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This report summarizes four lines along which the �nite-di�erence (FD) method has been
recently (in 1995/96) extended: (i) irregular grids, (ii) non-planar free surface, (iii) hybrid
methods, and (iv) approximate absorption treatment. While the former two have been
described in a great detail in a diploma thesis (Oprsal, 1996), and will be submitted as a
methodical paper (Oprsal and Zahradnik, in preparation), the latter two will be presented
together with a practical application at a conference (Caserta and Zahradnik, 1996).

1 Irregular grids and topography

By irregular grid we mean a grid with spatial steps varying with coordinates, in general.
The needs in the irregular grids come from the following reasons:

- We want to study models including important low velocity blocks, or layers, that
occupy a relatively small parts of the grid. Then, with a spatially constant grid step size
dictated just by the low-velocity regions (i.e. with regular �ne grids) most parts of the
models become oversampled.

- Using the heterogeneous formulation of the equations of motion, i.e. describing in-
terfaces without explicit treatment of the traction-continuity condition, the resulting ap-
proximation at the interfaces is of a lower accuracy order (o(h), h being the grid step) as
compared to the grid points outside the interfaces (o(h2)).

- Using the heterogeneous formulation up to the free surface, i.e. the so-called vacuum
formalism (for more details see below) the free surface, in contrast to internal discontinu-
ities, gets a stair-case ('zig-zag') form.

To be more speci�c, we concentrate on the spatial irregularity hereafter called 'rect-
angular grids', the example of which is shown in �gure 1. Simply speaking, any internal
grid point has all eight necessary neighbouring grid points: four on the central cross of
the grid stencil, and the complementary four points forming all together a rectangle. The
availability of all neighbours like this considerably simpli�es programming, while it still
allows a great spatial variability of the grid density. For similar grids and SH waves, see
Moczo (1989), while for a more general irregularity of the grid and SH waves, see Moczo
et al. (in press). For staggered irregular grids and P-SV waves, see Jastram and Tessmer
(1994); Falk et al. (1995).

In this section we discuss which type of scheme is useful for the irregular grids. It is
obvious that with a grid stencil containing simultaneously a small and a large grid 'leg',
the scheme should be sensitive enough with respect to the exact position of an interface
passing generally between the grid points. Most suitable schemes for this purpose are the
so-called heterogeneous schemes.
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Figure 1: An example of the irregular grid with a single grid stencil highlighted.

Although the heterogeneous schemes have a long tradition in seismology, dating more
that twenty years back to Boore (1972) and Kelly et al. (1976), they have been only recent-
ly theoretically justi�ed. By justi�cation we mean the proof that considering the equation
of motion without the traction continuity condition, the latter can be automatically sat-
is�ed (approximated) by considering the material parameters as discontinuous functions
(Zahradnik and Priolo, 1995). As a special case, the free surface may be approximated
similarly to the internal grid point, while considering a part of its neighbourhood as the
vacuum (Zahradnik et al., 1993; 1994b). However, as shown in Zahradnik (1995a) although
the heterogeneous formulation of a di�erential equation can approximate the traction con-
tinuity, and the vanishing traction conditions, this property is not necessarily guaranteed
for an arbitrary di�erence approximation to the di�erential equation of motion. Some FD
schemes do approximate these conditions, while the others violate it. For example, the
so-called short and full-form formulas for the mixed spatial derivatives can be used for
internal grid points, but only the full-form scheme approximates properly the free surface.
Of course, inside the medium the short form is preferable, because it is more economical.

