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1. Introduction

The classical system of governing equations for thermal convection in a horizontal layer heated from below reads

divv =0, (1.1a)
1| 0v V| = —Rad — 6 v A 1.1b
Pr §+(v. )| =—-Ra(@ —6p)e; — Vrr + Av, (1.1b)
a0

W:AG—V.V@, (11¢c)

see for example [1] or [2]. In (1.1) v denotes the velocity, 6 denotes the temperature, and 7 = p — pg where p denotes pres-
sure and py denotes the reference hydrostatic pressure. The reference temperature is denoted by 6y, and Pr and Ra denote
the Prandtl and Rayleigh number, respectively. This system is derived using the classical Boussinesq approximation, which
assumes that the material coefficients - thermal conductivity, thermal expansivity and dynamic viscosity — are constant.
Moreover, the classical derivation neglects dissipation, adiabatic heating/cooling and heat sources.
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Fig. 1. Periodic cell Q.

In various settings, most notably in geophysical applications, material properties such as thermal conductivity, thermal
expansivity and dynamic viscosity are pressure- and temperature-dependent, which makes the classical Boussinesq approx-
imation inapplicable, and the governing equations must be changed accordingly. (See for example [3,4] for a discussion
regarding pressure/temperature dependent material parameters.) The same holds if the fluid of interest cannot be described
by the classical Navier-Stokes-Fourier model with variable coefficients and a more complex non-Newtonian fluid model
must be employed. (See for example [5], [6], [7], [8], [9], [10], [11], [12], [13], [14] and [15], for analysis of Rayleigh-Bénard
convection problem for viscoelastic fluids, shear-thinning fluids, n-grade fluids and viscoplastic fluids.) In the present contri-
bution we investigate the Rayleigh-Bénard convection problem using the extended Boussinesq approximation, which assumes
depth-dependent material coefficients and also retains the effects of dissipation, adiabatic heating/cooling and heat sources,
which is a setting relevant, for example, in geophysics.

More specifically, we aim at the identification of the critical values of dimensionless parameters that determine the onset
of convection, and the characterization of dominating convection patterns in marginally supercritical states. These issues
are addressed by the application of linear stability analysis, where we follow the classical linearized stability theory, see,
for example, [1], while the characterization of the dominating flow patterns is investigated using the methods of weakly
nonlinear analysis, see, for example, [16] and [17,18].

2. Problem description

Regarding the problem geometry, the setting we are interested in is the classical setting for thermal convection, see
Section 2.1. The main departure from the classical Rayleigh-Benard convection problem consists in the use of extended
Boussinesq approximation that brings additional terms to the right-hand side of the temperature evolution equation. Namely,
we take into account the dissipative heating and internal heat sources, and we also consider depth-dependent material pa-
rameters. The extended Boussinesq approximation is introduced in Section 2.2 and Section 2.3. Note that the presence of
internal heat sources and/or depth-dependent thermal conductivity changes the reference stationary temperature profile, see
Section 2.5, hence unlike in the classical case we, in some settings, need to work with a nonlinear reference stationary tem-
perature profile. The boundary conditions are chosen to be the classical ones, see Section 2.4, and the evolution equations
for velocity/temperature perturbations, that are used in the remaining part of the text, are formulated in Section 2.6.

2.1. Geometry

We are, in principle, dealing with an unbounded horizontal layer of a fluid but is customary to consider a bounded
subdomain, say €2, often called the periodic cell. We assume that this cell is a parallelepiped as depicted in Fig. 1. Here,
d is the height of the fluid layer, ax, ay are the wavenumbers corresponding to the x, y coordinates, respectively, and 6s,
6, represent the temperature of the top and the bottom boundaries, respectively. On the side walls we prescribe periodic
boundary conditions for all the quantities while on the top and the bottom boundaries we prescribe boundary conditions
specified in Section 2.4. Note that the original unscaled quantities are used in Fig. 1 as opposed to the following.

