






1.8.2. Acceleration in co-rotation basis

• position vector r

• velocity in IF: v
��
IF := dr

dt

��
IF

• velocity in coF: v
��
coF :=

dr′i
dt
e′i :=

dr
dt

��
coF

• relationship between the velocity in IF and coF

v
��
IF =

dr

dt

���
coF

+ ω × r (1.9)

• relationship between the acceleration in IF and coF

aIF :=
dvIF

dt

���
IF
=

dvIF

dt

���
coF

+ ω × vIF =

=
dvcoF

dt

���
coF

+
d(ω × r)

dt

���
coF

+ ω ×

v
��
coF + ω × r

�
=

=
dvcoF

dt

���
coF

+ ω̇ × r| {z }
Euler acc.

+2ω × vcoF| {z }
Coriolis acc.

+ω × (ω × r)| {z }
centrifug. acc.

(1.10)

1.8.3. Euler’s kinematical equations

• needed in order to describe rotation variation in space, relating rotation vector and time-derivative of
Euler angles

• rotation matrices D, C and B characterizing rotation (see definitions of the Euler angles), using right-
hand side convention (cf., Van Hoolst, 2007)

• precession ψ, transformation matrix D: x′ = D · x, D =




cosψ sinψ 0
− sinψ cosψ 0

0 0 1


, ωD = (0, 0, ψ̇),

• obliquity ϵ, transformation matrix C: x′′ = C ·x′ = C ·D ·x, C =



1 0 0
0 cos ϵ sin ϵ
0 − sin ϵ cos ϵ


, ωC = (ϵ̇, 0, 0)

• rotation ϕ, transformation matrix B: x′′′ = B · x′′ = B · C · D · x, D =




cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1


,

ωB = (0, 0, ϕ̇)

• The above helps us to express the relation between the components (in the body frame) of the rotation
vector and the time derivatives (in inertial space) of the Euler angles (Euler’s kinematical equations),
see, e.g. Van Hoolst (2007)

ω = ωB +B · ωC +B ·C · ωD (1.11)

in components

ω1 = ϵ̇ cosϕ+ ψ̇ sin ϵ sinϕ

ω2 = −ϵ̇ sinϕ+ ψ̇ sin ϵ cosϕ

ω3 = ϕ̇+ ψ̇ cos ϵ.

(1.12)

(1.13)

(1.14)
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1.8.4. Dynamics of a rigid body

• angular momentum

L =

ˆ

Ω

r× v| {z }
inertial frame

dm =
���v
��
IF = v

��
coF|{z}

=0 (rigid body)

+ω × r
��� =
ˆ

Ω

r× (ω × r)dm (1.15)

• projection into general direction ζ

I(ζ,ω) := L · ζ =

ˆ

Ω

(r× (ω × r)) · ζdm =

ˆ

Ω

(ζ × ω) · (ω × r) dm (1.16)

• special case ζ = ω

I(ω,ω) =

ˆ

Ω

v · vdm = 2T, (1.17)

where T is the kinetic energy.

• After additional manipulation, we can define the moment of inertia tensor I

I(ζ,ω) = I(ζiei,ωjej) = ζiωjI(ei, ej) = Iijζiωj. (1.18)

• Using yet another modifications, we can write

Iij =

ˆ

Ω

= (ei × r) · (ej × r) dm = (1.19)

=

ˆ

Ω

(ei × ek) · (ej × el) xkxldm = (1.20)

=

ˆ

Ω

εrikεrjlxkxldm = (1.21)

=

ˆ

Ω

(δijxkxk − xixj)dm (1.22)

or using the invariant form

I =

ˆ

Ω

(r · rI− rr)dm (1.23)

1.8.5. Euler’s rotation equations

• Derivation from Conservation of angular momentum dL
dt

= M, where M is the external moment (torque)
and time derivative in the inertial frame.

• The above frame and derivative in body-frame lead to Euler’s rotation equations:

dL

dt

���
IF
=

dL

dt

���
coF

+ ω × L (1.24)
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