Both short and full forms of the spatial mixed derivatives, as well as the standard
forms for the non-mixed derivatives, should contain the geometrically averaged material
parameters along the grid legs. Such an increase in complexity as compared to the schemes
with local material parameters has practically no e�ect on the computing time, since the
geometrical averages are evaluated only once, and stored in the operation memory; so the
time needed to get them is a very small fraction of the entire FD run, as a rule. The
need in the geometrically averaged parameters is not 'cosmetic', but it comes from the
fact that the geometrical averages well represent a true position of the interfaces, hence
the schemes become more accurate as compared to those with local parameters, and are
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free of stair-case artifacts at the interfaces. This has been shown both theoretically and
numerically in (Zahradnik, 1995a), and agrees with the conclusions of Nielsen (1994) and
Graves (in press).

This philosophy stimulated us to start with the existing heterogeneous second-order
scheme for P-SV waves, PS2, featuring all the advantages listed above, but developed for
the regular square grids only (Zahradnik and Priolo, 1995), and the scheme has been quite
recently generalized for the irregular grid (pp. 11-26 and Figs. 3.2-3.5 of Oprsal, 1996).
The irregular-grid scheme has been called PSi2. Similarly to PS2, an analogy of the full
form of the mixed spatial derivatives is employed in vicinity of the free surface (planar or
non-planar), while an analogy of the short form is used elsewhere.

Using the vacuum formalism at a non-planar free surface has an important consequence.
In contrast to the internal material discontinuities, the free surface gets a stair-case form. It
is due to the fact that any geometrical average along a leg whose part (whatever small part)
is in the vacuum becomes automatically zero-valued. This is why the vacuum formalism
at the non-planar free surfaces is e�cient with irregular grids, that allow a necessary
re�nement of the grid step size close to the non-planar topographic features, while, at the
same time, they may keep a relatively coarse steps at the 
at parts of the free surface.

Let's mention that we empirically found it possible to approximate both planar and
non-planar free surfaces by the so-called air formalism, too. It means that the grid point at
the surface, or in its vicinity, is again treated analogously as in the vacuum formalism, but
instead of the vacuum (with the zero-valued material parametres) we take quite formally a
medium with the P- and S-wave velocities of 300 and 0.01 m/s, and density of 0.01 kg=m3.
In a numerical experiment with a step-like free surface of a homogeneous halfspace we
proved that this approach gives synthetics that only negligibly di�er from those computed
by the vacuum formalism. (Two completely di�erent codes were used for that comparison.)
A similar method has been used by Mueller (1985).

This observation o�ers an elegant way how a non-planar free surface can be simply
introduced into various existing FD codes, simply including air blocks above the true
surface of the elastic medium, while keeping the standard rectangular form of the FD
computational domain. At the same time, using air instead of vacuum, there is no danger
in unexpected divisions by zero during the FD calculation.

Due to the small values of the material parametres the grid doesn't transmit any waves
in the air, so we don't have to worry about the grid step size in the air blocks. The grid
steps are fully determined by the elastic part of the model. Such an approach is, of course,
less e�cient than the special code of Oprsal (1996). Less e�ciency of the air formalism
is due to the fact that in the air-points the FD calculation is formally performed, because
the computational region is not restricted to the elastic part of the model. Another reason
for less e�ciency is that with the air-formalism the FD code should use the full form of
the mixed derivatives everywhere. It is because we a priori don't know the location of the
free surface, and the free surface needs the full form.

A practical complication, common either to the vacuum and air formalisms, is that
certain con�gurations of the free-surface with respect to the grid legs are prohibited. These
can be avoided by a perturbation of the model parametres (i.e. modi�cation of the surface
form) performed automatically in the FD program. For more details, see pp. 31-32 of
Oprsal (1996).
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An important problem related to the stair-case free surfaces in our FD programs is what
happens at the corner points. To clarify this issue, Oprsal (1996), pp. 26-28, has applied the
so-called consistency analysis of Zahradnik et al. (1993). It is the analysis of consistency of
the FD scheme with the equation of motion and/or the free surface condition, based on the
Taylor expansion of the displacement values present in the scheme. An interesting result is
that at the 90-degree corners the PSi2 scheme approximates the free-surface conditions of
a horizontal and vertical free surface, with an equal weight. In other words, it is equivalent
to a local approximation of the corner by a 45-degree sloping surface (over one grid step).