2.2. Governing equations

We work with the so-called extended Boussinesq approximation, see [2] for detailed derivation and the scaling. (For a
discussion of thermal convection problem with dissipative heating see also [19], and for general remarks and references
regarding the Boussinesq approximation we refer the reader to [20] and [21].) The governing dimensionless equations read
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divv =0, (2.1a)
1]|ov .

prl et (v-V)v|=—Raa(0 — 6p)e; — Vrr + div(2uDb), (2.1b)
a0 . . g Di . Raq

5 = div (kV60) —v- VO + Dia <9 + Ra)v' e;+ ﬁ2/uD) D+ T (2.1¢)

where v is the velocity field, D =4¢ %(Vv + (Vv)T) denotes the symmetric part of the velocity gradient, & denotes temper-
ature, 0y denotes the reference hydrostatic temperature, T = p — po where p is pressure and pg is the reference hydrostatic
pressure. Symbols k, o, n denote dimensionless thermal conductivity, thermal expansivity and dynamic viscosity, respec-
tively, scaled by their surface values, see also Section 2.3. The dimensionless numbers—the Prandtl number Pr, the Rayleigh
number Ra, the Rayleigh number for heat sources Raq, the dissipation number Di, and an auxiliary dimensionless parameter
E—are introduced through the relations

Pr— Ql:;;’ (2.2a)

Ra— %—K@)M (2.2b)
oK

Rag — Qoziilids (2.20)

Di— %)od ’ (2.2d)

o Qosbsgod? (2.2e)

MsKs

where d denotes the depth of the convection layer, py denotes the (constant) reference hydrostatic density, gg denotes the
(constant) gravity acceleration, ¢, denotes the (constant) specific isobaric heat, Q denotes the (constant) heat sources, and
K= ﬁcp denotes the thermal diffusivity. The subscript s/b denotes the surface/bottom values of the corresponding quantities.

2.3. Material properties

For the sake of simplicity, we consider the depth-dependent material coefficients k, o, i in the following simple form

k(z) =1+ bz, (2.3a)
a(2) = exp(—by2), (2.3b)
u(z) = exp(b,z), (2.3c)

where z is the dimensionless depth scaled by d. Moreover, we assume that by, € [1,10], by € [0.5, 2], and b, € [1,4.5]. This
behaviour of material coefficients should (very roughly) approximate the Earth’s mantle’s material properties, see [22], and
gives us a range of parameters that can be met in a real world application. (Note that the depth-dependent material co-
efficient can be understood as rough approximations of pressure-dependent material coefficients for which we take into
account only the dominant contribution of the hydrostatic pressure. For example, the exponential dependence of viscosity
on the pressure is known for a long time, see [23], and such models are frequently used in engineering practice, see for
example [24]. For further discussion we refer the reader to [3,4].) In order to investigate the influence of the individual
coefficients on the onset and qualitative character of the convection, we always consider all the material coefficients k, o,
being constant except for one being a depth-dependent function.

In the following we assume that all the constant material coefficients appearing in (2.2) are fixed, except for the bot-
tom temperature 6. Varying 6, thus modifies Rayleigh number Ra solely and all the remaining dimensionless numbers Pr,
Rag, Di, and E stay fixed. We mostly set Pr = 10% Di = 0.5, Rag = 10%, and E =8 x 10°, these values are again a rough
approximate of the real conditions in the Earth’s mantle, see [2] or [22]. We also consider the cases when Rag = 0 or Di = 0.

3
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2.4. Boundary conditions

On the top and the bottom boundaries of the unit cell &2 we prescribe the no-penetration boundary condition for the
velocity field v

ven|,_,, =0, (2.4a)
together with the free-slip boundary condition (a prevalent boundary condition in geophysics)
Tn— (Tn-m)n|,_,; =0, (2.4b)

where T denotes the Cauchy stress tensor and n is the outer unit normal vector to the boundary.
In our case n = +e; and T = —pI + 2uD which, with the use of the incompressibility condition (2.1a), yields

R 02y

Vziz=o,1 = 02

=0. (2.5)

z=0,1
The boundary conditions (2.5) then easily imply boundary condition for the vorticity 1 =ger rotv
on?

oy - 0. (2.6)

z=0,1
Concerning the temperature field, we simply prescribe the top and the bottom temperature values

