
resulting series. This is evident from the formula for the product of two spherical
harmonics [15]:

Yj1m1Yj2m2 =
j1+j2∑︂

j=|j1−j2|

j∑︂
m=−j

⌜⃓⃓⎷(2j1 + 1)(2j2 + 1)
4π(2j + 1) Cjm

j1m1j2m2Cj0
j10j20Yjm, (3.10)

where Cjm
j1m1j2m2 are Clebsch-Gordon coefficients. These coefficients, which are

discussed in more detail in the appendix A.2.4, frequently appear in spherical
harmonic manipulations. A key implication of this formula is that the product
of two harmonics of degree up to jmax produces terms with degrees up to 2jmax.
In our implementation, however, we retain only coefficients up to jmax, assuming
that the higher-order contributions are small and can be neglected.

Obtaining the product coefficients (τ Dξ)l2
jm from the original τ l2

jm and ξjm is
therefore not straightforward. While analytical expressions exist, they are quite
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involved and impractical for implementation. Instead, we use a code developed
by Prof. Martinec that computes the product numerically. The method involves
evaluating the fields on a grid, applying a Fast Fourier Transform in the azimuthal
direction, and other tricks. We only had to modify the original code to make it
compatible with a modern Fortran.

3.3.2 The Numerical Approximation of the Integral
Here, we describe how we numerically approximate the integral in (3.5), given

that we are working with discrete timesteps instead of continuous time. We
approximate it in a straightforward way:

∫︂ t

0

τ D(t′, x)dt′

η(T (t′, x)) ≈
N−1∑︂
i=0

τ D(i∆t, x)∆t

η(T (i∆t, x)) , (3.11)

where N∆t = t, starting from τ D(0, x) = 0. This causes a small disturbance
at the beginning, but it converges quickly. This is perhaps the simplest way to
approximate the integral using step functions, as illustrated in Figure (3.2).

Figure 3.2 Illustration of the numerical approximation of the integral using step func-
tions. The integral is approximated as a sum of discrete rectangular areas, representing
the left Riemann sum.

The implementation is straightforward. We store the cumulative integral in
memory and update it at each step by adding the product of the deviatoric part
of the Cauchy stress tensor and the fluidity from the previous step, multiplied by
the timestep.

3.4 Radial Discretisation of the Equations
When substituting the spherical harmonic expansions of functions into the

equations in system of equations (2.1), we obtain differential equations for the
harmonic coefficients, which are functions of only time and the radial distance.
Specifically, we get an ordinary differential equation in the radial variable for the
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coefficients in the deformation equations at a given time and a partial differential
equation in time and radial distance for the coefficients in the heat equation.

We have already discussed the discretisation in time, where calculations are
performed at discrete time steps. However, an additional discretisation is required
in the radial direction. We discretise the radial interval [Rbot, Rbot +d] using a grid
of N equidistant points ri, such that r1 = Rbot and rN = Rbot + d, as illustrated
in Figure 3.3. With this approach, the radial discretisation step, the distance

Figure 3.3 Radial discretisation of the domain. The radial interval [Rbot, Rbot + d] is
discretized into N equidistant points ri, where r1 = Rbot and rN = Rbot + d.

between two consecutive layers, is given by:

∆r = d

N − 1 .

Some of our functions, such as the deviatoric part of the Cauchy stress tensor
τ D(t, r, θ, ϕ), dissipation h(t, r, θ, ϕ), and fluidity ξ(t, r, θ, ϕ), are defined at discrete
time steps and on discrete radial layers:

τ D(tn, ri, θ, ϕ), h(tn, ri, θ, ϕ), ξ(tn, ri, θ, ϕ).

However, temperature T (t, r, θ, ϕ), displacement u⃗(t, r, θ, ϕ) and body force
f(t, r, θ, ϕ) = ∇Vt(t, r, θ, ϕ) are instead defined at the midpoints between layers:

T (tn, ri+ 1
2
, θ, ϕ), u(tn, ri+ 1

2
, θ, ϕ), f(tn, ri+ 1

2
, θ, ϕ),

as illustrated in Figure 3.4. The reason for this choice is that in (2.1b), the
derivative of the Cauchy stress tensor represents the force, so when approximating
the derivative using finite differences, it makes the most sense to define it at
the midpoints of the layers. For displacement, rheological equations imply that
the derivative of displacement corresponds to the Cauchy stress tensor (2.1c).
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Similarly, in the heat equation, we want the heat flux, which is defined by the
derivative of temperature, to be well defined at the boundaries. Hence, we work
with temperature values at the mid-layers.

To handle boundary values, we also define the displacement and temperature at
a half-layer below the bottom boundary and a half-layer above the top boundary,
allowing us to approximate boundary values as the average of adjacent layers.
The lateral dependence is then represented by the harmonic series at a given layer,
meaning that each function at a given time step is expanded in a harmonic series
up to degree jmax, evaluated at N radial layers (or N + 1 layers for displacement
and temperature). According to (A.11), this results in: N × (jmax+1)(jmax+2)

2
coefficients for a scalar function, N ×

(︂
3
(︂

jmax(jmax+1)
2 + jmax

)︂
+ 1

)︂
coefficients for

a vector function (A.21), and N ×
(︂
5
(︂

jmax(jmax+1)
2 + jmax

)︂
− 3

)︂
coefficients for a

tensor function (A.31). We approximate the radial derivatives in the differential

Figure 3.4 Illustration of the radial layer discretisation. The solid lines represent the
discrete layers ri, while the dashed lines indicate the mid-layers ri+ 1

2
. The temperature

T , displacement u and body force f are defined at mid-layers, while deviatoric stress
τ D, dissipation h, and fluidity ξ are defined at the main layers.

equations using finite differences, following the Finite Difference Method:

df(ri+ 1
2
)

dr
≈ f(ri+1) − f(ri)

∆r
, (3.12)

where the derivative is defined at the midpoint between layers ri and ri+1.
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In the case of the heat equation, where the time derivative of a temperature
coefficient depends on its radial first and second derivatives, we approximate the
first derivative at a given mid-layer by:

df(ri+ 1
2
)

dr
≈

f(ri+ 3
2
) − f(ri− 1

2
)

2∆r
, (3.13)

and the second derivative by:

d2f(ri+ 1
2
)

dr2 ≈
f(ri+ 3

2
) − 2f(ri+ 1

2
) + f(ri− 1

2
)

(∆r)2 . (3.14)

This arrangement of variables, where some fields are defined at main layers and
others at mid-layers, is known as the staggered grid finite difference method. It
is a widely used technique in numerical modelling of physical systems, especially
those involving fluxes and gradients (e.g., heat conduction, fluid flow, elasticity).
The staggered grid improves the numerical stability and accuracy of derivative
approximations and helps ensure that fluxes are computed at locations where
they are physically meaningful. For smooth functions, the method provides
second-order accuracy in space.

3.5 Equations of Viscoelastic Deformation and
Their Discretisation

We will not derive these equations in detail here, as the process is quite
lengthy. However, the underlying idea is straightforward: we substitute the
spherical harmonic expansions into the equations and apply known formulas for
how differential operators act on products of scalar radial functions and spherical
harmonics. These formulas are listed in Appendix (A.57). This approach yields a
system of ordinary differential equations in the radial variable r for the spherical
coefficients. Approximating the derivatives by finite differences then leads to
a system of linear equations for the coefficients on different layers, which are
described by band matrices.

The variables and equations can be categorized into two distinct groups:
spheroidal and toroidal. The vector spheroidal coefficients are uj−1

jm , uj+1
jm , and the

tensor spheroidal coefficients are τ j0
jm, τ

(j−2)2
jm , τ j2

jm, τ
(j+2)2
jm . The toroidal coefficients

include a single vector coefficient, uj
jm, and two tensor coefficients, τ

(j−1)2
jm and

τ
(j+1)2
jm .

This distinction has a physical interpretation: spheroidal components describe
compressional or extensional deformation, involving both radial and horizontal
displacement, and are associated with changes in volume. In contrast, toroidal
motion corresponds to purely horizontal, volume-preserving shear deformation,
with no radial component. The tidal force is purely spheroidal; thus, if viscosity
depended only on radius, we would not need to solve the toroidal equations.
However, due to nonlinearity, the harmonic decomposition of the right-hand side
of the rheology equations affects all degrees and orders, leading to nontrivial
toroidal deformation and motion. Consequently, at each deformation time step,
we must solve both spheroidal and toroidal systems for all degrees from j = 2
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to jmax and for all corresponding orders. Additionally, we solve the spheroidal
system for j = 1, which is a degenerate case with one fewer tensor coefficient.

3.5.1 Spheroidal Equations for Degree j ≥ 2
This subsection focuses on the spheroidal equations for degrees j ≥ 2. After

applying the steps outlined in the previous section, we obtain the continuity
equation in the form:

a1
j

duj−1
jm (r)
dr

+ a2
j

uj−1
jm (r)

r
+ b1

j

duj+1
jm (r)
dr

+ b2
j

uj+1
jm (r)

r
= 0, (3.15)

the equation of motion:

c1
j

dτ j0
jm(r)
dr

+ c2
j

τ j0
jm(r)

r
+ d1

j

dτ
(j−2)2
jm (r)

dr
+ d2

j

τ
(j−2)2
jm (r)

r

+ e1
j

dτ j2
jm(r)
dr

+ e2
j

τ j2
jm(r)

r
+ f j−1

jm (r) = 0, (3.16)

f 1
j

dτ j0
jm(r)
dr

+ f 2
j

τ j0
jm(r)

r
+ g1

j

dτ j2
jm(r)
dr

+ g2
j

τ j2
jm(r)

r

+ h1
j

dτ
(j+2)2
jm (r)

dr
+ h2

j

τ
(j+2)2
jm (r)

r
+ f j+1

jm (r) = 0, (3.17)

and the rheology equations:

τ
(j−2)2
jm (r)

2µ
+ p1

j

duj−1
jm (r)
dr

+ p2
j

uj−1
jm (r)

r
= −

S
(j−2)2
jm (r)

2 , (3.18)

τ j2
jm(r)
2µ

+ q1
j

duj−1
jm (r)
dr

+ q2
j

uj−1
jm (r)

r
+ r1

j

duj+1
jm (r)
dr

+ r2
j

uj+1
jm (r)

r
= −

Sj2
jm(r)

2 , (3.19)

τ
(j+2)2
jm (r)

2µ
+ s1

j

duj+1
jm (r)
dr

+ s2
j

uj+1
jm (r)

r
= −

S
(j+2)2
jm (r)

2 , (3.20)

where we denoted by Sl2
jm the coefficients of the right-hand side tensor in the

Maxwell rheology equation. This tensor represents the time integral of the product
of the deviatoric Cauchy stress with the fluidity. The constant scalar coefficients
appearing in the above linear relations are listed in Table 3.1.