As an example of the application of the PSi2 program on an irregular grid we present
one model from Oprsal (1996). It is a two quarter-spaces model, shown in �gure 2 and
table 1. The grid is densi�ed close to the horizontal free surface and the vertical interface.

Table 1: The meaning of the variables is: �I ; �I - P, S wave velocities (m=s) in block I;
�I -density (kg=m3) in block I; �II ; �II -analogous for block II; f�

max
-the frequency (Hz)

at which the absolute value of the spectrum is 1% of the maximum spectral value; �t -time
step (s); �xmin;�zmin;�xmin;�zmin are the minimum and the maximum grid steps (m)
appearing in the model; Nt -number of time steps; K;L -number of vertical and horizontal
lines in the model

�I �I �I �II �II �II f�

max

2000 1155 1000 3000 1732 2000 22

�t �xmin �zmin �xmax �zmax Nt K L

0:0001 0:8 0:8 4:0 4:0 4000 512 350

The synthetic seismograms calculated by PSi2 method (vertical component) are compared
in �gure 3 to those by Spectral Element Method (SPEM) of Priolo et al. (1994). The
vertical dashed line in �gure 3 shows the time window free of the spurious e�ects of the
grid edges. The agreement with SPEM is excellent. The comparison between SPEM and
the PSi2 scheme on a relatively coarse regular grid (step of 4m) was also performed (as in
Zahradnik and Priolo, 1995), but here, in �gure 3, the agreement is better, particularly in
the arrow-marked parts.
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Figure 2: Two quarter-spaces model with irregular grid. S = line source (vertical force), R
= receivers.
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Figure 3: Comparison between the PSi2 and SPEM results for the model of �gure 2, receiver
R2, the vertical component. Horizontal axis in seconds.
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Another important result from this experiments (and equally well from the other ex-
periments of Oprsal, 1996) is that the PSi2 schemes allows an abrupt change in the grid
step size, without numerical artifacts.

Next example shows the application of the PSi2 method to a topography model. It is
a ridge-like model (�gures 4, 5, and tables 2, 3) taken from Ga�et and Bouchon (1989).
The comparison of the solutions on a coarse and �ne regular grids, vertical components

Table 2: The meaning of the variables is as follows: �I ; �I - P, S wave velocities (m=s); �I
-density (kg=m3); f�

max
-the frequency (Hz) at which the absolute value of the spectrum is

1% of the maximum spectral value; �t -time step (s); �x;�z -grid steps (m); Nt -number
of time steps; K;L -number of vertical and horizontal lines in the model

�I �I �I f�

max

2000 1000 1000 5:4

�t �x �z Nt K L
0:008 33:33 33:33 500 150 150

Table 3: The meaning of the variables is as in table 2

�I �I �I f�

max

2000 1000 1000 5:4

�t �x �z Nt K L

0:0016 6:667 6:667 2500 750 660

(�gure 6), shows how the �ne grid reduces the e�ect of the stair-case surface approximation.
The comparison between the �ne regular-grid solution and irregular-grid solution (�gure 7,
table 4) shows no di�erence in the synthetics. However, using the irregular grid needs 90
percent less memory and 95 percent less computer time. In this case the grid irregularity
was again abrupt in vertical direction (changing from 3.333 to 33.33 m at the vertical
coordinate of -6.666 m, and at the horizontal coordinate of 1000 m). A smooth transition
from the �ne to the coarse grid provided negligible di�erences.

