Cviceni 1 — Souradnicovy zapis, uvod

Geometricky pfistup VS.

» skalar (invariant)

« vektor (teCna ke kfivce)

« forma (gradient funkce)

» tenzor (bilinearni zobrazeni)

Kartézské souradnice VS.

* netfeba rozliSovat vektory a formy

« ortonormalni bazi Ize zkonstruovat i pro
kfivoCaré souradnice, ale bazoveé vektory
se potom meéni v prostoru

Vazba na diferencialni geometrii (NOFY003)
» zjednodus$eni (indexy vSechny dole)

/N

Slozkovy zapis
,2automatizace” vypoctu
pocitaCova implementace

KrivoCare souradnice




CvicCeni 1 - Vektory a tenzory v E3

Vektorova ortonormalni baze Vztah Levi-Civitova symbolu ke Kroneckerovu delta
€y, =123 vektorova baze o 5j Okl
En - €3 = Oap skalarni sougin €ijk€imn = det | Oim  Ojm  Okm

din Ojn  Okn

€g X 5’7 = Eaﬁyga vektorovy soucin (pravotociva baze)
€ijk€imn = 5jm5kn - 5Jn5km

Tenzorova ortonormalni baze €ijk€iil = 20k

€n3 = €y ® 55 tenzorova baze €ijk€ijk = 6

€ap * €y = (6o ® €p) - €y = €a (€5 - 67) = 0p+€a
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7y eus = & (60 ® )
€o " €gy *
€ap - €5 = (€a ® €3) - (€5 ® &) = (€3 - €4)(€a ® €5) = dpy(€a @ €)

€ap i €15 = (€a ® €3) : (€, ® &) = (€p - €y)(€a - €5) = dpy0as



Vektory a vektorové operace ... a prevod na maticoveé nasobeni:

V1Uu1 Viu2 UViUu3
= VU4 = V2U1 VU Va2Us
V3U1 V3uz2 V3Uu3

V1U1 ViUg ViUs
= maticesx3 = VU1 VoUg VU3
V3u1 UV3Uu2 Vsuz

|
|
— — — — — ! v]-
U = v1€] + v2€2 + V3e3 = Vg€ | T _ : T .
: U= | v2 | = (matice)sx1 " = (v1 v v3) = (matice);xs
I U3
|
|
|
Skalarni soucin |
: u1
U= (v;€;) - (ug€k) = viug(€; - €x) = vpup | T-i=0Td= (v va v3) | uz | = (matice v);x3 (matice u)3yx;
: us
|
1 . ’
| = matice; w1 = skalar = viu; + vous + v3us
|
|
|
Vektorovy souéin :
|
L . . : €1 €2 €3 0 —vs v (51
U X U = €;jp€vjup = (Vau3—U3u2)€ : Uxtd=det| vi va wv3 | = U3 0 —u; Us
|
+(v3u —v1u3)€s + (ViU —vau7)Es : up Uz ug —v2 V1 0 u3
|
|
|
:
|
Dyadicky sou€in |
: v1
— — - — — — — — — T . .
TR U= (v€;) ® (uj€;) = vu;(€; €;) = : T@uUu=0vd" = | v | (u1 u2 ug) = (matice v)sx1 (matice u)ixs
: U3
|
|
|
|
|
|
|
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|
|



Tenzory 3

Ty Tiz T3
T="T,e;; =T;j(€;®€)=| Tox Toa Tos
T31 T3z T3s3
Ti1 To1 T3
Transponovany tenzor: TT = Tij(ei;)T =Tije;i =Ti(€; @) =TuE ®e;) = Tiz T Ts
] Ti3 Toz T33
Stopa tenzoru (skalar): tr T = Ty = T11 + Toz + T33
Ty T2 Ts
Determinant: det T = €111 1215, = geKLMEklmTkKTlLTmM =det | T2 Trr T32
) T T T:
10 0 13 T2z T33
Identicka matice: I=0;e;, = 5ij(é’i R é’j) = 01 0
0 0 1
doplnék T'i . .
Inverzni matice: T T=T-T'=1I, (T™Y,= % (pouze je—li detT # 0)
Symetricka matice: T =TT
Antisymetricka matice: T = —T7  (je zfejmé, ze tr T = 0)

Ortogonalni matice: Q- QT =Q7- Q=1 (= QT'=Q ' a|detQ|=1; detQ =1— rotace, detQ =—1— zrcadleni)
Rozklad tenzoru na symetrickou a antisymetrickou gast: T = 1(T + TT) + 1(T — T?)