Further, we present the discretised form of these equations. We no longer
write the indices j, m, as they remain the same for all coefficients. Additionally,
we avoid explicitly writing the radial dependence in parentheses and instead use
a lower index i to indicate the layer where the given coefficient is defined. To
simplify the notation, we denote vector coefficients with j + 1 and j − 1 as + and
−, respectively. Similarly, for tensor coefficients, we use 0, ±2, and 2 in place of
j0, (j ± 2)2, and j2. The discretised continuity equation is given by:

(︃
a2

2ri

− a1

∆r

)︃
u−

i− 1
2

+
(︄

b2

2ri

− b1

∆r

)︄
u+

i− 1
2

+
(︃

a2

2ri

+ a1

∆r

)︃
u−

i+ 1
2

+
(︄

b2

2ri

+ b1

∆r

)︄
u+

i+ 1
2

= 0. (3.21)
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Coefficient Expression Coefficient Expression

a1
j

√︂
j

2j+1 a2
j −(j − 1)a1

j

b1
j −

√︂
j+1
2j+1 b2

j (j + 2)b1
j

c1
j −

√︂
j

3(2j+1) c2
j (j + 1)c1

j

d1
j

√︂
j−1
2j−1 d2

j −(j − 2)d1
j

e1
j −

√︃
(j+1)(2j+3)

6(2j−1)(2j+1) e2
j (j + 1)e1

j

f 1
j

√︂
j+1

3(2j+1) f 2
j −jf 1

j

g1
j

√︃
j(2j−1)

6(2j+1)(2j+3) g2
j −jg1

j

h1
j −

√︂
j+2
2j+3 h2

j (j + 3)h1
j

p1
j −

√︂
j−1
2j−1 p2

j jp1
j

q1
j

√︃
(j+1)(2j+3)

6(2j+1)(2j−1) q2
j −(j − 1)q1

j

r1
j −

√︃
j(2j−1)

6(2j+1)(2j+3) r2
j (j + 2)r1

j

s1
j

√︂
j+2
2j+3 s2

j −(j + 1)s1
j

Table 3.1 Coefficients used in the spheroidal equations of deformation, in continuity
equation, momentum balance, and rheology equations.

The discretised equations of motion take the form:⎛⎝ c2

2ri+ 1
2

− c1

∆r

⎞⎠ τ 0
i +

⎛⎝ d2

2ri+ 1
2

− d1

∆r

⎞⎠ τ−2
i +

⎛⎝ e2

2ri+ 1
2

− e1

∆r

⎞⎠ τ+2
i

+
⎛⎝ c2

2ri+ 1
2

+ c1

∆r

⎞⎠ τ 0
i+1 +

⎛⎝ d2

2ri+ 1
2

+ d1

∆r

⎞⎠ τ−2
i+1

+
⎛⎝ e2

2ri+ 1
2

+ e1

∆r

⎞⎠ τ+2
i+1 + f−

i+ 1
2

= 0, (3.22)
⎛⎝ f2

2ri+ 1
2

− f1

∆r

⎞⎠ τ 0
i +

⎛⎝ g2

2ri+ 1
2

− g1

∆r

⎞⎠ τ−2
i +

⎛⎝ h2

2ri+ 1
2

− h1

∆r

⎞⎠ τ+2
i

+
⎛⎝ f2

2ri+ 1
2

+ f1

∆r

⎞⎠ τ 0
i+1 +

⎛⎝ g2

2ri+ 1
2

+ g1

∆r

⎞⎠ τ−2
i+1

+
⎛⎝ h2

2ri+ 1
2

+ h1

∆r

⎞⎠ τ+2
i+1 + f+

i+ 1
2

= 0. (3.23)
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The discretised rheology equations are given by:
τ−2

i

2µ
+
(︃

p2

2ri

− p1

∆r

)︃
u−

i− 1
2

+
(︃

p2

2ri

+ p1

∆r

)︃
u−

i+ 1
2

= −S−2
i

2 , (3.24)

τ+2
i

2µ
+
(︃

s2

2ri

− s1

∆r

)︃
u+

i− 1
2

+
(︃

s2

2ri

+ s1

∆r

)︃
u+

i+ 1
2

= −S+2
i

2 , (3.25)

τ 2
i

2µ
+
(︃

q2

2ri

− q1

∆r

)︃
u−

i− 1
2

+
(︃

r2

2ri

− r1

∆r

)︃
u+

i− 1
2

+
(︃

q2

2ri

+ q1

∆r

)︃
u−

i+ 1
2

+
(︃

r2

2ri

+ r1

∆r

)︃
u+

i+ 1
2

= −S2
i

2 . (3.26)

In total, we have two displacement coefficients defined at N + 1 mid-layers and
four tensor coefficients defined at N layers, resulting in 6N + 2 variables. The
continuity equation is defined at layers, contributing N equations, while rheology
equations at layers contribute 3N equations. The motion equations, defined at
the mid-layers, contribute 2(N − 1) equations. Together, this accounts for 6N − 2
equations, leaving four additional equations required for boundary conditions.

The boundary equations are obtained by applying the formula for the scalar
product of spherical functions with the radial unit vector er (A.58). The upper
boundary condition is:

−
√︄

j

3(2j + 1)τ j0
jm −

⌜⃓⃓⎷ (j + 1)(2j + 3)
6(2j + 1)(2j − 1)τ j2

jm +
√︄

j − 1
2j − 1τ

(j−2)2
jm

= − ρwgt

2j + 1

[︃
juj−1

jm −
√︂

j(j + 1)uj+1
jm

]︃
, (3.27)

√︄
j + 1

3(2j + 1)τ j0
jm +

⌜⃓⃓⎷ j(2j − 1)
6(2j + 1)(2j + 3)τ j2

jm −
√︄

j + 2
2j + 3τ

(j+2)2
jm

= ρwgt

2j + 1

[︃√︂
j(j + 1)uj+1

jm − (j + 1)uj−1
jm

]︃
. (3.28)

The boundary condition at the lower boundary takes almost the same form as the
upper boundary condition, except that the coefficients on the left-hand side have
opposite signs due to the reversed direction of the outer boundary. Additionally,
instead of ρw and gt, the density difference ∆ρ and gb appear, along with an added
pressure term. The pressure force can be expressed as

p(θ, ϕ) = −ρw

(︃
Vt(t, Rb, θ, ϕ) + Vg(t, Rb, θ, ϕ)

)︃
er, (3.29)

where we use the formula for the product of a scalar spherical harmonic with
the radial unit vector er, expressed in terms of vector spherical harmonics (A.58).
All these equations together form a system of linear equations, represented by a
(6N + 2)2 band matrix with a bandwidth of 7, as illustrated in Figure 3.5.

The solution vector takes the form

(u−
1
2
, u+

1
2
, τ 0

1 , τ−2
1 , τ 2

1 , τ+2
1 , u−

3
2
, u+

3
2
, τ 0

2 , τ−2
2 , τ 2

2 , τ+2
2 , ..., τ 0

N , τ−2
N , τ 2

N , τ+2
N , u−

N+ 1
2
, u+

N+ 1
2
).

If we denote by pl
jm the coefficients of the lower boundary pressure force, then the

right-hand side takes the form

(0, −p−, −p+, −S−2
1
2 , −S2

1
2 , −S+2

1
2 , 0, −f−

1+ 1
2
, −f+

1+ 1
2
, −S−2

2
2 , −S2

2
2 , −S+2

2
2 , ...).
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Figure 3.5 Structure of the band matrix of size (6N +2)2 for N = 4 with a bandwidth
of 7. The different colours correspond to different types of equations: continuity equations
(blue), rheology equations (green), boundary conditions (red), and equations of motion
(yellow).

The contribution from the tidal force, the main driving force, to the pressure
coefficients pl

jm and the volumetric force coefficients f l
jm is nonzero only for degree

j = 2. For all other degrees, the force arises purely from self-gravitation. All
coefficients in Table 3.1 are independent of m, which means that the matrix of
the linear system is also independent of m. This allows us to construct the matrix
only once for each degree j, and then solve the system for all orders m using
different right-hand sides.

Since the harmonic coefficients are generally complex numbers, we solve the
system separately for their real and imaginary parts.

3.5.2 Spheroidal Equations for Degree j = 1
The case j = 1 is a special degenerate one, because the spherical harmonic

coefficient τ
(j−2)2
jm is not defined for j = 1, as the corresponding index j − 2 would

be negative. In addition, some of the scalar coefficients in the system (listed
in Table 3.1) evaluate to zero when j = 1. As a result, one of the rheology
equations becomes trivially satisfied, since all its terms vanish. Apart from that,
the spheroidal equations from the previous section still apply, and the total number
of equations is reduced by N compared to the general case.