2 Irregular grid - partial conclusion.

The PSi2 scheme, representing generalization of the regular-grid PS2 scheme into irregular
(rectangular) grids improves the accuracy, and, at the same time, it signi�cantly saves
the memory and computer time, compared to PS2. It allows the non-planar topography
treatment by the vacuum formalism. The air formalism can be used as well, e.g. when a
fast and easy modi�cation of an elastic 
at-surface code is required, but a special coding
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Table 4: The meaning of the variables is: �I ; �I - P, S wave velocities (m=s); �I -density
(kg=m3); f�

max
-the frequency (Hz) at which the absolute value of the spectrum is 1% of the

maximum spectral value; �t -time step (s); �xmin;�zmin;�xmin;�zmin are the minimum
and the maximum grid steps (m) appearing in the model; Nt -number of time steps; K;L
-number of vertical and horizontal lines in the model

�I �I �I f�

max
�t

2000 1000 1000 5:4 0:0008

�xmin �zmin �xmax �zmax Nt K L
3:333 3:333 33:33 33:33 10000 290 195

of the topography is more e�cient. Higher e�ciency of the special topo code is because
of avoiding formal calculations of the zero-valued displacements in the air blocks, and
because the short form of the mixed spatial derivatives can be employed inside the medium.
Although the vacuum formalism approximates the free surface by a stair-case boundary
(in contrast to keeping the true form of the internal boundaries), the accuracy can be
improved by the grid densi�cation close to the non-planar parts of the surface. The PSi2
scheme allows irregular grids with abrupt changes of the step size between the dense and
coarse parts of the grid without spurious numerical e�ects. In this sense we believe that
our simple approach, based on the vacuum formalism and irregular grids, can be applied
to the topography problems equally well as the more complicated methods based on the
coordinate transformations (Tessmer et al., 1992; Hestholm and Ruud, 1995)
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Figure 4: The ridge model M1 on a regular square coarse grid (the step of 33.33 m). S =
source, R = receivers. All coordinates in metres.
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Figure 5: The ridge model M2 on a regular square �ne grid (the step of 6.67 m). S =
source, R = receivers. All coordinates in metres.
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Figure 6: Comparison between the PSi2 results for models of �gures 4, and 5 (the vertical
component, the coarse and �ne regular grids, M1 and M2).
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Figure 7: Seismograms (the vertical component) for the regular �ne grid model M2, and
the irregular grid model M3.
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3 Hybrid methods

An e�cient seismic modelling requires various methods to be combined, each one being
applied just for a single task at which the method performs the best. In that way, the
individual advantages are enhanced, and the limitations are reduced. For the pioneer-
ing work on coupling the modal summation and FD, see Faeh et al. (1994). Although
our long-term project is to link together the ray and �nite-di�erence methods (under
preparation now), reported hereafter are certain general aspects of the numerical linking
between di�erent methods. So far our practical experience has been with the DW-FD
(DW=discrete-wavenumber) hybrid method (Zahradnik, 1995b; Zahradnik and Moczo, in
press; Caserta and Zahradnik, 1996), the A-FD method (A=analytical), and the FD-FD
method. Hereafter, under FD we mean the PS2 scheme on a regular square grid.

Hybrid methods are useful if a certain (smaller) part of the model is considerably more
complex than the others. Let's call it 'localized inhomogeneity', which is embedded in a
'background' structure. The key point of the hybrid method is the representation of the
complete wave�eld by a sum of the 'background' and 'residual' parts. The background
part can be calculated by a method cheaper than the FD method, e.g. by the DW method
for 1D models, or the ray method for the 2D and 3D models. The residual part, that due
to the localized 2D inhomogeneity, is assumed to require the FD method. The coupling
between the background and the residual parts of the wave�eld is based on the algorithm
of Alterman and Karal (1968).

For the second-order FD schemes the coupling algorithm operates on two 'excitation
lines', in our arrangement forming a rectangular 'excitation box' (two left and two right
vertical lines, and two bottom horizontal lines). In our code the excitation box is attached
to the free surface. This is because we are mainly interested in shallow subsurface structural
complexities. The background �eld must be calculated for the entire time window of
interest, before starting the hybrid calculation, and must be available along the lines of
the excitation box. Then, inside the box, we numerically calculate (by FD) the complete
wave�eld, while outside the box, i.e. between the box and the 'non-re
ecting' sides of the
FD computational domain (Emerman and Stephen, 1983; Cerjan et al., 1985), the residual
�eld is calculated by FD.