Rozklad tenzoru na izotropni ¢ast a deviator: T = %(tr T)I+ [T — —(tr T)I] = {3Tkk5w + T35 — Tkkéij]} €i;

-p 0 O Ti+p Tio Ty
T=10 —-p 0 |+ 121 Too+p To3 , kde p=—3Tw
0 0 —p T51 T3 T33+p

Rozklad tenzoru na izotropni ¢ast, antisymetrickou ¢ast a symetrickou bezestopou €ast:
T=1(tr T)I+1(T—-T7)+ [T+ T7 — 2(tr T)I]



Nasobeni tenzorl a vektorl

Tvw T2 Ti3 U1
T -v= [TU (é} X é})] . (ngk) = Tw’(}k[(é; (059 é}) . gk] = Tijvkéjké = Tijngi = T21 T22 T23 (%)
T31 132 133 U3

3Ix3
Thq
7T = (vek)-[Ti;(€ ® €;)] = Tijvkl€k- (€ ® €;)] = Tijvidri€; = Tijvi€; = Tjiv€; = (v1 va v3) | T2n
1x3 T3,

v-T- U= (ngk) . [T” (é’l X é})] . (vlé’l) = Tijvkul [gk . (é; X é}) . é}] = Tijvkul(Skidjl = Tijviuj =
Ty T Ti3
= (v1 v2 v3) Toy Tz 1o

Ix3\ 131 T3y 33

S =[T;;(€; ®€;)] - [Ski(€x @ €1)] =T Ski[(€; ® €;)-(€r ® €1)] = T3;Skib;k(€; ® €1) = T;;5;1(€;

Ty, T Tis
=T;;Sueq = Tor Taa Tos
T31 132 133 A

: S = [Tii(€; ®€;)] : [Ski(ex ®€))] = T;;Ski(€; ® €;) : (€ ® €1)] = T Skid;x0u = T35,




Dulezité vztahy a tvrzeni:

c

prehazovani zavorek
. (¢B) = ¢(A - B) © VS X

(A-B)-(C-D)=A-(B-C)-D
A:(B-C)=(A-B):C=(C-A):B
(A-B)T =BT . AT

(AT -BYT=B-A

A-AT = (A-AT)T| tj. matice A - AT je symetricka
A, B jsou symetrické & A-B=(B-A)T

P, Q jsou ortogonalni = P - Q je rovnéz ortogonalni

(A-B)"'=B7'-A"!
tr(A-B)=tr(B-A)
detI=1

det(A -B) =det AdetB

det(¢T) = ¢>det T pro Tzus
det(AT) = det A
det(A™') = (det A)~?

Ax (bxd)+bx (Exa)+e¢x
@xb)+@xd)=@—-)x(b-—d)+adxd+Exb
( X b




Pfiklad: Ukazte,2e A:(B-C)=(A-B):C

A:(B-C)= A4, ®¢€) : [Brl(ér ® &) - Crn(€m
= Ai;BuCrn(€; ® &) - [(e: @ &) - (
= AijBiCn(€; ® €)) 1 (Oimér ® €,) =
= A BiCrindim(€; @ €;) : (€ ® €),) =
— Ay BuClonnOmdidin = AiyBpCli = (A - B)yCls =
_(A-B): C

Nebo ve zkracené notaci:

A:(B-C)=A;(B-C)ji = A;;(BjxCyi) = (AijBji)Cri =
=(A-B)aCri=(A-B):C




—

Piklad: Ukazte, ze (@ x b)* = a*b* — (@ - b)* .

Ve zkracené notaci:

— — —

(C_iX b)2 = (C_I:X b)2<6_7:>< b)l = (eijkajbk)(eimnambn) = ajbkambneijkeimn —

= ajbra;br — ajbrarb; = (aja;)(bpby) — (a;bj)(arby) =

=(@-a3)b-b)— (@-b)(@-b) =a’* — (T-b)>

Pfiklad: VyjadFete matici A, pokud plati (aB) - (C'-A-M)!' =C .
(aB)-(C"-A-M)" =C

(C"-A-M)'=a"'B".C

C' A M=a'B "' C'=a'C"-B"

A M=o 'B™"

A=a¢ 'B" - M

Zkouska: (aB)-(CT-A-M)" =(@B)-(C"-(a'B™" - M) M) ' =B-(C"-B"- M) - M7 =
=B-(C"- By M*'M)'=B-(Cc"-BHY""'=B-B'-C)=(B-B")-C=C




Vlastni Cisla a vektory matice

A-p=Xp .. A,p  oznadujeme jako vlastni &isla resp. vektory matice A

A-F-Af=(A-A)-5=0

*
charakteristicka
matice charakteristicka
rovnice
1

netrividlni feSeni < det(A — AI) =0

—X+ EN’ + EppA+ Erp =0 ... charakteristicky polynom

Er, Err, Erp ...invarianty matice A

Dulezita tvrzeni:

1. Podobné matice maji stejny charakteristicky polynom, a tedy stejna vlastni Cisla.
2. Je-li A symetricka a realna, pak jeji vlastni Cisla jsou realna. Je-liA navic pozitivné definitni, pak jsou vlastni Cisla kladna.