If the numerical solver were robust enough, it might even be possible to use
the same code for solving higher degrees for the case j = 1, provided it can handle
the additional zeros. However, just to be safe, we treat the case j = 1 separately.
The resulting (5N + 2)2 band matrix is illustrated in Figure 3.6. The solution
vector is in the form

(u−
1
2
, u+

1
2
, τ 0

1 , τ 2
1 , τ+2

1 , u−
3
2
, u+

3
2
, τ 0

2 , τ 2
2 , τ+2

2 , ..., τ 0
N , τ 2

N , τ+2
N , u−

N+ 1
2
, u+

N+ 1
2
).
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The right-hand side is

(0, −p−, −p+, −S2
1

2 , −S+2
1
2 , 0, −f−

1+ 1
2
, −f+

1+ 1
2
, −S2

2
2 , −S+2

2
2 , ...).

Figure 3.6 Structure of the band matrix of size (5N + 2)2 for degree j = 1 with
N = 4 and a bandwidth of 6. The different colours correspond to different types of
equations: continuity equations (blue), rheology equations (green), boundary conditions
(red), and equations of motion (yellow).

3.5.3 Toroidal Equations for Degree j ≥ 2
As mentioned above, the tidal force is purely spheroidal. However, due to the

nonlinearity of Maxwell’s viscoelastic rheology, nontrivial coefficients generally
appear in the harmonic series of the deviatoric tensor on the right-hand side of
Maxwell’s rheology. This results in nonzero toroidal deformation and displacement.
The toroidal equations are much simpler. There is only one toroidal vector
coefficient, uj

jm, and two tensor coefficients, τ
(j−1)2
jm and τ

(j+1)2
jm . There is no

equation of continuity, as toroidal motion automatically maintains volume. The
system consists of only one equation of motion and two rheological equations.

The equation of motion takes the form

α1
j

dτ
(j−1)2
jm (r)

dr
+ α2

j

τ
(j−1)2
jm (r)

r
+ β1

j

dτ
(j+1)2
jm (r)

dr
+ β2

j

τ
(j+1)2
jm (r)

r
= 0, (3.30)

and the rheological equations take the form

τ
(j−1)2
jm (r)

2µ
+ γ1

j

duj
jm(r)
dr

+ γ2
j

uj
jm(r)

r
= −

S
(j−1)2
jm (r)

2 , (3.31)

τ
(j+1)2
jm (r)

2µ
+ δ1

j

duj
jm(r)
dr

+ δ2
j

uj
jm(r)

r
= −

S
(j+1)2
jm (r)

2 , (3.32)
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Coefficient Expression Coefficient Expression

α1
j

√︂
j−1
2j+1 α2

j −(j − 1)α1
j

β1
j −

√︂
j+2

2(2j+1) β2
j (j + 2)β1

j

γ1
j −

√︂
j−1

2(2j+1) γ2
j (j + 1)γ1

j

δ1
j

√︂
j+2

2(2j+1) δ2
j −jδ1

j

Table 3.2 Coefficients used in the toroidal deformation equations in momentum
balance and rheology equations.

where the coefficients are given in Table 3.2.
By approximating the derivatives, we obtain the discretised equation of motion

in the form⎛⎝ α2

2ri+ 1
2

− α1

∆r

⎞⎠ τ−1
i +

⎛⎝ β2

2ri+ 1
2

− β1

∆r

⎞⎠ τ+1
i

+
⎛⎝ α2

2ri+ 1
2

+ α1

∆r

⎞⎠ τ−1
i+1 +

⎛⎝ β2

2ri+ 1
2

+ β1

∆r

⎞⎠ τ+1
i+1 + fi+ 1

2
= 0, (3.33)

and the discretised rheological equations can be written as
τ−1

i

2µ
+
(︃

γ2

2ri

− γ1

∆r

)︃
ui− 1

2
+
(︃

γ2

2ri

+ γ1

∆r

)︃
ui+ 1

2
= −S−1

i

2 , (3.34)

τ+1
i

2µ
+
(︄

δ2

2ri

− δ1

∆r

)︄
ui− 1

2
+
(︄

δ2

2ri

+ δ1

∆r

)︄
ui+ 1

2
= −S+1

i

2 , (3.35)

where we simplified the notation for the vector coefficients uj
jm(ri+ 1

2
) as ui+ 1

2
, and

the tensor coefficients τ
(j−1)2
jm (ri) and τ

(j+1)2
jm (ri) as τ−1

i and τ+1
i .

Now, we have N + 1 displacement coefficients and 2N Cauchy stress tensor
coefficients, leading to a total of 3N + 1 variables. The system consists of 2N
rheological equations and N − 1 equations of motion, since they are defined at the
midpoints of layers. The final two necessary equations are the boundary conditions,
which take exactly the same form at both the upper and lower boundaries:√︄

j − 1
2(2j + 1)τ

(j−1)2
jm −

√︄
j + 2

2(2j + 1)τ
(j+1)2
jm = 0. (3.36)

All these equations again form a system of linear equations, described by a
band matrix of dimensions (3N + 1)2 with a bandwidth of 2. The structure of the
band matrix is depicted in Figure 3.7.

The solution vector for the toroidal case takes the form

(u 1
2
, τ−1

1 , τ+1
1 , u1+ 1

2
, τ−1

2 , τ+1
2 , ..., uN− 1

2
, τ−1

N , τ+1
N , uN+ 1

2
),

and the right-hand side is

(0, −S−1
1
2 , −S+1

1
2 , 0, −S−1

2
2 , −S+1

2
2 , 0, ..., 0, −S−1

N−1
2 , −S+1

N−1
2 , 0, −S−1

N

2 , −S+1
N

2 , 0).

There are no external toroidial forces. The driving effect comes from the
nontrivial coefficients S−1

i and S+1
i .
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Figure 3.7 Structure of the band matrix of size (3N + 1)2 for the toroidal system of
deformation equations with N = 4 with a bandwidth of 2. The different colours corre-
spond to different types of equations: rheology equations (green), boundary conditions
(red), and equations of motion (yellow).

3.6 Calculation of the Dissipation
In this section, we focus in more detail on the calculation of dissipation. As

mentioned previously, we need to calculate the dissipative heat source h(t, x) while
solving the deformation equation so that it can be used in the heat equation.
We simulate the deformation until it reaches a converged state, and then we
compute the dissipation as an average over a period. There are two different
types of dissipation to be calculated. First, we need to determine the (density of)
dissipation as a function of coordinates:

h(x) = 1
Tp

∫︂ Tp

0
h(t′, x)dt′, (3.37)

which serves as a source term in the heat equation. Additionally, it is useful to
calculate the total dissipation as the integral of the dissipation density:

Ht = 1
Tp

∫︂ Tp

0

∫︂
Ω

h(t′, x)dxdt′, (3.38)

also averaged over the period. These two quantities can be computed in different
ways. It is much easier to determine the total dissipation. We do so by inserting
the harmonic expansions of the tensors into the dissipation formula 2.4 and using
the orthonormality of the spherical tensors.

Let us denote by ql2
jm the coefficients of the deviatoric tensor, which represents

the product of the deviatoric Cauchy stress tensor and the fluidity. We compute
this tensor at every time step and at every layer to update the integral in Maxwell’s
rheology. The approximate formula for the total dissipation can then be written
as:

Ht = 1
2N

N∑︂
i=1

∫︂ Rbot+d

Rbot

⎡⎣ jmax∑︂
j=0

j∑︂
m=0

j+2∑︂
l=|j−2|

(2 − δm0)
(︃

Re(ql2
jm(ti, r)) Re(τ l2

jm(ti, r))

+ Im(ql2
jm(ti, r)) Im(τ l2

jm(ti, r))
)︃⎤⎦r2 dr, (3.39)

34



where it approximately holds that N timesteps correspond to one period. The
term (2 − δm0) accounts for the coefficients of negative orders −m. The integral
over the radial variable r is further approximated using the trapezoidal rule with
discrete layer values:∫︂ Rbot+d

Rbot
f(r)dr ≈

N−1∑︂
i=1

∆r

2

(︃
f(ri) + f(ri+1)

)︃
. (3.40)

Calculating the spatially dependent volumetric dissipation is more challenging.
To achieve this, we need to compute:

h(t, x) = 1
2η(T (t, x))

⎡⎣τD
xx(t, x)τD

xx(t, x) + τD
yy(t, x)τD

yy(t, x) + τD
zz(t, x)τD

zz(t, x)

+ 2
(︃

τD
xy(t, x)τD

xy(t, x) + τD
xz(t, x)τD

xz(t, x) + τD
yz(t, x)τD

yz(t, x)
)︃⎤⎦, (3.41)

where τD
xx, τD

yy, etc., denote the Cartesian components of the deviatoric Cauchy
stress tensor. We made use of the tensor’s symmetry by combining the off-diagonal
terms in pairs. We further expand the tensor components in a spherical harmonic
series at discrete radial layers:

h(t, ri, θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

hjm(t, ri)Yjm(θ, ϕ). (3.42)

To compute the dissipation, we first calculate the Cartesian components of the
deviatoric Cauchy stress tensor. Instead of computing them directly, we first
evaluate the traction vectors τx = τ D · ex, τy = τ D · ey, and τz = τ D · ez,
and then extract their Cartesian components by projecting them again onto the
corresponding Cartesian directions. There is an analytical way to compute these
scalar products with the Cartesian basis vectors using formulas in Section A.2.7,
which involve Clebsch-Gordan coefficients and Wigner 6j symbols. This allows us
to compute the Cartesian components of the deviatoric stress analytically. We
then evaluate these components, along with viscosity, on the grid and use them to
compute the dissipation field using equation (3.41). Finally, we convert the grid
values of dissipation back into spherical harmonic coefficients.