Very importantly, when introducing the localized inhomogeneity into the FD model,
preparing for the hybrid coupling, the localized inhomogeneity must be fully contained
inside the excitation box. In other words, the only changes between the background model
and the hybrid model, present inside the FD domain, must be inside the excitation box.
This is a crucial requirement of the hybrid method, dictating how the background and
the residual structure and wave�eld are de�ned. E.g., we cannot de�ne the localized
inhomogeneity as an additional surface layer, unlimited in a horizontal direction, if such a
layer was missing in the background structure. At the same time, inside the FD domain,
the medium surrounding the localized inhomogeneity during the hybrid calculation must
have the same parametres as in the background �eld calculation. Deeper parts of the
background model may be omitted, but it is already some approximation saying that
the resulting solution doesn't contain any information about the interactions between the
residual wave�eld and the structural features deeper than the FD domain.

As an example we present a sediment-�lled valley of �gure 8. It is excited by a plane
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SV wave vertically incident from below. It is well known that excitation of the structures
by plane waves in the FD models (operating on �nite computational domains) is not easy.
So-called non-re
ecting conditions can be employed on the edges of the FD domain, but
the left- and right-hand non-re
ecting edges deform the excitation. Symmetry conditions
at the left and right edges can be also used, with switching into non-re
ecting edges after
passage of the incident wave, but the switching can produce numerical problems in some
models. Even worse deformation of the excitation takes place when the non-re
ecting edges
are combined with arti�cial tapers, or 'sponge layers' (Moczo, personal communication).
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Figure 8: The sediment-�lled valley model. The 16 blocks used in the FD modelling, and
their material parameters, are shown. There are 49 equidistant receivers (not shown),
distributed along the surface.

Instead of these conventional approaches, here we show how the basin response to
the plane-wave excitation of a short duration can be e�ciently calculated by the hybrid
method. It is an A-FD method. For the sedimentary valley of �gure 8, the background
structure is assumed to be represented by a homogeneous halfspace, and the background
wave�eld is simply a lagged sum of the incident SV wave and the wave re
ected from the
free surface. This sum is computed analytically at all grid points on the excitation lines,
and stored on the excitation rectangle for all the grid points and time levels. Then, in
the second step, the analytical solution is coupled with the FD method to produce the
complete solution of the model including the basin. The considered spectral bandwidth is
0 to 13 Hz, while, with the grid step of 3 m, the accuracy is kept up to 5 Hz. The complete
P-SV wave�eld (horizontal component) is shown in �gure 9, except the two traces on the
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top and bottom parts of the record section. The latter traces correspond to the residual
wave�eld.

To check the accuracy of the method, the same is repeated for the background medium
without the valley. As seen from �gure 10, the method perfectly replicates the background
wave�eld inside the excitation box, while providing the zero-valued residual wave�eld, as
desired. It proves that the results of the hybrid calculation (�gure 9) are free of numerical
distortions caused by the propagation of the incident waves along the model edges, hence
representing an improvement as compared to the conventional ('direct') FD calculations of
the basin response due to the plane waves.

The next example involves a more realistic excitation of the same basin (that of �gure 8),
realized by an earthquake at the epicentral distance of 80 km. The e�ect of a point double-
couple source, and the propagation in a horizontally layered crustal model is in this case
calculated by the DW method (Bouchon, 1981; Kennett and Kerry, 1979). The source
was located in the same vertical plane as that of the FD model. The details of the source
and crustal model are unimportant for the present report (Caserta and Zahradnik, in
preparation). The hybrid DW-FD calculation results are in �gure 12. The considered
bandwidth and accuracy are the same as in �gure 9.