0,0 =0, 0l,.; =1. (2.7)
2.5. Reference state

The hydrostatic reference state is characterized by the reference velocity vy = 0, the reference pressure pg, and the ref-
erence temperature 6y which is assumed to be the function of depth only, i.e. 6y = 6y(z). Plugging these into the governing
equations (2.1), the heat equation (2.1c) reduces to

Raq

which in turn yields a second order linear differential equation for the reference temperature
d290 dk d90 Raq
00 € 2.

k@) dz? + dz dz + Ra 0, (2.9)
with the boundary conditions

Bol2—0 =0, Oolz—1 = 1. (2.9b)

In the case of constant thermal conductivity, k = 1, the explicit solution to (2.9) reads
_ Rag , Raq

6o (2) = —mz + (1 + 5Ra z, (2.10)

while for the depth-dependent thermal conductivity (2.3a) we obtain
Rag \In(1+bz) Rag
b2 = (1 * Ra bk> In(1+by) Rabkz' (211)

Fig. 2 shows a comparison of temperature profiles for various possible settings of thermal conductivity k and the dimen-

a

sionless ratio 3. One can clearly see that a combination of internal heating and increasing thermal conductivity can even

result in overheating at the bottom of the layer.
2.6. Perturbation equations

Let us perturb the reference hydrostatic state [vg, pg,6g] by a disturbance denoted by [v, p, ¢]. Putting the perturbed
solution [v, p, 6y + U] into the governing equations (2.1) yields

divv =0, (2.12a)
1| adv .

ol 3¢ + (Ve V)v | = —Raxvte; — Vp + div(2uDb), (2.12b)
99 =div(kV) —ve V(0y+ 1) + Dia | 6y + O 2 Vee; Di2 D:D (2.120¢)
Fre ( ) —Ve V(b +7)+Dicr| 6o + +§ .z+ﬁ/'b 2D, .

where we have used the equation for the reference temperature (2.8) in (2.12c).

4
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Fig. 2. Reference temperature profiles.

3. Onset of convection
The onset of convection is investigated using the classical linear stability theory, see for example [1].
3.1. Eigenvalue problem formulation

Using the fact that the identity Av = —rotrotv holds for the solenoidal velocity field, see (2.1a), and introducing the
normal modes of the velocity disturbance v, and the temperature disturbance ¥

v(t,X) = V(z) exp[i(axx + ayy) + o't], (3.1a)

D (t,X) = 5(2) exp [i(axx + ayy) + o't], (3.1b)

where ay, ay € R, o € C, the system of equations (2.12) is subsequently linearized with respect to the perturbation, and it is
transformed as follows

o[ d - ~ @ ‘L du( & W A @ =

Pr<dzz—a2>v2=a2Raon9+u<dzz—a2> VZ+2£(CW_GZ>CU+<1;;(CW_GZ>VZ’ (3.2a)

O d? ~ du dn?

ol :M(clzz—a2>nz+dl;d)72, (3.2b)
@ L\ dkdd  dbo., . 2\

Gﬁ_k(dﬂ_a)ﬁ—i_dzdz_dzv + Dix 90-1—E Ve, (3.2¢)

where % =4 a2 + a§ denotes the wavenumber, and 7] is the z-dependent part of the formula for vorticity
n(t,X) = 1(z) exp[i(axx + ayy) + o't], (3.3)
which can be explicitly derived from (3.1a). System (3.2) represents an eigenvalue problem supplemented with the boundary
conditions following easily from (2.5), (2.6), and (2.7)
- dv? dif?
Z —
Vo1 =0 42 O

=0, 9

=0, 0. (3.4)

=01

z=0.1 z=0,1

As in the classical thermal convection problem, it can be shown by multiplying (3.2b) with the complex conjugate of
7%, integrating over €2, and using the Stokes theorem that the disturbance 7* is nonzero only if Re(c) < 0. We can thus
eliminate (3.2b) from our search for the first eigenvalue with positive real part, and consider the reduced eigenvalue problem

v v
O’.A|:5i| =B|:l';i|, (3.58)
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~ d2v? ~
V* 01 =0 FE =0, 02 01— 0, (3.5b)
z=0,1
where we have denoted
1(d? 2
A =def mliz —a?) 0 , (3.6a)
0 1
d2 a2
By | M- +§9 (& -)f+ & (F-a) R | (3.6b)
4\ Dia (60 + ) k(fz - )+ &