3.7 The Heat Equation in the Spherical Repre-
sentation

In this section, we present the heat equation in its spherical harmonic rep-
resentation and explain how we solve it using discretised radial layers and time
steps. The heat equation is written as

ρicp
∂T (t, x)

∂t
= k0∇ ·

(︄
1

T (t, x)∇T (t, x)
)︄

+ h(t, x), (3.43)

where we have substituted the nonlinear conductivity (2.3). The trick to handling
this nonlinearity is that we can use the derivative formula for logarithm and
rewrite it as

ρicp
∂T (t, x)

∂t
= k0∆ ln

(︂
T (t, x)

)︂
+ h(t, x). (3.44)
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The spectral method again involves substituting the harmonic series expansion
for all functions, which means we also need the harmonic expansion of the logarithm
of temperature:

ln
(︂
T (t, ri, θ, ϕ)

)︂
=

jmax∑︂
j=0

j∑︂
m=−j

(ln T )jm(t, ri)Yjm(θ, ϕ), (3.45)

where we compute the coefficients by evaluating the temperature on a grid,
applying the logarithm pointwise, and then projecting the resulting values back
onto spherical harmonics. This procedure is repeated at each time step and for
every radial layer.

By plugging in the harmonic expansion, using the orthogonality property, and
applying the formula for the action of the Laplace operator (A.57a), we obtain
the heat equation for the harmonic coefficients in the form

∂Tjm(t, r)
∂t

= k0

ρicp

⎛⎝d2(ln T )jm(t, r)
dr2 + 2

r

d(ln T )jm(t, r)
dr

− j(j + 1)
r2 (ln T )jm(t, r)

⎞⎠+ hjm(t, r)
ρicp

. (3.46)

After applying radial discretisation and approximating the derivatives using finite
differences, we obtain

∂Tjm(t, ri+ 1
2
)

∂t
= k0

ρicp

⎛⎝(ln T )jm(t, ri+ 3
2
) − 2(ln T )jm(t, ri+ 1

2
) + (ln T )jm(t, ri− 1

2
)

(∆r)2

+ 1
r

(ln T )jm(t, ri+ 3
2
) − (ln T )jm(t, ri− 1

2
)

∆r

− j(j + 1)
r2 (ln T )jm(t, ri+ 1

2
)
⎞⎠

+ 1
2ρicp

(hjm(t, ri) + hjm(t, ri+1)) . (3.47)

To simplify the notation, we introduce a function fi(t) as

∂Tjm(t, ri+ 1
2
)

∂t
= fi+ 1

2
(t), (3.48)

which transforms the problem into an ordinary differential equation in time for the
harmonic coefficients Tjm(t, ri+ 1

2
) at the midlayer i + 1

2 . We solve this equation
using the second-order Adams-Bashforth multistep method, where we compute
the coefficient at time step n + 2 as

Tjm(tn+2, ri+ 1
2
) = Tjm(tn+1, ri+ 1

2
) + 3

2∆tfi+ 1
2
(tn+1) − 1

2∆tfi+ 1
2
(tn). (3.49)

Since this is a multistep method, we must retain coefficients from at least one
previous step in memory to apply this numerical scheme. The first step is
performed using a simple Euler method.
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We solve a Dirichlet boundary value problem as introduced in the second
chapter, meaning that we have two fixed harmonic series, one at the bottom layer:

Tb(θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

T b
jmYjm(θ, ϕ), (3.50)

which is very simple, with only the constant term T b
00 being nonzero, and one at

the top layer:

Tt(θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

T t
jmYjm(θ, ϕ). (3.51)

These two functions remain fixed throughout the simulation, and we solve the
heat equation (3.47) in the middle layers r1+ 1

2
, ..., rN− 1

2
and after each time step

we update the coefficient at the outer mid-layers r 1
2
, rN+ 1

2
, so that the average

of the temperature coefficients at first and second mid-layers is equal to the
bottom dirichlet condition and similarily the last and last but one equal to the
upper dirichlet condition. This way we satisfy the boundary conditions. The
choice of initial condition is not very important, as the time evolution is not truly
physical—we are mainly interested in the converged stationary solution. One
possible choice is to use an initial condition given by a harmonic series, with
coefficients obtained via linear interpolation between the two boundary values.
Alternatively, we can use as an initial condition the final converged state from a
previous simulation run with different parameter values of η0 and d.

37



4 Results
In this chapter, we present the results of our simulations. We investigated the

effect of tidal dissipation on the spatial temperature distribution, the total heat
flux, and the spatial distribution of heat flux at the bottom and top boundaries in
the converged state of the system of equations (2.1). Our primary focus is on the
role of two parameters: the reference viscosity η0 at the ice-ocean boundary in the
viscosity relation (2.2), and the geometric parameter d, the thickness of the ice
shell. We consider the viscosity parameter η0 in the interval (5×1013, 1×1016) Pa·s.
Values below 5 × 1013 Pa·s correspond to unrealistically small ice grains [7], and at
very high values like 1 × 1016 Pa·s, the shell behaves almost purely elastically. Due
to significant uncertainty in the ice shell thickness, we consider d in the interval
(10, 50) km. In all simulations, we used 100 radial layers, which seemed to provide
good enough resolution, as seen in the smoothness of the radially dependent
functions. For the lateral resolution, we mostly used the spherical harmonic cutoff
jmax = 30, which worked well in the non melting scenarios, it provided enough
resolution and the spectral coefficients converged quickly to zero for higher j.
We also tried increasing the resolution up to degree 60 when modeling melting
scenarios, but even that did not help resolve those cases successfully.

4.1 Results for the Fixed Parameter d = 30 km
We begin by presenting detailed results from simulations with a fixed shell

thickness of d = 30 km and varying viscosity η0. We compare the results for
different viscosities η0 to a reference case of a purely elastic shell without any
dissipation, which we denote by η0 = +∞. Table 4.1 summarizes the total tidal
heating in the ice shell, the total inner heat flux from the ocean to the shell, and
the total outer heat flux at the surface. For the parameter value η0 = 5 × 1013

Pa·s, the ice shell undergoes melting, the temperature exceeds 273 K, the melting
point of the ice. We attempted to handle these melting scenarios by introducing a
temperature cap at the melting point, but were not able to make it converge. We
can see that the tidal heating plus inner flux equals the outer flux, as it should, so
that energy is conserved. The case η0 = +∞ corresponds to a fully elastic shell,
where there is no tidal heating and the outer flux equals the inner flux.

We have also made another series of simulations with the same parameters,
but without the self-gravity potential, to compare the results. The corresponding
values for this model are shown in Table 4.2. As expected, the tidal dissipation is
weaker without self-gravity. The ice shell is not melting for any of those η0 values
for this model.

Figure 4.1 shows heat map plots of the steady state temperature field at a
fixed radial distance, approximately 2.15 km above the ice–ocean boundary. The
precise distance is not all that important and is related to the discretization; what
matters is that it lies slightly above the bottom boundary, where the dissipation is
strongest. These plots are shown for three different values of the reference viscosity
parameter η0: 1 × 1015, 5 × 1014, and 1 × 1014 Pa·s. In each row, the left plot
shows the absolute temperature field, while the right plot displays the difference
between the temperature field at the given η0 and the reference no-heating case
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η0 [Pa·s] Tidal heating [GW] Inner flux [GW] Outer flux [GW]
+∞ 0 721.47 721.47

1 × 1016 4.1 717.5 721.6
5 × 1015 8.2 713.5 721.7
1 × 1015 41.7 681.2 722.9
5 × 1014 83.8 640.6 724.4
1 × 1014 330.5 408.3 738.8
5 × 1013 – melting – –

Table 4.1 Total tidal heating in the ice shell and total heat fluxes at the inner and
outer boundaries, for simulations with fixed shell thickness d = 30 km and varying
reference viscosity η0. For the lowest viscosity η0 = 5 × 1013 Pa·s, the temperature
exceeds the melting point, and the shell becomes unstable due to melting.

η0 [Pa·s] Tidal heating [GW] Inner flux [GW] Outer flux [GW]
+∞ 0 721.47 721.47

1 × 1016 2.7 718.9 721.6
5 × 1015 5.4 716.2 721.7
1 × 1015 27.5 694.9 722.4
5 × 1014 54.6 668.8 723.4
1 × 1014 193.8 537.0 730.8
5 × 1013 250.0 487.6 737.6

Table 4.2 Total tidal heating in the ice shell and total heat fluxes at the inner and
outer boundaries for simulations with fixed shell thickness d = 30 km and varying
reference viscosity η0, without self-gravity.

(η0 = ∞).
We now present plots of radial temperature dependence at selected spherical

angles, shown in Figure 4.2. The angles include the north pole (0◦, 0◦), the position
(30◦, 90◦), which appears to correspond approximately to the location of peak
dissipation, the equator at zero longitude (90◦, 0◦), and the equator at (90◦, 90◦).
In the left column of each row, we display the absolute temperature profiles as
functions of depth. In the right column, we show the difference between each case
and the reference no-heating case. Each plot contains multiple curves for different
values of the viscosity parameter η0.

Further, in Figure 4.3, the spatial distribution of volumetric dissipation (heat
generation) is shown at the same depth, 2.5 km above the ice-ocean boundary,
as in the temperature maps in Figure 4.1, for varying values of the viscosity
parameter η0.

Another set of plots, shown in Figure 4.4, presents the spatial distribution of
the heat flux at the lower boundary of the ice shell. As before, the left column
shows the total heat flux fields for different values of the viscosity parameter η0,
while the right column displays the difference from the no-heating reference case
(η0 = ∞). Similarly, Figure 4.5 shows the corresponding heat flux distributions at
the upper boundary of the shell. The plots illustrate how the surface and basal
heat flux patterns evolve with increasing tidal dissipation due to lower viscosities.
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4.2 Results for Other Values of Thickness d

Next, we explore the parameter space more broadly by varying both the
viscosity parameter η0 and the shell thickness d. Figure 4.6 shows the total tidal
dissipation in the ice shell and the total heat fluxes at the boundaries as functions
of these two parameters. These values are obtained by interpolating the grid data.
The first plot shows the total tidal dissipation in Europa’s ice shell, while the
second and third show the total heat flux at the bottom and top of the shell. In
the figures, a red dashed line indicates the combinations of parameters where the
ice starts to melt. Bellow this line, the solution is no longer physically valid, since
our model doesn’t account for melting.