3. Necht je symetricka a realna. Pak existuje takova ortogonalni matice Q , 2e matice QT-A-Q je diagonalni a realna.
QT A-Q je Jordantv kanonicky tvar matice A
J=Q"-A-Q ... diagonalni matice tvofena vlastnimi &isly

Q= (ﬁl | P2 | 273) ... ortogonalni matice tvofena vlastnimi vektory

Matici A, jeji determinant a odmocninu (pokud je A pozitivné definitni) Ize pak vyjadfit jako: A = Q-J- QT
det A =detJ

VEA=Q VI Q7



Diferencialni operator nabla:
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Diferencialni operator nabla — uzite¢né identity:

V(ab) = aVb+bVa Vx(Va)=0

V-(a?¥) = aV-¥+ 9¥-Va V- (Vxv)=0

V x(a¥)) = aV XV + Vaxv V(V-%) = V-[(VD)T]

V(u-v) =Vu-v+V7-ud V-(V?) = V(V-0) = Vx(Vx7)
V-(ixv) =0-Vxu —u-Vxv V(av) = aVT + Va®tv
Vx(Uxv)=0-Vu —ua-Vi+ud V-T—9 V-4 V:(aT)=aV-T+ Va-T
Ux(Vx0)=Vv-4—4-Vv V(i®v)=0V-d+d-Vi

K odvozeni potfebujeme vztahy pro operace s vektory a tenzory a pravidla pro derivovani funkci.

Priklad:
0 0 0 T o
) = B o T 6] = b (0 T i)~ T+ [f (6108)] = [Tin
|§| oddélime derivovani derivace
a vektorové operace soucinu
da M- Oa . i
= (T}p— m = —L1m€m, —=e€, =Va-T V-T
i Gy 0y 1 = gy o 0, = Ve T

Va-T aV - T
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—ta Ok1€m =

8xk 8a:k ] kL=m
provedeme
vektorové
operace




Priklad: UkaZte, ze V(av) = aVi 4+ Va®4.

. L 0 . dlav;),, Jda ., ov: .
v<a/'U) = eia—xi & (avjej) — ax: (6,L- & 63) = @g;Z%(ez & 63) + aasz (€i & 69) =
da _ . L, 0 . . .
— (8$¢6i) ® (v;€;) + P ® (vj€j) = Va® v+ aVu.
Ve zkracené notaci:
_, (9 8a (%j - = -
[V(CL’U)]Z']' = axz (CL’Uj) = 8—a:ivj+aa:ci = (Va)ivj+a(Vv)ij = (VCL & ’U)ij ‘I'CLV(U)Z'j

Priklad: Ukazte, ze ux(Vxv)=Vv-4u—u-VU.

(%m) 8'Um _

| = CijkCEIm U =
8.7)5 J J 8561

OV, OV, Ov; 0v;

= €kij€kim “ja—xl = (0u0jm — dimdj1) “ja—xl = Uj% — Uy Oz
¢ J

[”L_l:X (VX’U)]Z = €ijk ’UJ](V X ’U)k — €k Uj (Ek:lm

_) _) _) ﬁ v v v . . ra v . .
= [V’U . u]z — [U . V'U]Z Nezapomerite, Ze pfi aplikaci Kroneckerovy delty musite podrzet index i.
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Priklad: Ukazte, ze V(V-7) = V-[(VD)T].

g ov; 90 Ov; 0O 0
Ox; Ox;  Ox; Ov;  Ox; (V5)iy

V(V-9)i =

Pfiklad: Vyjadiete V X V X U bez pouziti vektorového soudinu.

. 0 0 OV,
[V XV X 0]; = €jpq— oz, (V x0) = eijkﬁ—xj (Eklma—xl> =

a a’Um a a’Um B 8 a?)m L
— Eijkeklm(‘?ajj oz, = €kij€klm (95133' o, — (5zl53m 5zm53l)axj oz, —

_i(%j 0 c%z- 0 c%j 0 c%z-

N 833]' (%cz c%cj 8333' N 8:1:2 8xj B 8:13']' &zzj
0 0

:axz(v v)_a—%(vv) = [VV .7 — [V - V]

VXxVx1=VV.-9-V.-Vu

~—(Vo)j; = [V (VO)'];