3.2. Numerical solution of the eigenvalue problem

We use the Chebyshev collocation method to solve the eigenvalue problem (3.5) numerically. (For more details on the
method we refer the reader to [25] or [26].) To simplify incorporating the boundary conditions for V¥ we introduce a new
variable

& o\
w =def @ —a V-, (37)

The modified eigenvalue problem thus reads

V2 V2
0 Amod |:V,!j| = Bmod |:VL’:|’ (3-83)
¥ s

v 01 =0 W, =0, 9,0, =0 (3.8b)
where

[0 0 O

Amod =der |0 g O, (3.9a)
0 0 1
[ (&) -1 0

Biod =def d9 0 _ M(fzzz az) + 2‘:{2‘ g+ %5 Lu . a’*Rac . ) (3.9b)

U + Dl()l(@o + Ra) 0 k(dz2 a2) + dzc dz

We discretize the dlfferentlal operators (3.9) using the Matlab function chebdif, see [27], which returns the differen-
tiation matrix in Chebyshev points. The eigenvalue problem (3.8) is then solved using the Matlab’s implemented function
eig. The number N of Chebyshev points is set to N =40 for all the performed computations.

In the following subsections we solve the eigenvalue problem (3.8) for constant material parameters except for a single
depth-dependent one to evaluate its influence on the shift of the critical wavenumber a.; and Rayleigh number Ra;;
compared to the classical thermal convection case. Recall that in the classical case (k,c, uw =1, Di =0, Rag = 0) we obtain

4
eyt = % ~2221,  Ragy = 277” ~ 657511, (3.10)

see, for example, [1].

The main physical conclusion yielded by the subsequent results is that the depth dependence of material properties sta-
bilize the conductive state (the critical Rayleigh number increases) but the critical wavenumbers remain almost unchanged.
However, the incorporation of adiabatic heating/cooling and internal heating results in a substantial stabilization (the critical
Rayleigh number increases by several orders of magnitude) and in relatively high values of the critical wavenumbers.

3.2.1. Depth-dependent thermal conductivity

Here, we assume that k is given by (2.3a) while « and u are constant. Numerical solution of (3.8) then yields the critical
values of wavenumber a and Rayleigh number Ra which are summarized in Table 1 for different values of the dissipation
number Di and Rayleigh number for heat sources Rag.

3.2.2. Depth-dependent thermal expansivity

Here, we assume that « is given by (2.3b) while k and u are constant. Numerical solution of (3.8) then yields the critical
values of wavenumber a and Rayleigh number Ra which are summarized in Table 2 for different values of the dissipation
number Di and Rayleigh number for heat sources Rag.
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Table 1
Critical pairs agi, Ragye for depth-
dependent thermal conductivity.

bk Di Raq Aerit Racrit

1 0

0 2221  976.933
0 2220 2210.40

10 0 0 2218 3767.83
0 6.334 404688

0 7.086 344453

10 05 0 7.155 342840
0.5 105 7.565 225133

05 105 7.612 274150

10 05 10° 7.465 303949

Table 2
Critical pairs aqi, Ragye for depth-
dependent thermal expansivity.

bzx Di Raq Aerit Ragrie
0.5 0 0 2.222 840.560
1.0 0 0 2.223 1065.19
20 0 0 2.227 1666.83
05 05 0 3.639 387573
1.0 05 0 4.294 258856
20 05 0 3.854 138156
0.5 0.5 10° 7.068 139911

1.0 05 106 6.694 103769
20 05 108 6.067  39607.8

Table 3
Critical pairs dgj, Ragy for depth-
dependent dynamic viscosity.

b/l Di Raq Acrie Ragyit

0 2,199  1113.68

0 2.093  2679.48

45 0 0 1.921 9520.92
0 5225 478900

. 0 4.961 485309
45 05 0 4479 498954
1.0 05 106 7.325 186361
25 05 108 7.080 201026
45 05 106 6.645 227321

3.2.3. Depth-dependent dynamic viscosity

Here, we assume that wu is given by (2.3c) while k and « are constant. Numerical solution of (3.8) then yields the critical
values of wavenumber a and Rayleigh number Ra which are summarized in Table 3 for different values of the dissipation
number Di and Rayleigh number for heat sources Rag.