It is to mention that in this example the (DW) excitation is no more prescribed just at
the all employed grid points and time levels as in the preceding example, but in a series
of equidistant points spaced by 15 m. The excitation was recorded with a time step 20-
times larger than that of the FD method. Then, at each time level, the excitation has
been linearly interpolated into the grid points. The interpolation is an important part of
the algorithm, because (as a rule), the FD method requires a �ner sampling than that
necessary for the background wave�eld. Another important issue is that the excitation
lines spaced by a single grid step only are so close to each other that the same values
can be used for each two neighbours. That means that the excitation should actually be
computed for a single excitation line only (one left vertical, one right vertical, and one
bottom horizontal), while copying the same values onto the neighbouring excitation lines.
The latter simpli�cation makes it possible to have the excitation completely independent
of the employed FD grid. Then the same excitation can be used to re-run a given physical
model on several di�erent FD grids.

To examine the accuracy of the hybrid method, we now exclude the valley, and retain
a homogeneous medium of the same parametres as the upper crustal layer. Now there is
no reason to expect a completely vanishing residual �eld, because: (i) the background was
a layered medium, while now we consider its upper layer only, and (ii) the excitation was
due to a point source, hence with a 3D radiation pattern, while now we try to replicate it
solely by a 2D (FD) method. Anyway, as seen from a very weak residual wave�eld at the
two top and bottom traces of �gure 11, the coupling between the two methods performs
well, hence the hybrid method provides encouraging results.

Of course, with nearby sources, and/or the sources located o� the FD plane, we expect
much greater inconsistencies between the background 3D solution and the FD 2D solution.
That's why our project assumes also an extension to the 2.5D FD method (Zahradnik,
1995b), the development of which has not yet been �nished. So far, in cases marked by a
signi�cant 3D-2D inconsistencies, we simply pass from the DW-FD to the purely 2D hybrid
FD-FD method (not presented here).
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All the applications of the hybrid method presented above were for P-SV waves. It
is to emphasize that P-SV in this context means the in-plane motion with respect to the
FD plane, not with respect to the plane containing the source and the receiver. Using an
arbitrary method to calculate the background �eld, we simply need to get 3 components,
and to rotate them in- and out- of the FD plane. A new version of our hybrid code (under
preparation) works simultaneously with P-SV and SH excitations. Getting FD response for
both, we can use them to produce the transformation into any other coordinate system. We
accentuate such a transformation because any combination of the P-SV and SH motions
is more realistic as compared to the idealized pure P-SV or SH.

Attention should be always paid to the correct orientation of the displacement compo-
nents. It is because the background and the complete wave�eld are calculated by di�erent
programs, often with di�erent orientation of the coordinate systems. For example, in the
DW code the z-axis is positive upwards, while in the FD code the z-axis orientation is
opposite. Errors in the component signs are not always quite obvious in the resulting syn-
thetics. Sometimes the errors in the sign only yield a strong residual wave�eld, hence they
might be misinterpreted as inconsistencies between the 3D DW and the 2D FD solutions.
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thick - plw1u.dat (plane wave excit. by A-FD)
thin - ntu.dat (plane wave excit., nonrefl. notapers)
max=40.86

Figure 9: Synthetics (the horizontal component) for the surface receivers of the model shown
in �gure 8, excited by the SV plane wave vertically incident from below. Thick = hybrid
A-FD method, thin = conventional excitation, i.e. with the plane wave excitation included
during the FD modelling.
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0.00 4.00 8.00 12.00 16.00 20.00

time (s)

plhomou.dat - A-FD with no basin
max=21.95

Figure 10: The A-FD synthetics for the modi�ed model of 8, i.e. the sediment-�lled valley
excluded. The top and bottom traces of zero residual �eld provide the methodical validation.
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0.00 2.00 4.00 6.00 8.00 10.00

time (s)

tibhomou.dat (no basin, no Q, dx=3m)
max=5e-2

Figure 11: Synthetics for the modi�ed model of �gure 8, DW-FD method, an earthquake
excitation, i.e. with the sediment-�lled valley excluded. The two traces at the top and
bottom, showing the zero-valued residual wave�eld, are validating the hybrid method.
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4 Absorption