Further, we show in Figure 4.7 the heat flux distribution at the upper boundary
of the ice shell for various combinations of reference viscosity η0 and shell thick-
ness d. Each row corresponds to a different viscosity (1×1015, 5×1014, 1×1014, 5×
1013) Pa·s, and each column to a shell thickness (10, 30, 50) km. This layout allows
for a direct comparison of how changes in these parameters influence the surface
heat flux patterns. For certain parameter combinations, the solution becomes
unphysical due to partial melting of the ice shell, those panels are intentionally
left blank.

Similarly, in Figure 4.8, we present the heat flux distribution at the inner
boundary of the ice shell, that is, the heat entering the shell from the underlying
ocean. The layout follows the same structure as Figure 4.7: each row corresponds
to a different viscosity (1 × 1015, 5 × 1014, 1 × 1014, 5 × 1013) Pa·s, and each column
to a shell thickness (10, 30, 50) km. Blank panels indicate simulations where
partial melting occurred.
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Temperature [K] Difference [K]

(a) η0 = 1 × 1015

(b) η0 = 5 × 1014

(c) η0 = 1 × 1014

Figure 4.1 Temperature field at a fixed depth (2.15 km above the ice-ocean boundary)
for different reference viscosities η0, assuming a fixed ice shell thickness of d = 30 km.
Left: total temperature distribution. Right: difference from the reference case with no
tidal heating (η0 = ∞).
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Temperature [K] Difference [K]

(a) (0◦, 0◦)

(b) (30◦, 90◦)

(c) (90◦, 0◦)

(d) (90◦, 90◦)

Distance [km]

Figure 4.2 Temperature profiles along the radial direction for selected colati-
tude–longitude combinations, assuming a fixed ice shell thickness of d = 30 km. Left:
total temperature distribution. Right: difference from the reference case with no tidal
heating (η0 = ∞). 42



Dissipation Rate [µW/m3]

(a) η0 = 1 × 1015

(b) η0 = 5 × 1014

(c) η0 = 1 × 1014

Figure 4.3 Volumetric dissipation distribution at a fixed depth (2.5 km above the
ice-ocean boundary) for different reference viscosities η0, assuming a fixed ice shell
thickness of d = 30 km.
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Heat Flux [mW/m2] Difference [mW/m2]

(a) η0 = 1 × 1015

(b) η0 = 5 × 1014

(c) η0 = 1 × 1014

Figure 4.4 Heat flux distribution at the lower boundary of the shell for different
reference viscosities η0, assuming a fixed ice shell thickness of d = 30 km. Left: total
heat flux entering the shell. Right: difference from the reference case with no tidal
heating (η0 = ∞).
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Heat Flux [mW/m2] Difference [mW/m2]

(a) η0 = 1 × 1015

(b) η0 = 5 × 1014

(c) η0 = 1 × 1014

Figure 4.5 Surface heat flux distribution at the upper boundary of the shell for
different reference viscosities η0, assuming a fixed ice shell thickness of d = 30 km. Left:
total outgoing heat flux. Right: difference from the reference case with no tidal heating
(η0 = ∞).
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Total tidal dissipation and boundary heat fluxes [GW]
(a)

(b)

(c)

Ice Thickness [m]

Figure 4.6 (a) Total tidal dissipation, (b) total heat flux at the lower boundary, and
(c) total heat flux at the upper boundary, as functions of the shell thickness d and
reference viscosity η0. The red dashed line in each panel indicates where melting begins.
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Heat Flux [mW/m2]

(a) η0 = 1 × 1015 Pa·s

(b) η0 = 5 × 1014 Pa·s

(c) η0 = 1 × 1014 Pa·s

(d) η0 = 5 × 1013 Pa·s

d = 10 km d = 30 km d = 50 km

Figure 4.7 Surface heat flux distribution at the upper boundary of the ice shell
for various combinations of shell thickness d and reference viscosity η0. Each row
corresponds to a different viscosity (1 × 1015, 5 × 1014, 1 × 1014, 5 × 1013) Pa·s, and each
column to a shell thickness (10, 30, 50) km. Panels without data are left blank, as the
corresponding simulations led to partial melting, making the results unphysical.
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Heat Flux [mW/m2]

(a) η0 = 1 × 1015 Pa·s

(b) η0 = 5 × 1014 Pa·s

(c) η0 = 1 × 1014 Pa·s

(d) η0 = 5 × 1013 Pa·s

d = 10 km d = 30 km d = 50 km

Figure 4.8 Heat flux distribution at the inner boundary of the ice shell (ice–ocean
interface) for various combinations of shell thickness d and reference viscosity η0. Each
row corresponds to a different viscosity (1 × 1015, 5 × 1014, 1 × 1014, 5 × 1013) Pa·s, and
each column to a shell thickness (10, 30, 50) km. Blank panels correspond to simulations
where partial melting made the results unphysical.
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Discussion and Conclusions
In this final section, we discuss in detail the results obtained from the modeling

presented in Section 4. We explain the main features of the output data and
attempt to interpret them physically. We also address the initial research questions
and discuss the limitations of our model.

Starting with Table 4.2 and the total dissipation and heat flux functions in
Figure 4.6, we see that tidal dissipation can generate a significant amount of heat.
This dissipation depends on the reference viscosity parameter η0, the higher the η0,
the greater the dissipation. This is expected, since viscosity describes how much
a material behaves non-elastically, how effectively it dissipates forces into heat.
Near the edge of stability, when the ice is close to melting, the total dissipation
can reach nearly the same value as the total inner heat flux. For example, for
d = 30 km, dissipation accounts for up to 93% of the total heat entering from
the ocean. In such cases, nearly half of the heat needed to maintain a stationary
state could be generated tidally within the ice shell, while the other half must
come from the ocean, either also tidally generated or due to other sources like
radiogenic heating from the mantle.

We also identified boundary values, a curve in the (η0, d) parameter space, where
the model becomes unstable due to excessive tidal heating, causing the temperature
to exceed the melting point of ice (273 K) near the ice-ocean boundary. The
smallest thickness d for which this happens at η0 = 5 × 1014 Pa·s is approximately
28 km. For greater thicknesses, melting occurs at smaller η0, as expected, since
the cooling effect from the outer boundary becomes weaker with increasing shell
thickness. For example, at d = 50 km, melting occurs already at η0 = 4×1014 Pa·s.
Most of the data can be interpreted as an interplay between two effects, tidal
heating within the domain and cooling from the upper boundary, described by
the Dirichlet condition.

The heating is strongly localized, as seen in Figure 4.3, and becomes even
more localized for larger viscosities. If viscosity were constant, experiments show
that heating would be strongest at the poles, where tidal forces are most intense.
However, since viscosity in our model is temperature-dependent and the poles
are cooled most effectively by the boundary condition, their temperature, and
hence viscosity, is lower. As a result, the maximum of tidal dissipation shifts to
approximately 90 degrees colatitude and 60 degrees longitude, with symmetric
counterparts. This pattern appears largely independent of η0 and d, which mainly
influence the amplitude of heating. These same regions are also where melting
starts for critical parameter values, as the heating has the strongest influence
on the temperature distribution there, as seen in Figures 2.2 and 4.2. This is
clearest in the radial profiles in Figure 4.2, where the profiles for other angles
resemble the no-heating case, except at the (30, 90) angle combination, where a
more substantial change in temperature is observed.

Tidal heating significantly affects the influx of heat from the ocean at the
lower boundary, both the total flux (see Figure 4.6) and the spatial distribution
(Figures 4.4 and 4.8). The lowest heat flow is observed precisely at the (30,
90) angles and their symmetric counterparts, which coincide with the strongest
dissipation. In contrast, tidal heating has very little effect on the heat flux at
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the outer boundary. The total surface heat flux remains almost the same, only
slightly larger with tidal heating, and the spatial distributions are nearly identical,
as shown in Figures 4.5 and 4.7. The heat flux is still strongest at the poles and
weakest at the equator, consistent with the imposed surface temperature boundary
condition. Thus, the surface flux is governed mainly by this boundary condition,
with inner heating having almost no effect. The dissipation is strongest near
the lower boundary, where the temperature is highest and the ice most viscous.
This localized heat is then conducted upward through the shell, where it becomes
smoothed out by the diffusion process, eliminating any localized structure in the
heat flux at the surface.

There are several limitations to our model. We made a number of approxi-
mations and assumptions. One is that we assumed a laterally uniform ice shell
thickness, independent of position. While this may be a reasonable simplification,
since there may be smoothing mechanisms operating on the surface, it ignores
possible variations in shell geometry. Another approximation is the use of Maxwell
rheology. While the Maxwell model is useful, tractable, and often accurate, the
Andrade rheology has been shown to describe ice behavior better. However,
Andrade is significantly more difficult to implement. Beyond rheology, the overall
assumption of seeking a stationary solution is itself questionable. The reality is
likely quasistatic or periodic, particularly when combined with melting dynamics.
In reality, ice may melt in some regions and freeze in others, with material being
transported within the shell from freezing to melting zones. We also modeled the
shell as homogeneous, assuming the same grain size everywhere and ignoring the
effects of fractures or impurities. Finally, we applied a simplified boundary tem-
perature distribution using a Dirichlet condition. In reality, surface temperature
is likely not symmetric around the equator due to spatial variations in albedo.