4. Convection patterns in slightly supercritical regime

In order to study the qualitative character of the convection in the slightly supercritical regime, we restrict ourselves to a
two-dimensional setting. Since we portray the convection cells in this section, recall that the vertical axis z of the coordinate
system is pointing downwards, that is z= 0 at the surface and z =1 at the bottom of the convecting layer. In addition, we
emphasize that the periodic cell & now simplifies to

Q= (o, 27”) « (0,1), (41)

where a represents the wavenumber corresponding to the x coordinate. Since we are interested in the slightly supercritical
behaviour of the convection we prescribe the wavenumber to match the corresponding critical value a;; obtained in the
previous section.

The dynamics in the slightly supercritical regime is investigated using the weakly nonlinear analysis. In this respect
we follow the approach by [18] and [16], while we make modifications that allow us to work within the setting wherein
the corresponding linearized operator is not normal. The non-normality of the corresponding operator stems from the fact
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that we work with depth-dependent coefficients, and this feature makes the problem different from the weakly nonlinear
analysis of the classical thermal convection problem.

4.1. Perturbation equations in abstract form

Denoting ¥ =ger [¢#, V]T and introducing the function space
H =gt { € W' ()P | divw = 0}, (4.2)

where W12(Q) denotes the standard Sobolev function space, we can rewrite the system of equations (2.12) governing the
evolution of the perturbations [, v, p] in the form

ad
W Ly - Pidp+ N YY), (43)
where we have defined the linear operator £ : H — H
dk @ ds . o)
kA + G5 0 ) —d—z"-i-DLoz(@o—i-ﬁ)
L =def 0 PruA +Préf 2 Pri %dﬂ o (4.4)
—PrRaa 0 Pric A 4 2Prg; =
the quadratic nonlinear operator N': H x H - H
19? ﬁl/’ *(V(p ° V)l?w + DiOlV';'l?l//A+ %,U,D¢ : Dv/
N@A) =N | Vo |- | Yy | | = ~(vp e V)V, : (45)
Z Z 2
V¢ vl// —(V¢, o V)Vf//

and we have also introduced the operator § =g [0, V].
Let us define the inner product on the function space H by the formula

1,z N
(@) =g [ [ #002) o 1 (x2) (46)
0 JO
where ¢, ¥ € H, and
Ra 0 0
M =gef [ 0o P’ 0 } (4.7)
0 0 pr!

4.2. Completeness of eigenfunctions

For the classical Boussinesq approximation (k, «, i = 0, Di = 0, Raq = 0), the linear operator £ can be shown to be normal
(self-adjoint even) under the inner product (4.6). In this special case, the eigenfunctions of the linear eigenvalue problem

L) =y, (48)

where o denotes the i-th eigenvalue and ¥ @ the corresponding eigenfunction, form an orthogonal and complete set
in H. (Regarding the rigorous analysis of completeness of eigenspaces of operators met in hydrodynamic stability we refer
the reader to [28].) However, in the general case (4.4) the normality property is lost - even under simplifications such
as k=k(z),a =1, u =1 there does not exist an inner product which would make the operator £ normal (let alone self-
adjoint). The numerical results show that for Prandtl numbers sufficiently large (greater than approximately 103 which is
indeed our case as we set Pr = 109) the eigenvalues of (4.8) are real and distinct. This leads us to the assumption that even
in the case of the extended Boussinesq approximation the eigenfunctions {y ¥} form a complete set in H, that is an
arbitrary function ¥ € H can be expanded in terms of v @,

Since the numerical evidence suggests that the eigenvalues {o@}f:{’ are real and distinct, let them be ordered in a
descending manner

0’(1)>O'(2)>0’(3)>... (49)