For including absorption into the time-domain FD calculations, an accurate method of Em-
merich and Korn (1987) is available. The E-K method, however, solves not only the partial
di�erential equations of motion, but also an additional system of ordinary di�erential e-
quations for auxiliary coe�cients arising from the stress-strain relations, that signi�cantly
increase both the memory and computer time requirements of the method. An alternative
approach is to calculate a 'perfectly elastic' impulse response of the medium (that of the
non-absorbing medium), and to apply a subsequent absorption correction. Although the
correction like that can handle an arbitrary frequency dependence of the quality factor
Q(f), including various causal models, e.g. the Futterman model, it allows for a spatially
invariable Q only. The method has been developed by Zahradnik et al. (1990a,b), inde-
pendently of the analogous works of Vidale and Helmberger (1988). In spite of the strong
assumption about the spatial constancy of Q, the method has been shown to provide a
very good approximation to the exact method of the spatially dependent Q (Zahradnik
et al., 1994a). The good agreement came from the fact that the mentioned applications
concentrated on the models containing layers of very low velocities and Q's. In such mod-
els, the low velocity (low Q) layers dominate the absorption e�ect. Therefore a single-Q
model, with Q chosen equal to that of the low velocity/low Q layer, did provide the good
approximation. However, if our interest is in models with less contrasting velocities and
Q's, and/or if we want to compare the synthetics on sediments and nearby rock outcrops,
the space variability of Q becomes more important. This calls for approximate methods
allowing for a spatially varying Q.

Among various Q(f) models there is a particular case of the linear frequency dependence,
Q=cf, enabling an easy consideration of the spatial variability of Q during the time-domain
simulations. As shown in Zahradnik et al. (1990b), eqs. A12-A15, the linear Q model is
equivalent to including the �rst time derivative of the displacement into the elastodynamic
equation of motion. Assuming, for simplicity, Qp=Qs, and denoting L1, L2 the spatial
operators appearing in the 2D perfectly elastic P-SV equations, the Q=cf model yields

L1(u;w;x; z) = d(x; z)
@2u

@t2
+ d(x; z)e(x:z)

@u

@t
;

L2(w; u;x; z) = d(x; z)
@2u

@t2
+ d(x; z)e(x:z)

@u

@t
;

where d is density, and e(x; z) = 2 � �=c(x; z). Therefore, with c = c(x; z) we get Q(x,z)
included in the equation of motion at practically no extra cost as compared to the perfectly
elastic case. Besides simplicity, two more arguments justify such an approach:

- The observational evidence has supported the hypothesis that the absorption in the
sedimentary rocks obeys the power-law Q models, and, in particular, also the linear Q
model (Fukushima et al., 1995).

- Many practical applications are restricted to relatively narrow frequency bands. In
the narrow bands there is no much di�erence between di�erent Q(f) models, provided the
employed Q is taken with respect to the predominant frequency fp, and c=Q(fpr)/fpr.
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The linear-Q model has been used to extend the existing PS2-based code (so far for a
regular square grid only), and the following tests have been carried out :

1) It has been shown that the method gives the same results as those of the non-
absorbing medium when a large Q is used, e.g. Q=1000 for shallow subsurface models.

2) It has been proven that with a spatially constant Q=cf the method gives the same
impulse response as that obtained by the subsequent correction of the perfectly elastic
response. In this particular case of the linear frequency dependence of Q the correction
is a simple multiplication by an exponential time window exp(�� � (t � � )=c), � being
semi-duration of the impulse.