Nonetheless, we believe that our model strikes a reasonable balance between
physical realism and computational complexity. While our results may not consti-
tute cutting-edge science, we hope they make a small but nontrivial contribution
to the broader effort of understanding the structure and evolution of icy moons.
Perhaps the most interesting aspect of the model is the interplay between the
imposed surface temperature condition and the internal tidal heating. We have
identified the regions where heating is strongest near the lower boundary, the
curve in parameter space where melting begins, and the impact of tidal heating
on the boundary heat fluxes. The internal heat flux is significantly affected by
tidal dissipation, while the surface heat flux remains largely unaffected by internal
heating.
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A Appendix
A.1 Comment on Uniqueness of the Stationary

Solution
In this thesis, we mainly focus on the technical and implementation aspects

of how to find the stationary solution of the system of equations (2.1). In this
section, we briefly comment on the uniqueness of this stationary solution. In the
PDE analysis community, people often talk about the so-called well-posedness of a
problem, which means that a solution exists, is unique, and depends continuously
on the initial and boundary data. This provides an analytical guarantee that it
actually makes sense to search for a solution. It would be great to show such a
property for the system (2.1), and in particular, we are interested in the uniqueness
of the stationary temperature distribution. However, proving such results can be
very difficult for complex nonlinear problems, and so in physics, where equations
often become highly nonlinear and complicated, these types of results are often
left out. In physics, there is at least the belief that the equations should reflect
reality, so if a solution didn’t exist, it would probably mean that something is
fundamentally wrong with the model, since in nature, the solution clearly exists.

In this section, we try to prove the uniqueness of the stationary temperature
field for progressively more complicated versions of the system (2.1). We start with
the simple linear heat equation with constant heating, then add the nonlinearity in
the conductivity (2.3), and finally include the nonlinearity in the heating term (2.4).
For each of these cases, we are able to show uniqueness. In the case with nonlinear
conductivity, we identify an additional condition that ensures coercivity and is
necessary for the uniqueness proof. This means that if the viscosity field in the
Maxwell rheology (2.7) were given and not dependent on temperature, and if
the only nonlinearities were in the conductivity and the heating, we would have
uniqueness. Although this is still a significant simplification, the temperature
dependence of viscosity in the rheology is probably the most interesting feature
of the full model, as it couples deformation with heat conduction, but we still
think this is a nice result. The proofs are not fully rigorous in terms of functional
analysis (e.g., we do not work in Sobolev spaces), but we believe they could be
made rigorous with some extra effort.

A.1.1 Uniqueness of the Stationary Heat Equation with
Linear Conductivity

We consider the stationary heat equation with a fixed heat source and constant
conductivity k > 0

−k∆T + h = 0 in Ω, T = Tb on ∂Ω.

Assume that T1 and T2 are two solutions of this boundary value problem. Then
their difference δT = T1 − T2 satisfies:

−k∆δT = 0 in Ω, δT = 0 on ∂Ω.
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We multiply the equation by δT and integrate over Ω:

k
∫︂

Ω
(−∆δT ) δT dx = 0.

By integration by parts and using the homogeneous Dirichlet boundary condition
δT = 0 on ∂Ω, we obtain: ∫︂

Ω
|∇δT |2 dx = 0.

This implies ∇δT = 0 in Ω, i.e., δT is constant in Ω. The boundary condition
δT = 0 on ∂Ω then implies δT = 0 everywhere. Thus:

T1 = T2 in Ω.

A.1.2 Uniqueness of the Stationary Heat Equation with
Nonlinear Conductivity

Now we consider the stationary heat equation with temperature-dependent
conductivity (2.3) with given heating h

−∇ ·
(︄

k0

T
∇T

)︄
+ h = 0 in Ω, T = Tb on ∂Ω,

where T > 0. Let T1 and T2 be two solutions corresponding to the same boundary
data and source term h. Subtracting the two equations yields:

∇ ·
(︃ 1

T1
∇T1 − 1

T2
∇T2

)︃
= 0.

Testing this with T1 − T2, integrating over Ω, and using the boundary condition
T1 = T2 on ∂Ω, we obtain:∫︂

Ω

(︃ 1
T1

∇T1 − 1
T2

∇T2

)︃
· ∇(T1 − T2) dx = 0.

To prove uniqueness, we would need a pointwise coercivity estimate of the form(︄
1

T1(x)∇T1(x) − 1
T2(x)∇T2(x)

)︄
· (∇T1(x) − ∇T2(x))

≥ C |∇(T1(x) − T2(x))|2 for all x ∈ Ω, (A.1)

for some constant C > 0. If such an estimate holds, then the integrand is pointwise
non-negative. Since its integral over Ω is zero, it must hold∫︂

Ω
|∇(T1 − T2)|2 dx = 0,

which implies ∇(T1 − T2) = 0 in Ω, and hence T1 − T2 is constant. Using the
boundary condition T1 = T2 on ∂Ω, we obtain T1 = T2 in Ω, proving uniqueness.

Let’s now return and try to prove the coercivity estimate (A.1). We observe
that in the special case T1 = T2, the inequality holds trivially with constant
C = 1/T1(x). It would be ideal if the estimate held generally, but unfortunately
this is not the case. It is not difficult to construct counterexamples where T1 ≈ T2,
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yet the inequality fails. For such cases it holds that the gradient vectors are close
to each other in a norm.

To recover coercivity, we impose an additional assumption: a relation between
the difference in gradients and the difference in function values. Specifically, we
will prove (A.1) under the condition that the gradients ∇T1(x) and ∇T2(x) are
sufficiently separated relative to the function values. We begin by expanding the
left-hand side:(︄

1
T1(x)∇T1(x) − 1

T2(x)∇T2(x)
)︄

· (∇T1(x) − ∇T2(x)) =

= 1
T1(x) |∇T1(x)|2 + 1

T2(x) |∇T2(x)|2 −
(︄

1
T1(x) + 1

T2(x)

)︄
∇T1(x) · ∇T2(x).

To proceed, we assume without loss of generality that T1(x) > T2(x). Then we
regroup the expression as follows to construct the coercivity term with the smaller
constant:

= 1
T1(x)

(︂
|∇T1(x)|2 − 2∇T1(x) · ∇T2(x) + |∇T2(x)|2

)︂
+

+
(︄

1
T2(x) − 1

T1(x)

)︄
|∇T2(x)|2 −

(︄
1

T2(x) − 1
T1(x)

)︄
∇T1(x) · ∇T2(x)

= 1
T1(x) |∇T1(x) − ∇T2(x)|2+

+
(︄

1
T2(x) − 1

T1(x)

)︄(︂
|∇T2(x)|2 − ∇T1(x) · ∇T2(x)

)︂
.

This expression separates the positive definite term from the remainder, which
we would like to ensure is non-negative. We can even go a bit further: since it’s
enough for us to have the coercivity constant arbitrarily small but positive, we
can isolate an ε-coercive term and proceed as follows:

= ε|∇T1(x) − ∇T2(x)|2 +
(︄

1
T1(x) − ε

)︄
|∇T1(x) − ∇T2(x)|2+

+
(︄

1
T2(x) − 1

T1(x)

)︄(︂
|∇T2(x)|2 − ∇T1(x) · ∇T2(x)

)︂
,

so if (︄
1

T1(x) − ε

)︄
|∇T1(x) − ∇T2(x)|2+

+
(︄

1
T2(x) − 1

T1(x)

)︄(︂
|∇T2(x)|2 − ∇T1(x) · ∇T2(x)

)︂
≥ 0 for all x, (A.2)

for arbitrarily small ε > 0, then we have the coercivity and hence the uniqueness
of the solution. This is the additional assumption that we need to add. It is
not obvious how to interpret this condition. Maybe it would be possible to come
up with a weaker condition. We can now also reverse the argument and say
that if we have two different solutions of the PDE, then they cannot satisfy the
condition (A.2).
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A.1.3 Uniqueness in the Case of Temperature-Dependent
Heating

Finally, we consider the stationary heat equation with both nonlinear conduc-
tivity and a temperature-dependent source term:

−∇ ·
(︄

k0

T
∇T

)︄
+ h(T ) = 0 in Ω, T = Tb on ∂Ω.

Suppose T1 and T2 are two solutions with the same Dirichlet boundary condition
T1 = T2 on ∂Ω. Subtracting the equations gives:

−∇ ·
(︄

k0

T1
∇T1 − k0

T2
∇T2

)︄
+ h(T1) − h(T2) = 0.

We multiply the equation by T1 − T2 and integrate over Ω. Integration by parts
yields:
∫︂

Ω

(︄
k0

T1
∇T1 − k0

T2
∇T2

)︄
· ∇(T1 − T2) dx +

∫︂
Ω
(h(T1) − h(T2))(T1 − T2) dx = 0.

Rewriting:
∫︂

Ω

(︄
k0

T1
∇T1 − k0

T2
∇T2

)︄
· ∇(T1 − T2) dx = −

∫︂
Ω
(h(T1) − h(T2))(T1 − T2) dx.

Now, if the coercivity condition (A.1) derived in the previous section holds
pointwise in Ω, then there exists a constant C > 0 such that:(︄

1
T1(x)∇T1(x) − 1

T2(x)∇T2(x)
)︄

· ∇(T1(x) − T2(x)) ≥ C|∇(T1(x) − T2(x))|2,

which implies
∫︂

Ω

(︄
k0

T1
∇T1 − k0

T2
∇T2

)︄
· ∇(T1 − T2) dx ≥ k0C

∫︂
Ω

|∇(T1 − T2)|2dx.

Now suppose that the heat source h(T ) is monotone increasing. Then,

(h(T1) − h(T2))(T1 − T2) ≥ 0 for all T1, T2,

so the right-hand side is non-positive:

−
∫︂

Ω
(h(T1) − h(T2))(T1 − T2) dx ≤ 0.

Therefore, combining both inequalities gives:

k0C
∫︂

Ω
|∇(T1 − T2)|2dx ≤ −

∫︂
Ω
(h(T1) − h(T2))(T1 − T2) dx ≤ 0,

which implies
∇(T1 − T2) = 0 in Ω.
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Since T1 = T2 on the boundary, we conclude:

T1 = T2 in Ω.