Note that when Ra attains the critical value, we obtain 6 =0, and ¢ ® < 0 for i > 2.
4.3. Fourier series expansion

Since we assume x-periodicity we can expand the eigenfunctions of (4.8) into their Fourier series

YO (x,2) = f ¥\ (2) exp(inax). (4.10)

n=—o0
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Functions "’ belong to the space H =gof {¥ € [W12((0,1))]? | ina¥® + ‘Li; = 0} parameterized by n and a, and satisfy

Loy = oy, (411)
where £, is the Fourier transformed version of £, i.e.
Ln =qet L] 2 (4.12)

ema Bzﬁ dz

Analogously, as in Section 3.1, the eigenvalue problem (4.11) can be reformulated into an eigenvalue problem for the per-
turbation [19 V] only. (Here, we use the incompressibility condition (2.1a).) This way we, in fact, arrive at the eigenvalue
problem (3.5a) with a replaced by na. For further use we also define the inner product on H by the formula

~ ~ 1. S
(@ 9)) =aer /0 $@) o MY (2) dz. (413)

4.4. Derivation of amplitude equation

Under the assumption of the completeness of the eigenfunctions of (4.8) and considering its Fourier expansions, we can
expand any function ¥ into
+o0  +o0

Ytxz) =Y > AP OV (2) exp(inax). (4.14)
i=1 n=—00
We require that v is a real function, hence AY) = A(‘) and ¥ = 1//(’) Furthermore, it can be shown that in fact A € R.
Substituting (4.14) into (4.3) and taking the inner product {, ) of the resulting equation with 1//1(") exp(ilax), where k e N
and [ € Z, yields
+00 dA(l) +00 400 400

Z dt ((1/,1(1)7 l(k) ZO-(I)A(I) w(l) 1//(10) +ZZ Z A(I)A(J) N(wéi)vl//l(j;),wl(k)»’ (4.15)

i=1 i=1 j=1n=—00
where A is the Fourier transformed version of A/, that is
N Vil =aet NV 3 40 inayd 5 90 imayts 3 (4.16)

29z
To derive the amplitude equation we now restrict ourselves to a finite number of eigenfunctions, Iy say. Equation (4.15) then
reduces to
dA, Io lIp 4o

P =PDA+Y Y 30 AVALNG (417)
i=1 j=1n=-00

where we have introduced a matrix P}, a diagonal matrix D, and vectors A;, N;Ln by the following formulae

[Pl =aer ((¥,". ). (4.18a)
[Dy]ii =aet 0, (4.18b)
(A =ger A, (4.18¢)
[Nl =aer (N2 D), 9)). (4.184)

Since we assumed linear 1ndependence of the eigenfunctions, the matrix P; is invertible (the subsequent numerical com-
putations indeed confirm that P; is numerically far from singular). Multiplying (4.17) by IP’,‘l from the left then yields

AAY a0 NN Rk 40
1,],K 1
b =oAP 1y 3 Y Ak ADAD (4.19)

i=1 j=1n=-00
where we have deﬁned
)\'ljk =def []P’ nl n]k (4.20)

n,l-n

Equation (4.19) represents an infinite-dimensional system of ordinary differential equations for the quotients Al("). However,
we are interested in the evolution equation for the amplitude of the first unstable mode, that is in the evolution equation
for the term Ag”. Using the notation

A =g ALV, (4.21)
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Table 4

Convergence of A; in terms of [ for
k(z)=1+5z a(z)=1, u(z)=1, Pr=
10°, Ra = 280000, Di = 0.5, Raq = 10,
a = Qg = 7.612.

Io Aq
2 ~1.18219303
4 —2.32396270
8 ~3.52020696
12 —3.44083661
20 —3.44074136
40 —3.44065954
we are then concerned with the equation
dA (1, NoN AR AT 4040
_q ij, i) A(Jj
q =0 AT D AMALAVAY, (4.22)
i=1 j=1n=—oc

Following the methodology of [16] we can approximate the nonlinear term in (4.22) with the use of the evolution
equation (4.19) for the stable modes. The evolution equation for the unstable mode A then simplifies to

dA
&= o VA+ MA%, (4.23)
where we have denoted
b5 o . b o .
At =aer ) _W}‘}ﬂ (A + A1)+ _ﬁ)‘}fi (A5 + ALY (4.24)
i=1 Op iz1 03

In the literature, equation (4.23) is often called the amplitude equation. As can be seen from the definition of A (4.24), the
amplitude equation is well-defined and applicable only in the interval of supercritical values of Rayleigh number for which
the eigenvalues 00(’), 02(’) remain negative.