3) The method has been found numerically stable in complex models with non-planar
interfaces and several blocks with di�erent Q's. An interesting observation was that in
certain models calculated on a relatively coarse grids, where an unlimited growing high-
frequency numerical ringing (instability) was present due to the numerical inaccuracy in
the perfectly elastic case, the employment of the Q completely removed the ringing.

As an example let us present the sediment-�lled valley of �gure 8, this time featuring
Q = 5, 10, 20, and 50 in the blocks of Vs = 150, 300, 400 and 600 m/s, respectively. In
this case the DW-FD method results in a considerably simpler response (�gure 13) than
that with no absorption (�gure 12). Selected traces of �gures 13 and 12 are compared
in �gure 14. Inside the valley the absorption e�ect is very well pronounced, while on the
'rock' outside the valley it becomes quite negligible.

It is to mention that quite recently a simple method for including a spatially varying
Q into the FD calculation has been also proposed by Graves (in press). He is applying an
exponential multiplication factor to the elastic wave�eld at the end of each displacement
update (time level). His method and our are formally di�erent, but physically equivalent
to each other.

An useful technical remark is that the method performs better with time functions
whose spectra have zero or little energy at zero frequency. This result is based on a
numerical experiment in which we compared the perfectly elastic responses with those
calculated by our method with Q=1000. While the responses based on the time functions
featuring the vanishing d.c. component provided an excellent agreement between the two
approaches, the response based on a one-sided (delta-like) impulse performed not so well.
We interpret this result as a failure at f=0, where our method implies a quite non-realistic
value of Q=0, i.e. an in�nitely large absorption.
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0.00 2.00 4.00 6.00 8.00 10.00

time (s)

tibhybu.dat (basin, no Q, dx=3m)
max=5e-2

Figure 12: Synthetics (the horizontal component) for the model of 8, DW-FD method,
an earthquake excitation. The two traces at the top and bottom display the residual wave-
�eld. A slight 'ringing' in the middle right part of the �gure is due to the high-frequency
components inaccurately computed with the grid step of 3m.
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0.00 2.00 4.00 6.00 8.00 10.00

time (s)

hybabsu.dat (basin, Q, dx=3m)
max=5e-2

Figure 13: Synthetics (the horizontal component) for the model of �gure 8, DW-FD method,
an earthquake excitation, and absorption included. The two traces at the top and bottom
display the residual wave�eld
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0.00 2.00 4.00 6.00 8.00 10.00

time (s)

thick - hybabsu.dat (basin, Q, dx=3m)
thin - tibhybu.dat (basin, no Q, dx=3m)
max=5e-2

Figure 14: Selected responses of the sediment-�lled valley of �gure 8 , DW-FD method.
Thick = absorption considered, thin = absorption not considered.
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Conclusion

So far our FD program packages allow an e�cient elastic modelling of a wide class of
2D models featuring highly contrasting material parametres, thin layers and blocks, and
topography. The e�ciency comes from the employment of the heterogeneous schemes with
geometrically averaged material parametres, the vacuum formalism, and the irregular grids.
At the same time, the employed schemes are rather simple as to allow a very easy data
input, and do not need any program modi�cations when passing from one model to the
other.

The other program packages, so far developed only for regular square grids, include a
simple spatially varying absorption model, and allow for hybrid coupling with independent
methods. The performed tests with DW-FD method show that the source and path ef-
fects may be treated separately of the near-surface local e�ects, using a technique cheaper
than FD, and coupled together with FD, where needed. The key point conditioning the
successful coupling is the de�nition of the background and residual model features, and
the two corresponding wave�eld contributions. The tests provide the necessary experience
with the technical details of the coupling that, very likely, will be useful for our long-term
target project, i.e. the Ray-FD hybrid method.

The codes have been written in Fortran 77, as (mostly) machine independent. No
parallelization, and no user-friendly interface have been included. The codes are available
through Internet, upon request.
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