Thus, the solution is unique.
This uniqueness holds under the assumption that the source term h(T ) is

monotone increasing, as is the case for tidal dissipation modeled by an Arrhenius-
type viscosity law:

h(T ) = CeBT ,

provided the temperature dependence appears only in the heating term and not
in the viscoelastic memory integral in the Maxwell rheology.

A.2 Spherical Harmonic Functions
In this section of appendix, we give the definition and main properties of

spherical harmonic functions, along with the most important formulas related
to them that are used in this thesis. Spherical harmonic functions are a set of
functions defined on a sphere, meaning they depend on two spherical coordinates:
the azimuthal angle θ and the longitudinal angle ϕ. They play an important
role in many areas of physics, such as electrodynamics, mechanics, and quantum
theory, especially in problems that involve spherical symmetry. This is also why
they are commonly used in geophysics and planetary science, where we often deal
with objects that are approximately spherical. They are in scalar, vector and
tensor form as well. The main reference for the material presented in this section
is the book by Varshalovich, Moskalev, and Khersonskii [16], which provides a
comprehensive treatment of angular momentum theory and spherical harmonic
functions.

A.2.1 Scalar Spherical Harmonic Functions
The complex scalar spherical harmonic functions are defined as

Yjm(θ, ϕ) =

⎧⎨⎩NjmPjm(cos θ) exp(imϕ) m ≥ 0,

(−1)mY ∗
j,−m(θ, ϕ) m < 0.

(A.3)

where Pjm(cos θ) are the associated Legendre polynomials, and the normalization
factor Njm is given by

Njm =

⌜⃓⃓⎷(2j + 1)
4π

(j − m)!
(j + m)! . (A.4)

A key property of spherical harmonics is that, just like trigonometric functions
in one dimension, they form an orthonormal basis for the space of square-integrable
functions on a sphere. The orthonormality condition is written as∫︂

Ω
Yj1m1Y ∗

j2m2 dΩ =
∫︂ 2π

0

∫︂ π

0
Yj1m1Y ∗

j2m2 sin θ dθ dϕ = δj1j2δm1m2 . (A.5)
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Since they form a complete basis, this means that for any square-integrable
function on the sphere, we can always find a finite expansion that approximates it
as closely as desired:

∀ϵ > 0, ∃jϵ such that

⃦⃦⃦⃦
⃦⃦f(θ, ϕ) −

jϵ∑︂
j=0

j∑︂
m=−j

fjmYjm(θ, ϕ)

⃦⃦⃦⃦
⃦⃦

L2(Ω)

< ϵ. (A.6)

This means that any function on a sphere can be approximated by a finite sum of
spherical harmonics:

f(r, θ, ϕ) =
jmax∑︂
j=0

j∑︂
m=−j

fjm(r)Yjm(θ, ϕ). (A.7)

The coefficients fjm(r) are obtained using the orthonormality condition:

fjm =
∫︂

Ω
f(θ, ϕ)Y ∗

jm(θ, ϕ) dΩ. (A.8)

Another useful property of spherical harmonics is that for negative m, they are
related to their positive counterparts by

Yj,−m = (−1)mY ∗
jm. (A.9)

This means that if a function decomposed into spherical harmonics is real, then
the coefficients for negative m can be written as

fj,−m = (−1)mf ∗
jm. (A.10)

This property is useful because it allows us to work only with coefficients for
non-negative values of m, which reduces the amount of computations.

During numerical calculations, it’s useful to store the harmonic coefficients in
a single-index array rather than using two separate indices (j, m). This is done
using a so-called multi-index mapping, which is defined for scalar harmonics as:

is(j, m) = j(j + 1)
2 + m + 1. (A.11)

A.2.2 Vector Spherical Harmonic Functions
This can be extended to vector functions, meaning there exists a similar set of

vector spherical harmonic functions with analogous properties, forming a basis for
square-integrable vector functions on a sphere. They use a modified Cartesian
basis, related to the classical Cartesian basis as

e1 = 1√
2

(ex + iey), e−1 = 1√
2

(ex − iey), e0 = e⃗z. (A.12)

These modified basis vectors satisfy the properties

e∗
µ · eν = δµν , e∗

µ = (−1)µe−µ. (A.13)

Then the spherical harmonic vectors are defined as

Yl
jm(θ, ϕ) =

∑︂
µν

Cjm
lν1µYlν(θ, ϕ)eµ, (A.14)
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where Cjm
lν1µ are the Clebsch-Gordon coefficients, which will be discussed later

in this appendix. The index l represents the component index. The spherical
harmonic vector has three components: j + 1, j, and j − 1 for a given degree
and order j, m. However, for the degenerate case j = 0, m = 0, only one vector
component is nonzero:

Y1
00 = − er√

4π
. (A.15)

The vector component Yj
jm describes the toroidal part of the vector field, while

the components Yj−1
jm and Yj+1

jm describe the spheroidal part.
The spherical harmonic vectors again satisfy the orthogonality condition∫︂ 2π

0

∫︂ π

0
Yl1

j1m1(θ, ϕ) · Yl2∗
j2m2(θ, ϕ) sin θ dθ dϕ = δj1j2δm1m2δl1l2 , (A.16)

and they form a basis, so that every square-integrable vector field can be decom-
posed into a series:

f(r, θ, ϕ) =
∞∑︂

j=0

j∑︂
m=−j

j+1∑︂
l=|j−1|

f l
jm(r)Yl

jm(θ, ϕ), (A.17)

where the coefficients are given by the integral

f l
jm(r) =

∫︂ 2π

0

∫︂ π

0
f(r, θ, ϕ) · Yl∗

jm(θ, ϕ) sin θ dθ dϕ, (A.18)

which follows from the orthogonality.
The vector fields for negative orders −m are again related to the positive ones

with a slightly more complicated sign rule:

Yl
j,−m = (−1)j+m+l+1Yl∗

jm, (A.19)

which again leads to a similar rule for the coefficients of a real vector field:

f l
j,−m = (−1)j+m+l+1f l∗

jm. (A.20)

While working with the vector spherical harmonics, we again store the harmonic
coefficients of a field in a single indexed array using the multi-index

iv(j, m) = 3
(︄

j(j + 1)
2 + m

)︄
+ l − j. (A.21)

A.2.3 Tensor Spherical Harmonic Functions
The concept of spherical harmonics can be further extended to tensors. The

tensorial basis is defined as

ekλ =
∑︂
µν

Ckλ
µ1νeµeν , (A.22)

where different components correspond to specific tensor parts:

e00 (isotropic part),
e1−1, e10, e11 (antisymmetric part),

e2−2, e2−1, e20, e21, e22 (traceless symmetric part). (A.23)
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The spherical harmonic tensors are then defined as

Ylk
jm(θ, ϕ) =

∑︂
µν

Cjm
µlνkYlµ(θ, ϕ)ekν . (A.24)

The tensorial coefficients now have four indices, including two component indices.
They are divided into the isotropic part (k = 0), the antisymmetric part (k = 1),
and the traceless symmetric part (k = 2). In our simulations, we primarily work
with traceless symmetric tensors, so we usually keep k = 2.

The spherical harmonic tensors satisfy an orthonormality condition similar to
the scalar and vector cases:∫︂ 2π

0

∫︂ π

0
Yl1k1

j1m1(θ, ϕ) · Yl2k2∗
j2m2 (θ, ϕ) sin θ dθ dϕ = δj1j2δm1m2δl1l2δk1k2 . (A.25)

Since they form a complete basis, every square-integrable tensor field can be
expanded into a harmonic series:

F(r, θ, ϕ) =
∞∑︂

j=0

j∑︂
m=−j

2∑︂
k=0

j+k∑︂
l=|j−k|

F lk
jm(r)Ylk

jm(θ, ϕ). (A.26)

The coefficients in this expansion are given by the projection integral:

F lk
jm(r) =

∫︂ 2π

0

∫︂ π

0
F(r, θ, ϕ) · Y lk∗

jm (θ, ϕ) sin θ dθ dϕ. (A.27)

A similar relation holds for spherical harmonics of negative order −m, analogous
to the vector case:

Y lk
j,−m = (−1)j+m+l+kY lk∗

jm . (A.28)

From this, we obtain the corresponding relation for the coefficients of a real tensor
field:

F lk
j,−m = (−1)j+m+l+kF lk∗

jm . (A.29)

The symmetric Cauchy stress tensor can be expressed in terms of these tensor
spherical harmonics:

t =
∑︂
jm

(︃
tj0
jmYj0

jm+tj−2,2
jm Yj−2,2

jm +tj−1,2
jm Yj−1,2

jm +tj2
jmYj2

jm+tj+1,2
jm Yj+1,2

jm +tj+2,2
jm Yj+2,2

jm

)︃
,

(A.30)
where the first term represents the pressure component, while the remaining terms
correspond to the deviatoric part, which is important in Maxwell’s rheology. The
cases j = 0 and j = 1 represent degenerate states with fewer components.

We again use a multi-index for the components of a deviatoric tensor to store
it in a single indexed array,

j ≤ 1 ⇒ it(j, m) = 3
(︄

j(j + 1)
2 + m

)︄
+ l − j − 1, (A.31)

j > 1 ⇒ it(j, m) = 5
(︄

j(j + 1)
2 + m

)︄
+ l − j − 5. (A.32)
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A.2.4 Clebsch-Gordan Coefficients
Clebsch-Gordan coefficients Cjm

j1m1j2m2 originate in quantum mechanics, where
they describe the transformation between a coupled angular momentum state
labeled by total angular quantum numbers j, m and the uncoupled state labeled
by individual quantum numbers j1, j2, m1, m2. Since quantum mechanical states
form an orthonormal basis, these coefficients inherit several useful orthogonality
properties and appear frequently when working with spherical harmonics. They are
particularly important in the definition of vector and tensor spherical harmonics.