4.5. Numerical evaluation of amplitude equation

Table 4 shows the convergence of the coefficient A; in terms of the truncation level I for a setting specified in its
caption. The Rayleigh number is chosen such that it lies above the critical value (Ra.;; = 274 150) while al(l) still remains
the only positive eigenvalue. We see that the coefficient A is negative and thus for this choice of parameters the amplitude
equation has two nonnegative stable solutions, A ~ +2.656.

Convergence results similar to the one in Table 4 can be obtained for all the cases considered further. Moreover, the co-
efficient A, always stays negative in the applicable range of supercritical Rayleigh numbers. This implies that the amplitude
equation (4.23) leads to the pitchfork bifurcation at the critical value of Rayleigh number.

In the following subsections we compute the stable solutions of the amplitude equation (4.23) for constant material
parameters except for a single depth-dependent one. In each case we evaluate the modification of the pitchfork bifurcation
compared to the classical case; for this reason we set Di = 0, Rag = 0 to ensure proximity to the classical diagram.

It is of interest to also plot the so-called Nusselt number which measures the ratio of convective to conductive heat
transfer at the top boundary. In particular, we compute the horizontally averaged Nusselt number as in [29]. The horizontally
averaged Nusselt number is defined as

f,i_z VO en|,_,dx

NUavg =def NG . (4.25)
L« VOyen|,_odx
Expanding the formula (4.14) for the perturbation v yields the following approximation for the perturbation 3
9 ~ A9V (2) + 241091 (2) cos (ax) + AP D (2), (4.26)
where the terms A[()1> and Aéz) can be approximated by the formula
2
(k) 1,1,k 42
Ay’ ~ _W)WAA , (4.27)
%

3 It is necessary to keep the term A(()z) as in the case of the classical Boussinesq approximation the term A(‘]” vanishes and the horizontally averaged
Nusselt number would be equal to one for all values of the Rayleigh number.
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Fig. 3. Velocity and temperature fields in convection cell for k(z) = 1, (z) = 1, u(z) = 1, Pr = 10, Ra = 1000, Di = 0, Rag = 0.

8 T T 2 T
b =0
7 b _— 1 1.9 ¢ =1 == -
s 18 | bp=5 ------ E
6 . 4 U b =10 — - —
/ L7 b ' ]
. . ;
5 F ’ E|
, / 16 £ 1 .
Al 4 F ! N / E Ntag 15 | ' 3
3L /' 1 1.4 ' L
I . . 1.3 E 1 ! / E
2 J : by =0 ——— - 1 . ‘
1 h ,I bp=1 == = 12k 1 N / E
L ! : | b =5 ------ E 11 ! : / E
' : b =10 — - — . .
0 " I " W . 1 L L WAl | |
0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 4000 5000 6000 7000
Ra Ra
(a) Stable solutions of the amplitude equation. (b) Averaged Nusselt number.

Fig. 4. Supercritical convective regime for parameters k(z) = 1+ byz, a(z) = 1, u(z) = 1 Pry = 10°, Di = 0, Rag = 0.

which is a consequence of the relation (4.19). Using the approximation (4.26) together with the fact that 6 = 6y + ¥ then
yields

(1) dog” @) dog?
Ay & Z:0+A0 & o
Nuayg ~ 1+ dio| . (4.28)
dz 1z=0

Note that the second term on the right-hand side of (4.26) has no effect in the explicit formula for the averaged Nusselt
number since the averaging makes it vanish.

Finally, we portray the convection cells for the general case Di # 0, Raq # 0 to emphasize the difference of the qualita-
tive character of convection compared to the classical case. The classical Boussinesq approximation yields a convection cell
with velocity and temperature fields depicted in Fig. 3 where the values Pr = 10°, Ra = 1000 give A ~ +3.900. In order to
decrease computational time we use the truncation level Iy = 12 in all the subsequent computations.

4.5.1. Depth-dependent thermal conductivity

Here, we assume that k is given by (2.3a) while & and w are constant. Fig. 4 shows the stable solutions of the amplitude
equation (4.23) and the Nusselt number as functions of the Rayleigh number for various values of b, while Di =0, Rag = 0.
The classical case corresponds to the case b, = 0.

In Fig. 5 we depict the convection cell with its velocity and temperature fields of the general case including the effects
of dissipation, adiabatic heating/cooling and heat sources.

1
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Fig. 5. Convection cell for k(z) = 1+ 5z, &(z) = 1, u(z) = 1, Pr = 10°, Ra = 280000, Di = 0.5, Raq = 10°.
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Fig. 6. Supercritical convective regime for parameters k(z) = 1, «(z) = exp(—bq2), j(z) = 1, Pr = 10°, Di = 0, Rag = 0.
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Fig. 7. Convection cell for k(z) = 1, a(z) = exp(-z), (z) = 1, Pr = 10°, Ra = 120000, Di = 0.5, Raq = 106.

4.5.2. Depth-dependent thermal expansivity

Here, we assume that « is given by (2.3b) while k and p are constant. Fig. 6 shows the stable solutions of the amplitude
equation (4.23) and the Nusselt number as functions of the Rayleigh number for various values of b, while Di =0, Rag = 0.
The classical case corresponds to the case by, =0

In Fig. 7 we depict the convection cell with its velocity and temperature fields of the general case including the effects
of dissipation, adiabatic heating/cooling and heat sources.
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Fig. 8. Supercritical convective regime for parameters k(z) = 1, a(z) = 1, iu(z) = exp(b,z), Pr = 10%, Di = 0, Rags = 0.
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Fig. 9. Convection cell for k(z) = 1, (z) = 1, j(z) = exp(z), Pr = 10°, Ra = 200000, Di = 0.5, Raq = 10°.

4.5.3. Depth-dependent dynamic viscosity
Here, we assume that w is given by (2.3c) while k and « are constant. Fig. 8 shows the stable solutions of the amplitude

equation (4.23) and the Nusselt number as functions of the Rayleigh number for various values of b, while Di =0, Rag = 0.
The classical case corresponds to the case b, = 0.
In Fig. 9 we depict the convection cell with its velocity and temperature fields of the general case including the effects

of dissipation, adiabatic heating/cooling and heat sources.

5. Conclusion

The standard approach to Rayleigh-Bénard problem assumes constant material parameters and does not take into ac-
count dissipation, adiabatic heating/cooling nor heat sources. The standard procedures examining the onset of convection
and the supercritical regime of thermal convection have thus been generalized for extended Boussinesq approximation,
which includes these effects. The material parameters used in our study are those approximately corresponding to the
properties of the Earth’s mantle.

Following the theory of linear stability analysis we have linearized the governing equations in the vicinity of the station-
ary reference state, and we have computed the spectrum of the corresponding linear operator. We have found the critical
wavenumbers and critical Rayleigh numbers for various combinations of the depth-dependent material coefficients with the
effects of dissipation, adiabatic cooling/heating and heat sources. The main difference from the classical case is caused by
the presence of adiabatic heating/cooling, which significantly raises the threshold for the onset of convection, see Section 4.5 for
the numerical values.

We have further investigated the qualitative characteristics of thermal convection for slightly supercritical values of
Rayleigh number in a two-dimensional setting. Using the weakly nonlinear analysis we have derived the amplitude equation
for the extended Boussinesq approximation, and we have consequently identified the dominant velocity and temperature
fields in the supercritical regimes for various combinations of the depth-dependent material coefficients with the effects of
dissipation, adiabatic cooling/heating and heat sources. The dominating convection patterns have been found to substan-
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tially differ from the standard ones, see Section 4.5 for details. In most cases the velocity field in the convective regime is
localised close to the top (cold) boundary, while the fluid is almost quiescent near the hot (bottom) boundary.
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