The Clebsch-Gordan coefficients are nonzero only if certain conditions are
satisfied. First, the quantum numbers must be non-negative:

j ≥ 0, j1 ≥ 0, j2 ≥ 0.

The magnetic quantum numbers must also be within valid ranges:

|m| ≤ j, |m1| ≤ j1, |m2| ≤ j2.

Additionally, the indices must satisfy the triangle inequality:

|j1 − j2| ≤ j ≤ j1 + j2. (A.33)

The total magnetic quantum number is conserved, meaning that:

m = m1 + m2. (A.34)

Moreover, if m = m1 = m2 = 0, then the sum of the quantum numbers must be
even:

j + j1 + j2 must be even. (A.35)
These coefficients also exhibit several symmetry properties, which follow from
their definition:

Cjm
j1m1j2m2 = (−1)j+j1+j2Cj−m

j1−m1j2−m2 = (−1)j+j1+j2Cjm
j2m2j1m1 . (A.36)

Another set of relations involves factorial expressions:

Cjm
j1m1j2m2 = (−1)j1+m1

∏︁
j∏︁
j2

Cj2−m2
j1m1jm = (−1)j1+m1

∏︁
j∏︁
j2

Cj2m2
jmj1−m1

= (−1)j2+m2

∏︁
j∏︁
j1

Cj1−m1
j−mj2m2 = (−1)j2+m2

∏︁
j∏︁
j1

Cj1m1
j2−m2jm. (A.37)

For specific cases, the Clebsch-Gordan coefficients take the following values:

Cj+1,0
j010 =

√︄
j + 1
2j + 1 , Cj−1,0

j010 = −
√︄

j

2j + 1 . (A.38)

For j2 = 0 and m2 = 0, they reduce to Kronecker delta functions:

Cjm
j1m100 = δjj1δmm1 . (A.39)

Another special case for j = 0 leads to:

C00
j1m1j2m2 = (−1)j1+m1∏︁

j1

δj1j2δm1,−m2 . (A.40)
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One of the most important properties of Clebsch-Gordan coefficients is their
orthogonality relations:∑︂

m1m2

Cjm
j1m1j2m2Cj′m′

j1m1j2m2 = δjj′δmm′ . (A.41)

Another useful orthogonality relation comes from summing over total quantum
numbers: ∑︂

mm1

Cjm
j1m1j2m2Cjm3

j1m1j3m3 =
∏︁

j∏︁
j2

δj2j3δm2m3 . (A.42)

A.2.5 Wigner 6j-symbols
Another important set of symbols in spherical harmonic analysis are Wigner’s

6j symbols, which appear in formulas describing the action of differential operators
on the product of a radially dependent function and a spherical harmonic.

The Wigner 6j-symbol is a number determined by six indices, and it is denoted
as: {︄

j1 j2 j3
l1 l2 l3

}︄
(A.43)

These symbols can be related to Clebsch-Gordan coefficients through the following
equation, which can be considered as their definition:∑︂

n1,n2,n3

Cj3m3
l1n1l2n2Cj1m1

l3n3l2n2C l3n3
l1n1j2m2 =

= (−1)j1+l2+l3Πj3l3Cj1m1
j2m2j3m3 ×

{︄
l1 l2 j3
j1 j2 l3

}︄
(A.44)

They exhibit important symmetry properties, such as invariance under arbitrary
permutations of columns:{︄

j1 j2 j3
l1 l2 l3

}︄
=
{︄

j2 j3 j1
l2 l3 l1

}︄
=
{︄

j3 j1 j2
l3 l1 l2

}︄
, (A.45)

as well as invariance under the exchange of upper and lower indices in any two
columns: {︄

j1 j2 j3
l1 l2 l3

}︄
=
{︄

l1 l2 j3
j1 j2 l3

}︄
=
{︄

j1 l2 l3
l1 j2 j3

}︄
(A.46)

As a result of these two properties, the symbols also satisfy cross-symmetry:{︄
j1 j2 j3
l1 l2 l3

}︄
=
{︄

l2 l1 j3
j2 j1 l3

}︄
(A.47)
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And below are some useful evaluations for special choices of the indexes.{︄
j1 j2 j
l1 l2 0

}︄
= (−1)j1+j2+j

Πj1j2

δj1l2δj2l1 , (A.48)

{︄
j 2 j − 2
1 j − 1 1

}︄
= 1√︂

5(2j − 1)
, (A.49)

{︄
j 2 j + 2
1 j + 1 1

}︄
= 1√︂

5(2j + 3)
, (A.50)

{︄
j j 2
1 1 j − 1

}︄
=

⌜⃓⃓⎷ (j + 1)(2j + 3)
2 · 3 · 5 · j(2j − 1)(2j + 1) , (A.51)

{︄
j j 2
1 1 j + 1

}︄
=

⌜⃓⃓⎷ j(2j − 1)
2 · 3 · 5 · (2j + 3)(j + 1)(2j + 1) , (A.52)

{︄
j 1 j
2 j + 1 1

}︄
= −

√︄
j + 2

2 · 5 · (j + 1)(2j + 1) , (A.53)

{︄
j 1 j
2 j − 1 1

}︄
= −

√︄
j − 1

2 · 5 · j(2j + 1) , (A.54)

{︄
j j 1
1 1 j + 1

}︄
=
√︄

j

2 · 3 · (j + 1)(2j + 1) , (A.55)

{︄
j j 1
1 1 j − 1

}︄
= −

√︄
j + 1

2 · 3 · j(2j + 1) . (A.56)

A.2.6 Differential Operators
In this section are the formulas for the action of differential operators on

products of radial dependent functions and spherical harmonics. Those our
necessary in the spectral method for derivation of the equation for the harmonic
coefficients after substituting the harmonic series into the partial differential
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equations

∆ [f(r)Yjm] =
[︄

d2f(r)
dr2 + 2

r

df(r)
dr

− j(j + 1)
r2 f(r)

]︄
Yjm, (A.57a)

∇[f(r)Yjm] = 1√
2j + 1

⎡⎣√︂j

(︄
d

dr
+ j + 1

r

)︄
f(r)Y⃗

j−1
jm −

−
√︂

j + 1
(︄

d

dr
− j

r

)︄
f(r)Y⃗

j+1
jm

⎤⎦, (A.57b)

∇ · [f(r)Yl
jm] = 1√

2j + 1

⎡⎣√︂j

(︄
d

dr
− j − 1

r

)︄
δl,j−1−

−
√︂

j + 1
(︄

d

dr
+ j + 2

r

)︄
δl,j+1

⎤⎦f(r)Yjm, (A.57c)

∇[f(r)Yl
jm] = (A.57d)

= (−1)j+l+1∑︂
k

√
2k + 1

√
l

{︄
1 1 k
j l − 1 l

}︄(︄
d

dr
+ l + 1

r

)︄
f(r)Yl−1,k

jm

+(−1)j+l
∑︂

k

√
2k + 1

√
l + 1

{︄
1 1 k
j l + 1 l

}︄(︄
d

dr
− l

r

)︄
f(r)Yl+1,k

jm (A.57e)

∇ × f(r)Yl
jm = −i

√
6(−1)j+l

√
l + 1

{︄
l j 1
1 1 l + 1

}︄(︄
l

r
− d

dr

)︄
f(r)Yl+1

jm −

− i
√

6(−1)j+l
√

l

{︄
l j 1
1 1 l − 1

}︄(︄
l + 1

r
+ d

dr

)︄
f(r)Yl−1

jm ,

(A.57f)

∇ · [f(r)Ylk
jm] = (−1)j+l

√
2k + 1 ×

⎡⎣√
l + 1

{︄
1 l l + 1
j 1 k

}︄(︄
d

dr
− l

r

)︄
f(r)Yl+1

jm

−
√

l

{︄
1 l l − 1
j 1 k

}︄(︄
d

dr
+ l + 1

r

)︄
f(r)Yl−1

jm

⎤⎦. (A.57g)

A.2.7 Other Useful Formulas
The product of a scalar spherical harmonic with the radial unit vector can be

expressed in terms of vector spherical harmonics

erYjm = 1√
2j + 1

(︃√︂
j δl,j−1 −

√︂
j + 1 δl,j+1

)︃
Yl

jm, (A.58)

er · Yl
jm = 1√

2j + 1

(︃√︂
j δl,j−1 −

√︂
j + 1 δl,j+1

)︃
Yjm. (A.59)

The scalar product of two spherical harmonic vectors is given by

Yl1
j1m1 ·Yl2

j2m2 = (−1)j2+l2

∏︁
j1j2l1l2√

4π

∑︂
jm

1∏︁
j

Cj0
l10 l20 Cjm

j1m1 j2m2

{︄
j1 j2 j
l2 l1 1

}︄
Yjm (A.60)
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and scalar product of a tensor spherical harmonic Yl1k1
j1m1 with a vector spherical

harmonic Yl2
j2m2 is

Yl1k1
j1m1 ·Yl2

j2m2 = (−1)k1+1
∏︁

j1j2l1l2k1√
4π

∑︂
jml

C l0
l10 l20 Cjm

j1m1 j2m2

⎧⎪⎨⎪⎩
j j1 j2
l l1 l2
1 k1 1

⎫⎪⎬⎪⎭Yl
jm, (A.61)

where the curly bracket is a Wigner 9-j symbol. For us it is enough to know that
the 9-j symbol satisfies the following identity:⎧⎪⎨⎪⎩

0 j j
l k1 k2
l k3 k4

⎫⎪⎬⎪⎭ = (−1)j+l+k2+k3∏︁
jl

{︄
k4 k2 j
k1 k3 l

}︄
. (A.62)

The Cartesian unit vectors can also be expressed as linear combinations of vector
spherical harmonics:

ex =
√

2π
(︂
−Y0

11 + Y0
1,−1

)︂
, (A.63)

ey = i
√

2π
(︂
Y0

11 + Y0
1,−1

)︂
, (A.64)

ez = 2
√

π Y0
10. (A.65)
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